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Notation and Symbols

Sets of Numbers
N the set of natural numbers, N = {1, 2, . . . }
R the set of reals
[n] compact notation for {1, . . . , n}
x ∈ [a, b] interval a ≤ x ≤ b
x ∈ (a, b] interval a < x ≤ b
x ∈ (a, b) interval a < x < b
|C| cardinality of a set C (for finite sets, the number of elements)

Data
X the input domain
d (used if X is a vector space) dimension of X
m number of underlying classes in the labeled data
k number of clusters (can be different from m)
l, u number of labeled, unlabeled training examples
n total number of examples, n = l + u.
i, j indices, often running over [n] or [k]
xi input data point xi ∈ X
yj output cluster label yj ∈ [K]
X a sample of input data points, X = (x1, . . . , xn) and X = {Xl ∪Xu}
Y output cluster labels, Y = (y1, . . . , yn) and Y = {Yl ∪ Yu}
ΠX k block clustering (set partition) on X: {π1, π2 . . . πk}
D(x, y) distance between points x and y
Xl labeled part of X, Xl = (x1, . . . , xl)
Yl part of Y where labels are specified, Yl = (y1, . . . , yl)
Xu unlabeled part of X, Xu = (xl+1, . . . , xl+u)
Yu part of Y where labels are not specified, Yu = (yl+1, . . . , yl+u)
C set of constraints
W weights on constraints
C= conjunction of must-link constraints
C 6= conjunction of cannot-link constraints
c=(i, j) must-link constraint between xi and xj

c6=(i, j) cannot-link constraint between xi and xj

w=(i, j) weight on must-link constraint c=(i, j)
w6=(i, j) weight on cannot-link constraint c6=(i, j)
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Kernels
H feature space induced by a kernel
Φ feature map, Φ : X → H
K kernel matrix or Gram matrix, Kij = k(xi, xj)

Vectors, Matrices and Norms
1 vector with all entries equal to one
I identity matrix
A> transposed matrix (or vector)
A−1 inverse matrix (in some cases, pseudo-inverse)
tr (A) trace of a matrix
det (A) determinant of a matrix
〈x,x′〉 dot product between x and x′

‖·‖ 2-norm, ‖x‖ :=
√
〈x,x〉

‖·‖p p-norm , ‖x‖p :=
(∑N

i=1 |xi|p
)1/p

, N ∈ N ∪ {∞}
‖·‖∞ ∞-norm , ‖x‖∞ := supN

i=1 |xi|, N ∈ N ∪ {∞}
Functions

ln logarithm to base e
log2 logarithm to base 2
f a function, often from X or [n] to R, RM or [M ]
F a family of functions
Lp(X ) function spaces, 1 ≤ p ≤ ∞

Probability
P{·} probability of a logical formula
P(C) probability of a set (event) C
p(x) density evaluated at x ∈ X
E [·] expectation of a random variable
Var [·] variance of a random variable
N (µ, σ2) normal distribution with mean µ and variance σ2
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Graphs
g graph g = (V,E) with nodes V and edges E
G set of graphs
W weighted adjacency matrix of a graph (Wij 6= 0 ⇔ (i, j) ∈ E)
D (diagonal) degree matrix of a graph, Dii =

∑
j Wij

L normalized graph Laplacian, L = D−1/2WD−1/2

L un-normalized graph Laplacian, L = D−W
Miscellaneous

IA characteristic (or indicator) function on a set A
i.e., IA(x) = 1 if x ∈ A and 0 otherwise

δij Kronecker δ (δij = 1 if i = j, 0 otherwise)
δx Dirac δ, satisfying

∫
δx(y)f(y)dy = f(x)

O(g(n)) a function f(n) is said to be O(g(n)) if there exist constants C > 0
and n0 ∈ N such that |f(n)| ≤ Cg(n) for all n ≥ n0

o(g(n)) a function f(n) is said to be o(g(n)) if there exist constants c > 0
and n0 ∈ N such that |f(n)| ≥ cg(n) for all n ≥ n0

rhs/lhs shorthand for “right/left hand side”
the end of a proof
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Chapter 1

Joint Cluster Analysis of Attribute
Data and Relationship Data

1.1 Introduction

Entities can be described by two principal types of data: attribute data
and relationship data. Attribute data describe intrinsic characteristics of en-
tities whereas relationship data represent extrinsic influences among entities.
While attribute data have been the major data source in data analysis, more
and more relationship data are becoming available. To name a few, acquain-
tance and collaboration networks are examples of social networks, and neural
and metabolic networks are examples of biological networks. Consequently,
network analysis [51, 42, 52] has been gaining popularity in the study of mar-
keting, community identification, epidemiology, molecular biology and so on.

Depending on the application and the chosen data representation, the two
types of data, attribute data and relationship data, can be more or less related.
If the dependency between attribute data and relationship data is high enough
such that one can be soundly deducted from or closely approximated by the
other, a separate analysis on either is sufficient. However, often relationship
data contains information that goes beyond the information represented in
the attributes of entities, and vice versa. For example, two persons may have
many characteristics in common but they never got to know each other; on
the other hand, even with very different demographics, they may happen to
become good acquaintances. In these cases, attribute and relationship data
are neither redundant nor independent but complementary. We argue that
in such scenarios joint cluster analysis of attribute and relationship data can
achieve more accurate results than conventional methods that consider only
one of the data types.

Given both attribute data and relationship data, it is intuitive to require
clusters to be cohesive (within clusters) and distinctive (between clusters) in
terms of attributes as well as relationships. Due to the profound differences in
nature between the two data types, it is difficult to obtain a single combined
objective measure for joint cluster analysis. Instead, we propose to optimize
some objective derived from the continuous attribute data and to constrain
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the discrete relationship data. In this chapter, we introduce and study the
Connected k-Center (CkC) problem which is essentially a k-Center problem
with the constraint of internal connectedness on relationship data. The in-
ternal connectedness constraint requires that any two entities in a cluster are
connected by an internal path, i.e., a path via entities only from the same
cluster. The k-Center problem [14] is to determine k cluster centers such that
the maximum distance of any entity to its closest cluster center, the radius
of the cluster, is minimized. We base our clustering model on the k-Center
problem, since it is more appropriate from the point of view of a theoretical
analysis and since it allows the development of an approximation algorithm
with performance guarantee. From a practical point of view, the related k-
Means problem, minimizing the average distances, is more appropriate, and
the proposed NetScan algorithm can easily be adapted to the Connected k-
Means problem, the k-Means version of the CkC problem.

The CkC problem can be motivated by market segmentation, community
identification, and many other applications such as document clustering, epi-
demic control, and gene expression profile analysis. In the following, we fur-
ther discuss the first two driving applications.

Market segmentation is the process of dividing a market into distinct cus-
tomer groups with homogeneous needs, such that firms can target groups
effectively and allocate resources efficiently, as customers in the same segment
are likely to respond similarly to a given marketing strategy. Traditional
segmentation methods are based only on attribute data such as demograph-
ics (age, sex, ethnicity, income, education, religion, etc.) and psychographic
profiles (lifestyle, personality, motives, etc.). Recently, social networks have
become more and more important in marketing [26]. The relations in networks
are channels and conduits through which resources flow [26]. Customers can
hardly hear companies but they listen to their friends; customers are skeptical
but they trust their friends [52]. By word-of-mouth propagation, a group of
customers with similar attributes have much more chances to become like-
minded. The CkC problem naturally models such scenarios: a customer is
assigned to a market segment only if he has similar purchasing preferences
(attributes) to the segment representative (cluster center) and can be reached
by propagation from customers of similar interest in the segment.

