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Cartesian product

Definition 1 (Tuple) Given n > 2 sets Ay..A,, a n-tuple is an

ordered sequence of elements (a1, as, ...,a,) where Vi € 1..n a; € A;.

Definition 2 (Cartesian product) Given n > 2 sets A1..A,, the
Cartesian product of these sets is a set:

n

HAZ = {(al,ag, ...,CLn) ‘ Viel.na; € Az}

1=1
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Binary relations

Definition 3 Considering A, B sets, any subset R C A X B 1s

called a binary relation from A to B.

Examples:

Every set of points in the plane is a relation from R to R.

< 1s a relation from Z to Z:

< ={(zr,x+a)|VxrVaxreZ N aecN}

< is a relation from R to R:

< ={(z,x+a)|VrVareR A a€R"}
Equality.

Friendship.
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Relations

Notation: (z,y) € R < Ry

Observation 1 The number of all possible relations from a finite
set A to a finite set B is 214%Bl = 2lAllB],

Proof:

e use the rule of product (cardinality of |A x Bj)

e calculate the number of subsets of A X B.
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Functions

Definition 4 Considering A and B sets, a function f from A to B
(written f : A — B) is a relation from A (domain) to B
(codomain ), where each element in A appears in exactly one pair.

(Vae Al|{(a,x) | z€B}=1)

Notation: (z,y) € f & zfy < y = f(z) (last most common)
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Images under Functions

Definition 5 Considering f : A — B a function and C C A, the
image of C' under f (written f(C)) is:

f(C)={yeB|3reA f(z)=y}

Observation 2 If f : A — B a function and two subsets of A,
C,D C A then:
f(CUD)=f(C)Uf(D)

Proof: using the definitions of union and image.

Observation 3 If f : A — B a function and a finite subset of A,
C C A, then |[f(C)| < |C]

Proof: induction by the cardinality of C.




SFU MACM-101-D3 2004-03 Week 13 ; Revision : 1.5

Functions

Observation 4 The number of all possible functions from a finite
set A to a finite set B is |B|l4l.

Proof:
e Same as asking “how many |A|-tuples of elements from B there
are?” .
Al
e Use the rule of product to calculate | H B| = |B|I4!
k=1

Observation 5
Vm,n € N* n™ < 2™"
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Injective functions

Definition 6 A function f: A — B is said to be injective (a.k.a.

one-to-one or injection) iff:
v,y € A flz) = fly) =z =y

(Every y € B has at most one x € A that translate to y through f).

Observation 6 If f : A — B is an injection and A is a finite set,
[f(A)] = Al
Proof: induction on subsets A,, C A with |A,| =n

Observation 7

df : A — B injection < |A| < |B|

Proof (for finite sets): direct, from previous observation.
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Injective functions

Observation 8 There are exactly P(|B|,|A|) = (|B|E||!A|)g

injections from A to B (both finite sets) where |A| < |B.

Proof: same the number of sequences (|A|-tuples) of |B| unique

elements from A.
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Image of intersection

Observation 9 If f : A — B s a function and two finite subsets
of A, C,D C A, then:

flenD)c f(C)nf(D)
[F(CND)| < [f(C)N f(D)]

Proof: using the definition of function image and intersection.

Observation 10 If f : A — B is an injective function and two
finite subsets of A, C, D C A, then:

[f(CND)|=[f(C)Nf(D)

Proof: proof needed only for >.

10
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Surjective functions

Definition 7 A function f: A — B is said to be surjective (a.k.a.
onto or surjection) iff:

Vye Bdr e A f(x) =y

(Every y € B has at least one x € A that translate to y through f).
Observation 11 If f: A — B is a surjection, then f(A) = B.

Observation 12

f : A — B surjection < |A| > |B|

11
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Bijective functions

Definition 8 A function f: A — B is said to be bijective (a.k.a.
bijection) iff:

1. f 1is an injection, and
2. f 1s a surjection

Observation 13

1f : A — B bijection < |A| = |B|

Proof: immediate; > injection and < surjection.

12
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