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Abstract. We approximate the k-label Markov random field optimiza-
tion by a single binary (s−t) graph cut. Each vertex in the original graph
is replaced by only ceil(log2(k)) new vertices and the new edge weights
are obtained via a novel least squares solution approximating the origi-
nal data and label interaction penalties. The s− t cut produces a binary
“Gray” encoding that is unambiguously decoded into any of the original
k labels. We analyze the properties of the approximation and present
quantitative and qualitative image segmentation results, one of the sev-
eral computer vision applications of multi label-MRF optimization.

1 Introduction

Many visual computing tasks can be formulated as graph labeling problems,
e.g. segmentation and stereo-reconstruction [1], in which one out of k labels is
assigned to each graph vertex. This may be formulated as a k-way cut problem:
Given graph G(V, E) with |V | vertices vj ∈ V and |E| edges evi,vj = eij ∈ E ⊆
V × V with weights w(eij) = wij > 0, find an optimal k-cut C∗ ⊂ E with min-
imal cost |C∗| = argminC |C|, where |C| =

∑
eij∈C wij , such that E\C breaks

the graph into k groups of labelled vertices. This k-cut formulation encodes the
semantics of the problem at hand (e.g. segmentation) into wij . However, if the
optimal label assigned to a vertex depends on the labels assigned to other vertices
(e.g. to regularize the label field), setting wij ∀i, j becomes less straightforward.
The Markov random field (MRF) formulation captures this desired label inter-
action via an energy ξ(l) to be minimized with respect to the vertex labels l.

ξ(l) =
∑

vi∈V

Di(li) + λ
∑

(vi,vj)∈E

Vij(li, lj , di, dj) (1)

where Di(li) penalizes labeling vi with li, and Vij , aka prior, penalizes assigning
labels (li, lj) to neighboring vertices1. Vij may be influenced by the data value
di at vi (e.g. image intensity). λ controls the relative importance of Di and Vij .

For labeling a P -pixel image, typically a graph G is constructed with |V | = P .
To encode Di(li), G may be augmented with k new terminal vertices {tj}k

j=1;
each representing one of the k labels (Figure 2(a)) and wvi,tj set inversely pro-
portional to Di(lj). When Vij = Vij(di, dj), i.e. independent of li and lj , Vij

may be encoded by wvi,vj ∝ Vij (di, dj). The random walker [2] globally solves a

1 Higher order priors, e.g. 3rd order Vijk(li, lj , lk), are also possible.
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labeling problem of this type, i.e. disregarding label interaction. Solving multi-
label MRF optimization for any interaction penalty remains an active research
area. In [3], the globally optimal binary (k=2) labeling is found using min-cut
max-flow. For k > 2 with convex prior, the global minimizer is attained by
replacing each single k-label variable with k [4] or by using k − 1 [5] boolean
variables. However, convex priors tend to over-smooth the label field. For k > 2
with metric or semi-metric priors, Boykov et al. performed range moves using
binary cuts to expand or swap labels [1]. Other range moves were proposed in
[6,7]. More recent approaches to multi-label MRF optimization were proposed
based on linear programming relaxation using primal-dual [8], message passing
or belief propagation [9], and partial optimality [10] (see [11] for a recent survey).

In this paper, we focus on optimal encoding of the k-label MRF energy solely
into the edge weights of a graph. We impose no restrictions on k, or on the order
(2nd or higher) or type (e.g. non-convex, non-metric, or spatially varying) of the
label interaction penalty. The calculated edge weights are optimal in the sense
that they minimize the least squares (LS) error when solving a linear system of
equations capturing the original MRF penalties. Further, we transform the multi-
labelling problem to a binary s−t cut, in which each vertex in the original graph is
replaced by the most compact boolean representation; only ceil(log2(k)) vertices
represent each k-label variable. In [12], a general framework for converting multi-
label problems to binary ones is presented. In contrast to our work, [12] solved a
system of equations to find the boolean encoding function (not the edge weights),
they did not use LS, and their resulting binary problem can still include label
interaction. We perform a single (non-iterative and initialization-independent)
s − t cut to obtain a “Gray” binary encoding, which is then unambiguously
decoded into the k labels. Besides its optimality features, LS enables offline pre-
computation of pseudoinverse matrices that can be re-used for different graphs.