Community identification is one of the major social network analysis tasks,
and graph-based clustering methods have been the standard tool for the
task [51]. In this application, clustering has generally been performed on
relationship (network) data solely. Yet it is intuitive that attribute data can
impact community formation in a significant manner [42, 23]. For exam-
ple, given a scientific collaboration network, scientists can be separated into
different research communities such that community members are not only
connected (e.g., by co-author relationships) but also share similar research
interests. As a natural assumption, a community should be at least internally
connected with possibly more constraints on the intensity of connectivity.

This chapter is based on [15]. It is organized as follows. Related work is
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reviewed in Section 1.2. Section 1.3 introduces the CkC clustering problem
and analyzes its complexity. In Section 1.4, we present an approximation
algorithm for the proposed clustering problem. To provide more scalability,
we also present an efficient heuristic algorithm in Section 1.5. We report
experimental results in Section 1.6 and conclude the chapter with a discussion
of interesting directions for future research in Section 1.7.

1.2 Related Work

In this section, we review related work from the areas of theory and algo-
rithms, data mining, social network analysis and graph clustering, constrained
and semi-supervised clustering and bioinformatics.
Theory and algorithms. Theoretical approaches to cluster analysis usually
formulate clustering as optimization problems, for which rigorous complexity
studies are performed and polynomial approximation algorithms are provided.
Depending on the optimization objective, many clustering problems and their
variants have been investigated, such as the k-Center problem [14, 25, 19, 17,
1], the k-Median problem [29, 33, 8, 28], the min-diameter problem (pairwise
clustering) [6], the min-sum problem [3, 21], the min-sum of diameters (or
radii) problem [13, 9], and the k-Means problem [?, 34]. These problems
minimize the cluster radius, the cluster diameter, the sum of intra-cluster
pairwise distances, the sum of diameters (or radii), and the compactness (sum
of squared distances from data points to cluster centers), respectively.

The CkC problem we study is essentially the k-Center problem with the
constraint of internal connectedness on relationship data. It is well known
that both the k-Center and Euclidean k-Center problems are NP-Complete
for d (dimensionality) ≥ 2 and arbitrary k [36]. In the case of d = 1, the
Euclidean k-Center problem is polynomially solvable using dynamic program-
ming techniques [37, 18]. For d ≥ 2 and fixed k, the k-Center problem can
also be easily solved by enumerating all the k centers. However, as we will see
in Section 1.3, the CkC problem remains NP-Complete even for k = 2 and
d = 1. In this sense, the CkC problem is harder than the Euclidean k-Center
problem. It is NP-hard to approximate the k-Center problem for d ≥ 2 within
a factor smaller than 2 even under the L∞ metric [17]. Hochbaum and Shmoys
[25] gives a 2-approximation greedy algorithm for the k-Center problem in any
metric space. Feder and Greene [17] also give a 2-approximation algorithm
but improve the running time to O(n log k).

Many of the above-mentioned clustering models are closely related to the
general facility location problem [48], which has been extensively studied in
the operations research literature. Given a set of facilities and a set of cus-
tomers, the problem is to decide which facilities should be opened and which
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customers should be served from which facilities so as to minimize the total
cost of serving all the customers. Note that the recently studied Connected k-
Median problem [46] is not closely related to our CkC problem. As a variant
of the facility location problem, the Connected k-Median problem additionally
considers the communication cost among facilities, whereas our CkC problem
requires within-cluster connectedness. While all of these optimization prob-
lems are related to our study in the sense that they also study clustering from
the theoretical perspective, they have no intention to perform joint cluster
analysis, and they do not require clusters to be cohesive with respect to both
attribute data and relationship data.
Data mining. In the data mining community, clustering research emphasizes
more on real life applications and development of efficient and scalable algo-
rithms. Existing methods roughly fall into several categories, including par-
titioning methods such as k-Means [35], k-Medoids [31], and CLARANS [39],
hierarchical methods such as AGNES and DIANA [31], and density-based
methods such as DBSCAN [16] and OPTICS [2]. These clustering methods,
in general, take only attribute data into consideration.

While almost all clustering algorithms assume data to be represented in
a single table, recently multi-relational clustering algorithms have been ex-
plored which can deal with a database consisting of multiple tables related
via foreign key references. [47] presents a multi-relational clustering method
based on Probabilistic Relational Models (PRMs). PRMs are a first-order
generalization of the well-known Bayesian Networks. [53] introduces an ap-
proach to multi-relational clustering based on user guidance in the form of
the specification of some attributes that are known to be related to the (un-
known) cluster labels. The problem addressed in this chapter, i.e. clustering
a single table with attributes and relationships, can be understood as a spe-
cial case of multi-relational clustering. However, the approach of [47] is not
applicable in this scenario since PRMs do not allow cycles which often occur
in relationships within a single table. The method of [53] requires additional
user guidance which may not be available.
Social network analysis and graph clustering. Recently, the increasing
availability of relationship data has stimulated research on network analy-
sis [51, 42, 23]. Clustering methods for network analysis are mostly graph-
based, separating sparsely connected dense subgraphs from each other as
in [5]. A good graph clustering should exhibit few between-cluster edges and
many within-cluster edges. More precisely, graph clustering refers to a set of
problems whose goal is to partition nodes of a network into groups so that
some objective function is minimized. Several popular objective functions, e.g.
normalized cut [44] and ratio cut [7], have been well studied. Those graph clus-
tering problems can be effectively solved by spectral methods that make use of
eigenvectors. Recently, Dhillon et al. [12] discovered the equivalence between
a general kernel k-means objective and a weighted graph clustering objec-
tive. They further utilize the equivalence to develop an effective multilevel
algorithm, called GraClus, that optimizes several graph clustering objectives



Joint Cluster Analysis of Attribute Data and Relationship Data 15

including the normalized cut. The experiments in [12] show that GraClus can
beat the best spectral method on several clustering tasks.

Graph clustering methods can be applied to data that are originally network
data. The original network can be weighted where weights normally repre-
sent the probability that two linked nodes belong to the same cluster [44]. In
some cases, the probability is estimated by the distance between linked nodes
on attribute data. Moreover, graph clustering methods can also be applied
to similarity graphs representing similarity matrixes, which are derived from
attribute data. A similarity graph can be a complete graph as in the agglom-
erative hierarchical clustering algorithms, e.g., single-link, complete link, and
average link [27], or incomplete retaining those edges whose corresponding
similarity is above a threshold [20, 24]. CHAMELEON [30] generates edges
between a vertex and its k nearest neighbors, which can be considered as
relative thresholding.

There are two major differences between graph clustering, in particular the
normalized cut, and CkC. On the one hand, the graph clustering model does
not require the generated clusters to be internally connected which makes it
somewhat more flexible than CkC. Yet, for some applications such as market
segmentation and community identification, CkC fits better than the graph
clustering model as these applications often require the generated clusters
to be internally connected. On the other hand, in graph clustering, attribute
data is used only indirectly by using distances between nodes as edges weights,
which may lose important information since it reduces the d-dimensional at-
tribute data of two connected nodes to a single, relative distance value. In
CkC, attribute data are used directly, avoiding information loss.
Constrained and semi-supervised clustering. Early research in this
direction allowed the user to guide the clustering algorithm by constrain-
ing cluster properties such as size or aggregate attribute values [49]. More
recently, several frameworks have been introduced that represent available
domain knowledge in the form of pairwise “must-links” and “cannot-links”.
Objects connected by a must-link are supposed to belong to the same cluster,
those with a cannot-link should be assigned to different clusters. [4] proposes
a probabilistic framework based on Hidden Markov Random Fields(HMRF),
incorporating supervision into k-clustering algorithms. [32] shows that the ob-
jective function of the HMRF-based semi-supervised clustering model, as well
as which of some graph clustering models, can be expressed as special cases of
weighted kernel k-Means objective. Based on these theoretical connections, a
unified algorithm is proposed to perform semi-supervised clustering on data
given either as vectors or as a graph. [10] considers additional minimum
separation and minimum connectivity constraints, but they are ultimately
translated into must-link and cannot-link constraints. A k-Means like algo-
rithm is presented using a novel distance function which penalizes violations
of both kinds of constraints. The above two papers are similar to our research
in the sense that they also adopt a k-clustering approach under the frame-
work of constrained clustering. Nevertheless, in semi-supervised clustering,
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links represent specific instance-level constraints on attribute data. They are
provided by the user to capture some background knowledge. In our study,
links represent relationship data. They are not constraints themselves, but
data on which different constraints can be enforced, such as being “internally
connected”. Enforcing the connectedness constraint should lead to cohesion
of clusters with respect to relationship data, so that clusters can be cohesive
in both ways.
Bioinformatics. There have been several research efforts that consider both
attribute and relationship data in the bioinformatics literature. With the goal
of identifying functional modules, Hanisch et al. [22] propose a co-clustering
method for biological networks and gene expression data by constructing a
distance function that combines the expression distance and the network dis-
tance. However, their method cannot guarantee that the resulting clusters are
connected. Segal et al. [43] introduce a probabilistic graphical model, com-
bining a Naive Bayes model for the expression data and a Markov random
field for the network data. While the probabilistic framework has the advan-
tage of representing the uncertainty of cluster assignments, it cannot ensure
the connectedness of the resulting clusters. Ulitsky and Shamir [50] present
an algorithmic framework for clustering gene data. Given a gene network and
expression similarity values, they seek heavy subgraphs in an edge-weighted
similarity graph. Similar to our model, this model requires the generated
clusters to be connected. Different from the CkC model, their model does
not search for a partition of the whole dataset, i.e. , not every gene needs to
be assigned to a cluster.

1.3 Problem Definition and Complexity Analysis

In this section, we formally define the Connected k-Center (CkC) problem.
We prove the NP-completeness of the decision version of the CkC problem
through a reduction from the 3SAT problem. The key observation in this proof
is the existence of so-called “bridge” nodes, which can be assigned to multiple
centers and are crucial to link some other nodes to their corresponding centers
within a certain radius.

1.3.1 Preliminaries and problem definition.

Relationship data are usually modeled by networks comprised of nodes and
links, which we call entity networks. In this chapter, we concentrate on sym-
metric binary relations, thereby entity networks can be naturally represented
as simple graphs with edges (links) indicating the presence or absence of a
relation of interest such as acquaintance, collaboration, or transmission of
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information or diseases.
Nodes in an entity network do not have meaningful locations. With at-

tribute data available, attributes for each entity can be represented as a co-
ordinate vector and assigned to the corresponding node, resulting in what
we call an “informative graph”. Informative graphs, with both attribute data
and relationship data embedded, are used as input for our Connected k-Center
problem.

In this chapter, the terms “vertex” and “node” are used interchangeably,
so are “edge” and “link”. In the following sections, “graph” will refer to “in-
formative graph” since we always consider the two data types simultaneously.

The Connected k-Center (CkC) problem performs a joint cluster analysis
on attribute data and relationship data, so that clusters are cohesive in both
ways. The problem is to find a disjoint k-clustering (k-partitioning) of a set
of nodes, such that each cluster satisfies the internal connectedness constraint
(defined on the relationship data), and the maximum radius (defined on the
attribute data) is minimized. The radius of a cluster is the maximum dis-
tance of any node in the cluster to the corresponding center node. A formal
definition of the CkC problem is given in the following.

DEFINITION 1.1 (CkC problem) Given an integer k, a graph g =
(V,E), a function w : V → X mapping each node in V to a d-dimensional co-
ordinate vector, and a distance function ||·||, find a k-partitioning {V1, . . . , Vk}
of V , i.e. , V1 ∪ . . . ∪ Vk = V and ∀1 ≤ i < j ≤ k, Vi ∩ Vj = φ, such that
the partitions satisfy the internal connectedness constraint, i.e., the induced
subgraphs g[V1], . . . , g[Vk] are connected, and the maximum radius defined on
|| · || is minimized.

In this study, we assume the given graph g is connected, which is reasonable
for many application scenarios, e.g., social networks. Even if the entire graph
is not connected, the problem and the corresponding algorithms can still be
applied to its connected components.

1.3.2 Complexity analysis.

Given the similarity of the CkC problem to the traditional k-Center prob-
lem, it is natural to ask how much the traditional k-Center problem has been
changed in terms of hardness by adding the constraint of internal connected-
ness. To answer this question, we analyze the complexity of the CkC problem.
In the following, we define the decision version of the CkC problem and prove
its NP-completeness. Note that in this subsection of complexity analysis, the
names of the problems refer to their decision versions.

DEFINITION 1.2 (CkC problem, decision version) Given an integer k,
a graph g = (V, E), a function w : V → X mapping each node in V to a d-
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dimensional coordinate vector, a distance function || · ||, and a radius threshold
r ∈ R+, decide whether there exists a k-partitioning {V1, . . . , Vk} of V , i.e. ,
V1 ∪ . . . ∪ Vk = V and ∀1 ≤ i < j ≤ k, Vi ∩ Vj = φ, such that in addition
to the internal connectedness constraint, the partitions also satisfy the radius
constraint, i.e., ∀1 ≤ i ≤ k, there exists a center node ci ∈ Vi, such that
∀v ∈ Vi, ||w(v)− w(ci)|| ≤ r.

We will prove an NP-completeness result for fixed k. As the formal analysis
is rather technical, we precede it with an intuitive explanation. We say a
solution (or partitioning) is legal if all the k partitions (or clusters) are disjoint
and the corresponding induced subgraphs are connected. Since k is fixed as a
constant, a naive algorithm would enumerate all the combinations of k centers,
and for each combination assign the remaining nodes to the centers such that
both the internal connectedness and radius constraints are satisfied. However,
we note that there may exist some “bridge” node v which can connect to
multiple centers within distance r and is critical to connect some other nodes
to their corresponding centers. In a legal partitioning, every bridge node
must be assigned to a unique center. If there are many such bridge nodes, it
is difficult to assign each of them to the “right” center in order to maintain the
connection for others. Therefore, the naive algorithm may fail to determine
a legal partitioning. By intuition, the CkC problem is hard even for a fixed
k. In the following, we prove a hardness result for the CkC problem by a
reduction from 3SAT. For convenience, we state the 3SAT problem as follows:

DEFINITION 1.3 (3SAT problem) Given a set U = {u1, . . . , un} of
variables, a boolean formula I = C1 ∧ C2 ∧ . . . ∧ Cm where each clause Ci =
l1i ∨ l2i ∨ l3i contains three literals and each literal lji , j = 1, 2, 3, is a variable
or negated variable, decide whether there exists a truth assignment of U that
satisfies every clause of C.

THEOREM 1.1

For any k ≥ 2 and d ≥ 1, the CkC problem is NP-Complete.