2 Method

2.1 Reformulating the Multi-label MRF as an s − t Cut

Given a graph G(V, E), the objective is to label each vertex vi ∈ V with a label
li ∈ Lk = {l0, l1, ..., lk−1}. Rather than labeling vi with li ∈ Lk, we replace vi

with b vertices (vij)b
j=1, and binary-label them with (lij)b

j=1, i.e. lij ∈ L2 =
{l0, l1}. b is chosen such that 2b ≥ k or b = ceil(log2(k)), i.e. a long enough
sequence of bits to be decoded into li ∈ Lk

2. To this end, we transform G(V, E)
into a new graph G2(V2, E2) with additional source s and sink t nodes, i.e.|V2| =
b|V |+ 2. E2 includes terminal links Etlinks

2 = Et
2 ∪Es

2 where |Et
2| = |Es

2 | = |V2|;
neighborhood links Enlinks

2 = Ens
2 ∪ Enf

2 where |Enlinks
2 | = b2|E|, |Ens

2 | = b|E|,
and |Enf

2 | = (b2 − b)|E|; and intra-links Eintra
2 where |Eintra

2 | =
(

b
2

)|V |. Figure
1 shows these different types of edges. Following an s− t cut on G2, vertices vij

that remain connected to s are assigned label 0, and the remaining are connected
2 We distinguish between the decimal (base 10) and binary (base 2) encoding of the

labels using the notation (li)10 and (li)2 = (li1, li2, · · · , lib)2, respectively.



Multi-label MRF Optimization via a Least Squares s − t Cut 1057

t

s

v
21

 v
22

v
23

 v
24

v
11

 v
12

v
13

 v
14

v
41

 v
42

v
43

 v
44

v
31

 v
32

v
33

 v
34

v
51

 v
52

v
53

 v
54

E2
t

E2
s

E2
intra

E2
ns

v
61

 v
62

v
63

 v
64

v
71

 v
72

v
73

 v
74

E2
nf

Fig. 1. Edge types in the s − t graph. Shown are seven groups of vertex quadruplets,
b=4, and only sample edges from Et

2, E
s
2 , Ens

2 , Enf
2 , and Eintra
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Fig. 2. Reformulating the multi-label problem as an s − t cut. (a) Labeling vertices
{vi}5

i=1 with labels {lj}3
j=0 (only t-links are shown). (b) New graph with 2 terminal

nodes {s, t}, b = 2 new vertices (vi1 and vi2 inside the dashed circles) replacing each
vi in (a), and 2 terminal edges for each vij . An s− t cut on (b) is depicted as the green
curve. (c) Labeling vi in (a) is based on the s− t cut in (b): Pairs of (vi1, vi2) assigned
to (s, s) are labeled with binary string 00, (s, t) with 01, (t, s) with 10, and (t, t) with
11. The binary encodings {00,01,10,11} in turn reflect the original 4 labels {lj}3

j=0.

to t and assigned label 1. The string of b binary labels lij ∈ L2 assigned to vij are
then decoded back into a decimal number indicating the label li ∈ Lk assigned
to vi (Figure 2).

It is important to set the edge weights of E2 in such a way that decoding the
binary labels resulting from the s − t cut of G2 results in optimal (or close to
optimal) labels for the original multi-label problem. To achieve this, we derive a
system of linear equations capturing the relation between the original multi-label
MRF penalties and the s − t cut cost incurred when generating different label
configurations. We then calculate the weights of E2 as the LS error solution to
these equations. The next sections expose the details.

2.2 Data Term Penalty: Severing T-Links and Intra-Links

The 1st order penalty Di(li) in (1) is the cost of assigning li to vi in G, which
entails assigning a corresponding sequence of binary labels (lij)b

j=1 to (vij)b
j=1

in G2. To assign (li)2 to a string of b vertices, appropriate terminal links must
be cut. To assign a 0 (resp. 1) label to vij , the edge connecting vij to t (resp.
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Fig. 3. The 2b ways of cutting through {vij}b
j=1 for b = 2 (left) and b = 3 (right) with

the resulting binary codes {00, 01, 10, 11} and {000, 001, · · · , 111}

s) must be severed (Figure 3). Therefore, the cost of severing t-links in G2 to
assign li to vertex vi in G is calculated as

Dtlinks
i (li) =

b∑

j=1

lijwvij ,s + l̄ijwvij ,t (2)

where l̄ij denotes the unary complement (NOT) of lij . The G2 s− t cut severing
the t-links, as per (2), will also result in severing edges in Eintra

2 (Figure 1). In
particular, eim,in ∈ Eintra

2 will be severed iff the s−t cut leaves vim connected to
one terminal, say s (resp. t), while vin remains connected to the other terminal
t (resp. s). If this condition holds, then wvim,vin will contribute to the cost.
Therefore, the cost of severing intra-links in G2 to assign li to vertex vi in G is