PROOF
We only construct a proof for the case of k = 2 and d = 1, the proof can

be easily extended to any larger k and d.
First, we show C2C is in NP. We can nondeterministically guess a parti-

tioning of graph G and pick a node as center from each partition. For each
partition, we can traverse the corresponding subgraph in polynomial time to
verify whether it is a legal partitioning satisfying the radius constraint.

Next, we perform a reduction from 3SAT to show the NP-hardness of C2C.
Let L = {u1, u1, . . . , un, un} be a set of literals. For any 3SAT instance
I = C1 ∧ C2 ∧ . . . ∧ Cm, we construct a C2C instance f(I) = (g, w, r), where
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g = (V, E) is the underlying graph, w : V → R is the function mapping nodes
to coordinate vectors, and r ∈ R+ is the radius constraint, by the following
procedure:

1. Create a set of nodes V = P ∪ L ∪ C ∪ A ∪ B. P = {p0, p1} where p0

and p1 are two center nodes. L and C are the sets of literals and clauses
respectively. A = {a1, . . . , an} and B = {b1, . . . , bn} are two sets of
nodes introduced only for the purpose of the reduction.

2. Connect the nodes created in step (1). We link each literal l ∈ L to
both p0 and p1. For each literal l ∈ L and clause Ci ∈ C, we link l to Ci

if l ∈ Ci. For each i ∈ [n], we link ai and bi to both ui and ui.

3. Set r to an arbitrary positive value and assign each node v ∈ V a
coordinate as follows.

w(v) =





0, if v ∈ B;
r, if v = p0;
2r, if v ∈ L;
3r, if v = p1;
4r, if v ∈ A ∪ C.

Steps (1) and (2) construct the underlying graph g. A visual explanation
of the construction method is provided in Figure 1.1. Note that every node
in A,B, C can only connect to the center nodes p0 and p1 via some nodes in
L.

Step (3) assigns each node in V a carefully chosen coordinate, such that
each node in A,B, C is within distance r to one unique center node p0 or p1.
Figure 1.2 illustrates the deployment of nodes on the line.

In order to have a legal partitioning (partitions are disjoint and satisfy the
internal connectedness constraint), every node in L must be assigned to an
appropriate center (cluster). For the reduction, we associate a truth value
(true or false) to each cluster; accordingly, the allocations of these nodes can
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then be transferred back to a truth assignment for the input 3SAT instance
I. Besides, we need to guarantee that the truth assignment for I is proper,
i.e., ∀i ∈ [n], node ui and ui belong to different clusters. Node sets A and B
are two gadgets introduced for this purpose.

Clearly the above reduction is polynomial. Next, we show I is satisfiable
if and only if f(I) = (g, w, r) has a legal partitioning satisfying the radius
constraint. We use V0 and V1 to refer to the clusters centered at p0 and p1

respectively.

If f(I) = (g, w, r) has a legal partitioning satisfying the radius constraint,
we have the following simple observations:

1. Both p0 and p1 must be selected as centers, otherwise some node can
not be reached within distance r.

2. For the same reason, each node in A and C must be assigned to cluster
V1 and each node in B must be assigned to V0.

3. For any i ∈ [n], ui and ui can not be in the same cluster. If ui and ui

are both assigned to cluster V0 (or V1), some node in A (or B) would
not be able to connect to p1 (or p0).

4. For each clause Ci ∈ C, there must be at least one literal assigned to
cluster V1, otherwise Ci will be disconnected from p1.

We construct a satisfying assignment for I as follows: For each variable
ui ∈ U , if ui is assigned to V1, set ui to be true, otherwise false. Note by ob-
servation (3), ui and ui are always assigned different values, hence the assign-
ment is proper. Moreover, the assignment satisfies I since by observation (4),
all the clauses are satisfied.

If I is satisfiable, we construct a partitioning {V0, V1} as follows:

V0 = B ∪ {p0} ∪ {li ∈ L | li = false}
V1 = V \ V0

It is easy to verify that the above partitioning is legal. In addition, the
radius constraint is satisfied since every node in V is within distance r from
its corresponding center node, p0 or p1.

Finally, we show that the above proof can be easily extended to any larger
k and d. When k > 2, one can always add k − 2 isolated nodes (hence each
of them must be a center) to graph g and apply the same reduction; when
d > 1, one can simply add d − 1 coordinates with identical values to the
existing coordinate for each node.

The traditional k-Center problem which is known to be NP-hard only when
k is arbitrary and the dimensionality is greater than 1, but the CkC problem
is NP-hard even for a fixed k or one dimensional data.
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Theorem 1.1 implies that the optimization version of the CkC problem
defined in Definition 1.1 is NP-hard.

Similar to the CkC problem, one can define the connected k-Median and
connected k-Means problems. In fact, the proof of Theorem 1.1 can be ex-
tended to these problems to show their NP-Completeness.

1.4 Approximation Algorithms

In this section we study the optimization version of the CkC problem de-
fined in Definition 1.1. We prove that the problem is not approximable within
2 − ε for any ε > 0 unless P = NP . When the distance function is metric,
we provide approximation algorithms with ratios of 3 and 6, respectively, for
the cases of fixed and arbitrary k. The idea is to tackle an auxiliary CkC ′

problem. Based on the solution of CkC ′, we show the gap between these
two problems is at most 3, i.e., a feasible solution of CkC ′ with radius r can
always be transferred to a feasible solution of CkC with radius at most 3r.

1.4.1 Inapproximability result for CkC

In the following, we prove an inapproximability result for the CkC problem.

THEOREM 1.2

For any k ≥ 2, ε > 0, the CkC problem is not approximable within 2 − ε
unless P = NP .

PROOF (Sketch.) We can prove this theorem by applying a similar proof
to that of Theorem 1.1 and noting that the distances are multiples of r.

1.4.2 Approximation results for metric CkC

In the following, we study approximation algorithms for the CkC problem
in the metric space. Our approximation results rely on the triangle inequality.
However, our hardness results presented in Section 1.3 remain valid even for
non-metric spaces.

We provide approximations with ratios 3 and 6 for the cases of fixed and ar-
bitrary k. For this purpose, we introduce the CkC ′ problem, which is a relaxed
version of the CkC problem without stipulating the disjointness requirement
on the clusters. Then we show that CkC ′ can be solved in polynomial time
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Algorithm 1

1: Calculate all the pairwise distances for the nodes in V and store them
in set R;

2: Sort R in increasing order;
3: low = 0;high = |R|;
4: while low ≤ high
5: middle = (low + high)/2;
6: r = R[middle];
7: for each set of k centers {c1, . . . , ck} ⊆ V
8: Perform BFS from each center ci and mark all the nodes that

are reachable from ci w.r.t. r;
9: if all nodes are marked
10: if low = high
11: Return r and the k clusters;
12: else
13: high = middle− 1;
14: else
15: low = middle + 1;

FIGURE 1.3: Polynomial exact algorithm for CkC ′.

for fixed k and approximated within a factor of 2 for arbitrary k. We then
show the gap between these two problems is at most 3.

DEFINITION 1.4 (CkC ′ problem) Given an integer k, a graph g =
(V,E), a function w : V → X mapping each node in V to a d-dimensional
coordinate vector, and a distance function ||·||, find k node sets V1, . . . , Vk ⊆ V
with V1∪. . .∪Vk = V , such that the node sets satisfy the internal connectedness
constraint and the maximum radius defined on || · || is minimized.

Complexity of CkC ′. If k is treated as part of the input, CkC ′ is NP-
Complete as it is an extension of the traditional k-center problem. On the
contrary, if k is fixed as a constant, CkC ′ is in P (justification follows).
Solving CkC ′ for fixed k. We propose an exact algorithm to solve the CkC ′

problem for fixed k in polynomial time. We define the reachability between
any two nodes as follows:

DEFINITION 1.5 Let G = (V, E), for u, v ∈ V , v is reachable from
u w.r.t. r, r ∈ R+, if there exists a path p : {u = s0 → s1 → . . . → sl →
sl+1 = v}, s1, . . . , sl ∈ V , such that ∀1 ≤ i ≤ l + 1, (si−1, si) ∈ E and
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||w(u)− w(si)|| ≤ r.

Intuitively, v is reachable from u w.r.t. r if and only if v can be included in
the cluster with center u and radius r. Clearly it can be decided in polynomial
time by performing a breadth first search (BFS) for node v from node u. This
forms the main idea of Algorithm 1 in Figure 1.3, which returns the optimal
solution for CkC ′ in polynomial time.

Runtime complexity. Algorithm 1 in Figure 1.3 performs O(nk log n) calls
of BFS since it iterates over all possible sets of k centers, and a binary search is
performed for all possible r ∈ R where |R| = (

n
2

)
. Since every BFS takes O(n2)

steps, the total running time of Algorithm 1 in Figure 1.3 is O(nk+2 log n).
Approximating CkC ′ for arbitrary k. For the case that k is arbitrary,
we show an approach providing a 2 approximation for the CkC ′ problem. We
define the reaching distance between any two nodes as follows:

DEFINITION 1.6 Let G, u, v, p be defined as in Definition 1.5. The
distance between u and v w.r.t p is defined as D(u, v)p = maxsi,sj∈p ||w(si)−
w(sj)||. The reaching distance between u and v is defined as D(u, v) =
minp∈P D(u, v)p, where P is the set of all paths between u and v.

Note that the reaching distance is symmetric, i.e., ∀u, v ∈ V, D(u, v) =
D(v, u). It also satisfies the triangle inequality, i.e., ∀u, v, s ∈ V,D(u, s) ≤
D(u, v)+D(v, s). We can obtain a |V |×|V | matrix, storing reaching distances
for all the nodes in V . Then, we can apply the 2-approximation algorithm
proposed in [25] on V with the reaching distance matrix replacing the pairwise
distance matrix. The maximum radius of the k clusters resulting from this
algorithm is at most twice as big as the optimal solution.
Back to CkC. In Algorithm 2 (Figure 1.4), we present a method transfer-
ring a feasible solution of CkC ′ with radius r to a feasible solution of CkC
with radius at most 3r. Combining the CkC ′ results and Algorithm 2 gives
approximations for the CkC problem.

Let {V ′
1 , . . . , V ′

k} be a clustering returned by Algorithm 2 or the approxi-
mation algorithm specified in Section 1.4.1 where V ′

i ⊆ V and the node sets
(clusters) V ′

1 , . . . , V ′
k may not be disjoint. Algorithm 2 determines a clustering

{V1, . . . , Vk} with disjoint node sets V1, . . . , Vk. Let c1, . . . , ck be the centers
of V1, . . . , Vk. Since the algorithm retains the cluster centers, they are also the
centers of V ′

1 , . . . , V ′
k. Algorithm 2 assigns every node in V to a unique cluster

Vi for 1 ≤ i ≤ k. For each iteration 1 ≤ i ≤ k, line 3 assigns the nodes in
V ′

i that have not been assigned to any previous clusters V1, . . . , Vi−1 and are
connected to ci to Vi. Afterwards, there may still be some unassigned nodes
in V ′

i , and line 5 assigns them to one of the clusters V1, . . . , Vi−1 to which they
are connected.

Figure 1.5 provides an illustration for Algorithm 2. The circles with dashed
lines represent the three initial (overlapping) clusters V ′

1 , V ′
2 and V ′

3 generated
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Algorithm 2

1: for i from 1 to k
2: Vi = φ, ci ← c′i;
3: Add all the nodes reachable w.r.t. r from ci in G[V ′

i \ ∪i−1
j=1Vj ] to Vi

(by performing a BFS from ci in G[V ′
i \ ∪i−1

j=1Vj ]);
4: for every node v ∈ (∪i−1

j=1Vj

) ∩ V ′
i

5: Add all the nodes connected to v in G[V ′
i ] to the cluster of v

(by performing a BFS from v in G[V ′
i ]);

6: Output clusters V1, . . . , Vk;

FIGURE 1.4: Converting a solution of CkC ′ to a solution of CkC
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FIGURE 1.5: Illustration of Algorithm 2.

by Algorithm 1. Applying Algorithm 2, we obtain three new disjoint clusters
V1, V2 and V3. The center nodes were not changed.

LEMMA 1.1

Let r be the maximum radius associated with a feasible solution for the CkC ′

problem. Algorithm 2 is guaranteed to find a feasible solution for the CkC
problem with maximum radius at most 3r.

PROOF
First we show that Algorithm 2 assigns each node u ∈ V to a unique cluster.

There are two cases. In case 1, u can be reached via a path from center node
ci without having any node previously assigned to V1, . . . , Vi−1 on the path;
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then, u is assigned to Vi in line 3 of Algorithm 2. In case 2, u is connected to
ci via some node v ∈ ∪i−1

j=1Vj ; then, in line 5 of Algorithm 2, u is assigned to
the cluster that v belongs to.

Next, we bound the maximum radius of a node u to the corresponding
center node. In case 1, since u is assigned to Vi, the distance between u and ci

is at most r. In case 2, observe that the distance between u and v is at most
2r due to the triangle inequality and the fact that u and v were in the same
set V ′

i . Besides, we observe that the distance between v and its corresponding
center node cj is at most r. Therefore, again by the triangle inequality, the
distance between u and its corresponding center node is at most 3r.

Let opt and opt′ be the optimal solutions for the CkC and CkC ′ problems
respectively. Clearly opt′ ≤ opt since opt is also a feasible solution for CkC ′.
Based on this observation, we obtain the following approximation results for
CkC:

THEOREM 1.3

Combining Algorithm 1 and Algorithm 2 gives a polynomial 3-approximation
for the CkC problem for fixed k.

THEOREM 1.4

Combining the approach proposed in 1.4.1 and Algorithm 2 gives a polynomial
6-approximation for the CkC problem for arbitrary k.

1.5 Heuristic Algorithm

While the development of an approximation algorithm with guaranteed
clustering quality is important from the theoretical point of view, the expen-
sive enumeration operation makes the approach infeasible for application on
large datasets. Therefore, in this section, we present NetScan, a heuristic al-
gorithm that efficiently produces a “good” CkC clustering and scales to large
real life datasets.

1.5.1 Overview of NetScan

NetScan follows a three-step approach. It starts by picking k centers ran-
domly, then assigns nodes to the best centers and refines the clusters itera-
tively.
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Algorithm 3

1: Empty working queue Q;
2: for every center cj of cluster Cj

3: Append all unassigned neighbors of cj to Q;
4: while Q is not empty
5: Pop the first element q from Q;
6: if ||q − cj || ≤ Ri

7: if q is a potential bridge node
8: Invoke the look-ahead routine to decide the membership

for q. If q should be assigned to Cj , append q’s unassigned
neighbors to Q; otherwise, only assign q to the right cluster
without appending q’s neighbors to Q; (Section 1.5.2 (c))

9: else
10: Assign q to Cj and append q’s unassigned neighbors to Q;
11: if all nodes are assigned to some Cj

12: Stop;
13: else
14: Increase Ri and goto 1;

FIGURE 1.6: Step II of NetScan

• Step I: Randomly pick k initial cluster centers.

• Step II: Assign all nodes to clusters by traversing the input graph.

• Step III: Recalculate cluster centers.

The algorithm repeats steps II and III until no change of the cluster centers
occurs or a certain number of iterations have been performed. In step III,
finding the optimal center from a group of n nodes requires O(n2) time. For
efficiency, we select the node closest to the mean of the cluster as the new
center. Typically, the mean provides a reasonably good approximation for
the center.

The three-step framework resembles the k-Means algorithm. However, un-
like the straightforward assignment step in k-Means, given k centers, find-
ing an optimal assignment satisfying the connectedness constraint requires a
search through an exponential space, as shown in Section 1.3.2. Thus, the
major challenge of NetScan is finding a good membership assignment, i.e.,
step II.

From the design principles of the approximation algorithm, we observe that
the BFS-based approach provides an efficient way of generating clusters with-
out violating the internal connectedness constraint. Therefore, we start the
membership assignment from the centers, and neighboring nodes (directly
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connected by some edge of the graph) of already assigned nodes are gradually
absorbed to the clusters. The whole step II may take multiple rounds to finish
until all the nodes are assigned, and each round i is associated with a radius
threshold Ri. For the first round, the assignment starts from cluster centers
with the initial radius threshold R0. Each node is tested and assigned to the
first cluster for which its distance to the center is no larger than R0. If all the
centers have been processed but not all nodes have been assigned, the next
assignment round tries to assign them with an incremented radius threshold
R1. The process continues until all the nodes are assigned. The pseudocode
of step II is given in Algorithm 3 (Figure 1.6), and more details of NetScan
will be discussed shortly.

1.5.2 More details on NetScan

(a) How to choose initial cluster centers. The initialization has a di-
rect impact on the NetScan results as in many similar algorithms. Instead
of using a naive random approach, we weight each node with its degree so
that nodes with higher degrees have higher probabilities to be chosen. Since
NetScan relies on edges to grow clusters in step II, the weighted random ap-
proach allows clusters to grow fast. More importantly, due to the improved
edge availability, true cluster contents can be absorbed during early rounds of
membership assignment, reducing the possibility that they would be assigned
to some other clusters inappropriately.
(b) How to choose Ri. In step II of NetScan, the radius threshold Ri is
gradually incremented from round to round. Ri plays an important role in
minimizing the maximum radius of the resulting clusters. Figure 1.7 gives an
example where a larger threshold Ri+1 allows node a to be assigned to cluster
1, resulting in a larger radius of cluster 1. A similar situation applies to node
b whose assignment to cluster 2 would result in a larger radius of cluster 2.
Instead, by using a smaller threshold Ri, these cases are avoided because a
and b can only be assigned to cluster 2 and cluster 3 respectively. From the
point of view of minimizing the maximum radius, we want the increment of
Ri to be as small as possible. However, a too small increment of Ri may lead
to the case that no additional node can be assigned for many rounds, which
may greatly and unnecessarily increase the runtime.

As a trade-off, we propose the increment to be the average pairwise distance
of nodes. That is, the radius threshold Ri+1 is chosen as Ri + D where D
is the average pairwise distance of nodes. This choice of increment makes it
likely that at least some further nodes can be assigned in the next round. D
can be obtained efficiently by drawing a small set of samples and calculating
the average pairwise distance of the samples.

Our complexity analysis suggests that the nodes located in the overlapping
area of two clusters w.r.t. a given radius threshold are more difficult to assign
than the others. Thus, to start with, we choose R0 to be half of the smallest
distance among all pairs of cluster centers. This choice of R0 does not create
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FIGURE 1.7: Radius Increment.

overlap that introduces any ambiguity in the node assignment.
(c) How to assign nodes. In step II of NetScan, nodes are assigned to
clusters generally based on their distances to the cluster centers. Special
attention, however, needs to be paid to those nodes in the overlap area of two
or more clusters w.r.t. Ri. Inspired by the concept of bridge nodes introduced
in Section 1.3, we call these nodes potential bridge nodes. We assign potential
bridge nodes not only based on their distances to the different cluster centers,
but also on their neighborhood situations. For example, in Figure 1.7, a is
a potential bridge node and its assignment has an impact on the assignment
of its neighbor a′. If node a is assigned to cluster 1, a′ has to be assigned
to cluster 1, resulting in a larger radius compared to assigning both nodes to
cluster 2. A similar situation applies to nodes b and b′.

Whether a node is a potential bridge node depends on three factors: (1) the
node has neighbors who have been assigned membership and those neighbors
are from more than one cluster, e.g., Ci and Cj , (2) the node is within Ri

distance from both centers of Ci and Cj and (3) the node has unassigned
neighbors.

We propose the following look-ahead approach for the cluster assignment
of potential bridge nodes (line 8 of Algorithm 3). For the sake of efficiency,
for each potential bridge node, we only check its unassigned neighbors (if
any) which have a degree of 1, the so-called unary neighbors. These unary
neighbors are especially critical since they can be connected to any cluster
only via the node under consideration. A potential bridge node is assigned to
its closest center unless the node has a direct unary neighbor which is closer to
some other center. In the case that more than one unary neighbor exists, the
cluster center leading to the smallest radius increase is chosen. Our algorithm
could benefit from looking into indirect neighbors of potential bridge nodes as
well, however, this would significantly increase the runtime without guarantee
of quality improvement.
(d) Postprocessing to eliminate outliers. As in the traditional k-Center
problem, the CkC problem faces the same challenge of “outliers”, which may
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cause significant increase in radius of the resulting clusters. In many appli-
cations such as market segmentation, it is acceptable and desirable to give
up a few customers to meet most customers’ preference. We propose an op-
tional step, which utilizes a graphical approach to eliminate outliers from
the NetScan results. Each node remembers the radius threshold at which it
was assigned, and all the nodes are sorted by these thresholds. We filter out
the node (and its following nodes) which causes a sudden increase of the ra-
dius. The “cut-off” point can be determined by automatic detection as well as
manual inspection from a chart displaying the sorted nodes, as illustrated in
Figure 1.8 (b). Only node pm would be removed as an outlier in the example.

(e) Runtime complexity. In each iteration of step II and III, the NetScan
algorithm generates k clusters one by one. During membership assignment of
each cluster, the nodes sharing edges with the assigned nodes of that cluster
are considered. The distances between these nodes and the cluster center
are calculated. Thus, the overall runtime complexity is bounded by the total
number of nodes being visited. For the purpose of minimizing the maximum
radius, NetScan gradually increases the radius threshold Ri. Let D represent
the amount of radius increment, the total number of radius increases in one
iteration is a constant, diam

D
, where diam is the longest distance among all

pairs of nodes. In the worst case, every edge is visited k times for each Ri,
hence the total number of node visits in an iteration is O(k|E|diam

D
), where

|E| is the total number of edges. We assume the NetScan algorithm converges
after t iterations. Hence, the worst case runtime complexity of NetScan is
O(tk|E|diam

D
).

However, in each iteration, we only need to consider those edges connecting
to the nodes in the frontier, i.e., a set of unassigned nodes that are direct
neighbors of the assigned nodes. The worst case rarely happens, in which
all the edges are connected to the frontier nodes. In practice, the number
of edges visited in one iteration can be reasonably assumed to be O(|E|) on
average, and the expected runtime of NetScan would be O(t|E|) under this
assumption.

1.5.3 Adaptation of NetScan to the Connected k-Means prob-
lem

As we have discussed in related work (Section 1.2), various clustering prob-
lems can be formulated depending on different objectives. The well-known
k-Means problem [?, 34] minimizes the compactness, i.e., the sum of squared
distances from data points to their corresponding cluster centers. The cor-
responding k-Means algorithm [35] is widely used as a practical and robust
clustering method. As an analogue for joint cluster analysis, we can define the
Connected k-Means problem, which finds a k-partitioning of nodes minimizing
the compactness under the internal connectedness constraint.

As a straightforward extension, NetScan can be adapted to the Connected
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FIGURE 1.8: Outlier elimination by radius histogram.

k-Means problem. We can simply use the means of clusters to replace the
center nodes. Then in step II of NetScan, the radius is computed with respect
to the means instead of the center nodes. Similarly in step III, the new cluster
means are relocated instead of the center nodes. The algorithm terminates
when there is no change in node membership or a certain number of iterations
have been performed.

1.6 Experimental Results

In this section, we demonstrate the meaningfulness and accuracy of our joint
cluster analysis model on a real life dataset (See Table 1.1 for a summary of
the dataset). The dataset was generated based on papers published from 2000
to 2004 in nine major conferences of three communities: theory, databases
and data mining, and machine learning. 1786 researchers were extracted as
authors of those papers. The attributes of each researcher are vectors rep-
resenting the keyword frequencies in the abstracts of his/her papers. After
deleting stop words and applying stemming and word occurrence thresholding,
we obtain a dataset whose attribute vectors have 603 dimensions. We used
term frequency inverse-document frequency[41], a state-of-the-art method in
text mining, to normalize the dataset. The relationship data is a connected
subgraph extracted from the DBLP [11] coauthorship network. Note that the
researchers were chosen so that the relationship graph is connected. We also
removed researchers that make the true clusters unconnected, since otherwise,
due to the connectedness constraint, NetScan will have no chance to achieve
100% accuracy. The task was to cluster researchers with the goal of identi-
fying research communities in an unsupervised manner. A researcher’s true
community (cluster label) was determined by the community to which the



Joint Cluster Analysis of Attribute Data and Relationship Data 31

TABLE 1.1: Summaries of the real dataset.
Communities Conferences # of Researchers

Theory FOCS, STOC, SODA 547
Databases and Data Mining SIGMOD, VLDB, KDD 722

Machine Learning ICML, NIPS, COLT 517

majority of his/her papers belongs. These true labels were then compared to
the labels determined by our algorithm.

The traditional k-Means algorithm is known to work well for document
clustering[45] utilizing only the attribute data. We applied our adapted
NetScan (for the Connected k-Means problem, see Section 1.5.3) to the dataset
and compared the results with k-Means. We used the Cosine Distance as the
distance measure for the attributes, a standard measure for text data. Ta-
ble 1.2 reports the clustering results averaged over 20 runs for both algorithms,
recording the number of correctly identified researchers for each community
together with the overall accuracy. In order to measure the accuracy, a cluster
is labeled by a majority vote of its members. Compared to k-Means, NetScan
significantly improved the accuracy from 79% to 89.7%. Note that we perform
unsupervised learning, which accounts for the relatively low accuracy of both
algorithms compared to supervised classification algorithms.

TABLE 1.2: Comparison of NetScan and
k-Means

Communities Size k-Means NetScan
Theory 547 417 514

Databases 722 575 691
Machine Learning 517 422 397

Sum 1786 1414 1602
Accuracy 79.2% 89.7%

The main reason why NetScan significantly outperforms k-Means is that
both relationship and attribute data make contributions in the clustering pro-
cess, and considering only one data type can mislead the clustering algorithm.
For example, Jon Kleinberg published papers in KDD, NIPS, STOC, SODA,
etc. From this attribute information, it seems reasonable to identify him as a
researcher in databases and data mining or machine learning. Nevertheless,
after taking his coauthorship information into consideration, NetScan clus-
tered him into the theory community, which is a better match for his overall
research profile. On the other hand, Rajeev Motwani has broad coauthorship
connections, which alone cannot be used to confidently identify his commu-
nity membership. However, the majority of his papers from 2000 to 2004
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was published in conferences of the theory community, and NetScan correctly
clustered him into the theory community.

1.7 Discussion

The framework of joint cluster analysis of attribute and relationship data
suggests several interesting directions for future research, some of which are
discussed in this section.

There are many applications where the connectivity constraint of the CkC
model is appropriate, such as the driving applications (market segmentation
and community identification) mentioned in Section 1.1. Yet, in other ap-
plications such as molecular biology the connectivity constraint becomes in-
sufficient to capture the properties of clusters. In molecular biology, since
data is often obtained from scientific measurements the requirement of simple
connectivity of a cluster may be not strict enough and may make the result-
ing clustering too sensitive to noisy graph edges. In such scenarios, stronger
connectivity constraints are desirable. So-called quasi-cliques, which have re-
cently received a lot of attention in the literature [40], are one promising way
of specifying such constraints. A quasi-clique is a subgraph where every node
is directly connected to at least a specified percentage of the other subgraph
nodes. As a quasi-clique is not necessarily connected, the quasi-clique prop-
erty should be added on top of the simple connectivity constraint.

While the CkC model assumes input graphs without edge labels, there
are applications where it makes sense to weight the edges to indicate the
strength of relationships. For example, the strength of a friendships can go
from intimate and close to just nodding acquaintanceship. In a scientific
application, edges might be labeled with probabilities of the corresponding
relationship as computed by some underlying model. A simple connectivity
constraint, requiring at least one path between any pair of nodes of a cluster,
is not natural for such data, since it cannot distinguish between strong and
weak connections. A joint cluster analysis model for such data has to constrain
the strength of relevant paths. This introduces a multi- objective optimization
problem where the radius in the attribute space and the diameter in the graph
space have to be simultaneously optimized.

The CkC model, like many other clustering models, assumes the number
of clusters as input parameter. However, this information may be hard to
provide a priori, and joint cluster analysis without a priori specification of the
cluster number is desirable in many applications. With increasing number
of clusters, the compactness and accuracy of clusterings trivially increases.
In order to automatically determine a model with a good trade-off between
model accuracy and complexity, a clustering quality measure is needed that
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is not biased toward larger numbers of clusters. [38] presents a first clustering
method of this kind using an adaption of the Silhouette Coefficient as model
selection criterion.
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[8] M. Charikar, S. Guha, É. Tardos, and D.B. Shmoys. A constant factor
approximation algorithm for the k-median problem. In Proceedings of
the 31st Annual ACM Symposium on Theory of Computing, pages 1–10,
1999.

[9] M. Charikar and R. Panigrahy. Clustering to minimize the sum of cluster
diameters. Journal of Computer and System Sciences, 68(2):417–441,
2004.

[10] I. Davidson and S. S. Ravi. Clustering with constraints: Feasibility issues
and the k-means algorithm. In Proceedings of 2005 SIAM International
Conference on Data Mining (SDM), pages 138–149, 2005.

0-8493-0052-5/00/$0.00+$.50
c© 2007 by CRC Press LLC 35



36 References

[11] DBLP. Computer science bibliography. http://www.informatik.uni-
trier.de/∼ley/db/index.html.

[12] I.Y. Dhillon, Y. Guan, and B. Kulis. Weighted graph cuts without
eigenvectors: A multilevel approach. IEEE Transactions on Pattern
Analysis and Machine Intelligence, page to appear, 2007.

[13] S. Doddi, M. V. Marathe, S. S. Ravi, D.S. Taylor, and P.Widmayer. Ap-
proximation algorithms for clustering to minimize the sum of diameters.
In Proceedings of the 7th Scandinavian Workshop on Algorithm Theory,
pages 237–250, 2000.

[14] M. Dyer and A. M. Frieze. A simple heuristic for the p-center problem.
Operations Research Letters, 3:285–288, 1985.

[15] M. Ester, R. Ge, B. J. Gao, Z. Hu, and B. Ben-moshe. Joint cluster
analysis of attribute data and relationship data: the connected k-center
problem. In Proceeding of the 6th SIAM Conference on Data Mining
(SDM), pages 246–257, 2006.

[16] M. Ester, H.P. Kriegel, J. Sander, and X. Xu. A density-based algorithm
for discovering clusters in large spatial databases with noise. In Proceed-
ings of the 2nd International Conference on Knowledge Discovery and
Data Mining(ICDM), pages 226–231, 1996.

[17] T. Feder and D. H. Greene. Optimal algorithms for approximate clus-
tering. In Proceedings of the 20th annual ACM symposium on Theory
of computing, pages 434–444, 1988.

[18] G. N. Frederickson and D. B. Johnson. Optimal algorithms for generat-
ing quantile information in x + y and matrices with sorted columns. In
Proceedings of the 13th Annual Conference on Information Science and
Systems, pages 47–52, 1979.

[19] T. Gonzalez. Clustering to minimize the maximum inter-cluster dis-
tance. Theoretical Computer Science, 38(2-3):293–306, 1985.

[20] S. Guha, R. Rastogi, and K. Shim. Rock: a robust clustering algo-
rithm for categorical attributes. In Proceedings of the 15th International
Conference on Data Engineering (ICDE), 1999.

[21] N. Guttman-Beck and R. Hassin. Approximation algorithms for min-
sum p-clustering. Discrete Applied Mathematics, 89(1-3):125–142, 1998.

[22] D. Hanisch, A. Zien, R. Zimmer, and T. Lengauer. Co-clustering of
biological networks and gene expression data. Bioinformatics, 18:S145–
S154, 2002.

[23] R. A. Hanneman and M. Riddle. Introduction to social network methods.
http://faculty.ucr.edu/∼hanneman/, 2005.



References 37

[24] E. Hartuv and R. Shamir. A clustering algorithm based on graph con-
nectivity. Information Processing Letters, 76(4-6):175–181, 2000.

[25] D.S. Hochbaum and D.B. Shmoys. A best possible heuristic for the
k-center problem. Mathematics of Operations Research, 10:180–1–84,
1985.

[26] D. Iacobucci. Networks in marketing. Sage Publications, London, 1996.

[27] A.K. Jain and R.C. Dubes. Algorithms for Clustering Data. Prentice
Hall, 1988.

[28] K. Jain and V. Vazirani. Approximation algorithms for metric facil-
ity location and k-median problems using the primal-dual ccheme and
lagrangian relaxation. Journal of the ACM, 48(2):274–296, 2001.

[29] O. Kariv and S. L. Hakimi. An algorithmic approach to network location
problems, part ii: p-medians. SIAM Journal of Applied Mathematics,
37:539–560, 1979.

[30] G. Karypis, E.H. Han, and V. Kumar. Chameleon: Hierarchical clus-
tering using dynamic modeling. IEEE Computer, 32(8):68–75, 1999.

[31] L. Kaufman and P.J. Rousseeuw. Finding Groups in Data: an Introduc-
tion to Cluster Analysis. John Wiley & Sons, 1990.

[32] B. Kulis, S. Basu, I. S. Dhillon, and R.J. Mooney. Semi-supervised graph
clustering: a kernel approach. In Proceedings of the 22nd International
Conference on Machine learning(ICML), pages 457–464, 2005.

[33] J.H. Lin and J.S. Vitter. Approximation algorithms for geometric me-
dian problems. Information Processing Letters, 44(5):245–249, 1992.

[34] S.P. Lloyd. Least squares quantization in pcm. IEEE Transactions on
Information Theory, 28(2):129–136, 1982.

[35] J. MacQueen. Some methods for classification and analysis of multi-
variate observations. In Proceedings of the 5th Berkeley Symposium on
mathematics, Statistics and Probability, pages 281–297, 1967.

[36] N. Megiddo and K. J. Supowit. On the complexity of some common
geometric location problems. SIAM Journal on Computing, 13(1):182–
196, 1984.

[37] N. Megiddo, A. Tamir, E. Zemel, and R. Chandrasekaran. An o(n log2 n)
algorithm for the k-th longest path in a tree with applications to location
problems. SIAM Journal on Computing, 10(2):328–337, 1981.

[38] F. Moser, R. Ge, and M. Ester. Joint cluster analysis of attribute and
relationship data without a-priori specification of the number of clusters.
In Proceeding of the 13th ACM International Conference on Knowledge
Discovery and Data Mining (SIGKDD), pages 510–519, 2007.



38 References

[39] R. T. Ng and J. Han. Efficient and effective clustering methods for
spatial data mining. In Proceedings of the 20th International Conference
on Very Large Databases (VLDB), pages 144–155, 1994.

[40] J. Pei, D. Jiang, and A. Zhang. On mining cross-graph quasi-cliques.
In Proceeding of the 11th ACM International Conference on Knowledge
Discovery in Data Mining (SIGKDD), pages 228–238, 2005.

[41] G. Salton and M. J. McGill. Introduction to Modern Information Re-
trieval. McGraw-Hill, 1983.

[42] J. Scott. Social Network Analysis: A handbook. Sage Publications,
London, 2000.

[43] E. Segal, H. Wang, and D. Koller. Discovering molecular pathways from
protein interaction and gene expression data. In Proceedings of the 11th
International Conference on Intelligent Systems for Molecular Biology,
pages 264–272, 2003.

[44] J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 22(8):888–
905, 2000.

[45] M. Steinbach, G. Karypis, and V. Kumar. A comparison of document
clustering techniques. In Proceedings of the Text Mining Workshop,
KDD’00, 2000.

[46] C. Swamy and A. Kumar. Primal-dual algorithms for connected facility
location problems. Algorithmica, 40(4):245–269, 2004.

[47] B. Taskar, E. Segal, and D. Koller. Probabilistic classification and clus-
tering in relational data. In Proceedings of the 17th International Joint
Conference On Artificial Intelligence (IJCAI), pages 870–878, 2001.

[48] C. Toregas, R. Swan, C. Revelle, and L. Bergman. The location of
emergency service facilities. Operations Research, 19:1363–1373, 1971.

[49] A. K. H. Tung, R. T. Ng, L. V. S. Lakshmanan, and J. Han. Constraint-
based clustering in large databases. In Proceedings of the 8th Interna-
tional Conference on Database Theory (ICDT), pages 405–419, 2001.

[50] I. Ulitsky and R. Shamir. Identification of functional modules using
network topology and high-throughput data. BMC System Biology, 1(8),
2007.

[51] S. Wasserman and K. Faust. Social Network Analysis. Cambridge Uni-
versity Press, 1994.

[52] C.M. Webster and P.D. Morrison. Network analysis in marketing. Aus-
tralasian Marketing Journal, 12(2):8–18, 2004.



References 39

[53] X. Yin, J. Han, and P.S. Yu. Cross-relational clustering with user’s
guidance. In Proceedings of the 11th ACM International Conference
on Knowledge Discovery and Data Mining (SIGKDD), pages 344–353,
2005.



Index

characteristic function, 8

Dirac δ, 8

40