Dintra
i (li) =

b∑

m=1

b∑

n=m+1

(lim ⊕ lin) wvim,vin (3)

where ⊕ denotes binary XOR. The total data penalty is the sum of (2) and (3),

Di(li) = Dtlinks
i (li) + Dintra

i (li). (4)

2.3 Prior Term Penalty: Severing N-Links

The interaction penalty Vij(li, lj, di, dj) for assigning li to vi and lj to neighboring
vj in G must equal the cost of assigning a sequence of binary labels (lim)b

m=1 to
(vim)b

m=1 and (ljn)b
n=1 to (vin)b

n=1 in G2. The cost of this cut can be calculated
as (Figure 4)

Vij(li, lj, di, dj) =
b∑

m=1

b∑

n=1

(lim ⊕ ljn)wvim,vjn . (5)

This effectively adds the edge weight between vim and vjn to the cut cost iff the
cut results in one vertex of the edge connected to one terminal (s or t) while
the other vertex connected to the other terminal (t or s). Note that we impose
no restrictions on the left hand side of (5), e.g. it could reflect non-convex or
non-metric priors, spatially-varying, or even higher order label interaction.
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Fig. 4. Severing n-links between neighboring vertices vi and vj for b = 2 (four examples
are shown in the top row) and b = 3 (three examples in the bottom row). The cut is
depicted as a red curve. In the last two examples for b = 3, the colored vertices are
translated while maintaining the n-links in order to clearly show that the severed n-links
for each case follow (5).

2.4 Edge Weight Approximation with Least Squares

Equations (4) and (5) dictate the relationship between the penalty terms (Di

and Vij) of the original multi-label problem and the severed edge weights wij,mn;
∀eij,mn ∈ E2 of the s − t graph G2. What remains missing before applying the
s − t cut, however, is to find these edge weights.

Edge weights of t-links and intra-links. For b = 1 (i.e. binary labelling),
(3) simplifies to Dintra

i (li) = 0 and (4) simplifies to Di(li) = li1wvi1,s + l̄i1wvi1,t.
With li = li1 for b = 1, substituting the two possible values for li = {l0, l1}, we
obtain

li = l0 ⇒ Di(l0) = l0wvi1,s + l̄0wvi1,t = 0wvi1,s + 1wvi1,t

li = l1 ⇒ Di(l1) = l1wvi1,s + l̄1wvi1,t = 1wvi1,s + 0wvi1,t
(6)

which can be written in matrix form A1X
i
1 = Bi

1 as
(

0 1
1 0

) (
wvi1,s
wvi1,t

)
=

(
Di(l0)
Di(l1)

)

where X i
1 is the vector of unknown edge weights connecting vertex vi1 to s and t,

Bi
1 is the data penalty for vi, and A1 is the matrix of coefficients. The subscript

1 in A1, X
i
1, and Bi

1 indicates that this matrix equation is for b = 1. Clearly, the
solution is trivial and expected: wvi1,s = Di(l1) and wvi1,t = Di(l0)

For b = 2, we address multi-label problems of k = {3, 4}, or 2b−1 = 2 < k ≤
2b = 4 labels. Substituting the 2b = 4 possible label values, ((0,0),(0,1),(1,0),
and (1,1)), of (li)2 = (li1, li2) in (4) we obtain

(0, 0) ⇒ Di(l0) = 0wvi1,s + 1wvi1,t + 0wvi2,s + 1wvi2,t + 0wvi1,vi2

(0, 1) ⇒ Di(l1) = 0wvi1,s + 1wvi1,t + 1wvi2,s + 0wvi2,t + 1wvi1,vi2

(1, 0) ⇒ Di(l2) = 1wvi1,s + 0wvi1,t + 0wvi2,s + 1wvi2,t + 1wvi1,vi2

(1, 1) ⇒ Di(l3) = 1wvi1,s + 0wvi1,t + 1wvi2,s + 0wvi2,t + 0wvi1,vi2

(7)

which can be written in matrix form A2X
i
2 = Bi

2 as
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⎛

⎜
⎜
⎝

0 1 0 1 0
0 1 1 0 1
1 0 0 1 1
1 0 1 0 0

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎝

wvi1,s

wvi1,t

wvi2,s

wvi2,t

wvi1,vi2

⎞

⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎝

Di(l0)
Di(l1)
Di(l2)
Di(l3)

⎞

⎟
⎟
⎠ . (8)

In general, for any b, we have
AbX

i
b = Bi

b (9)

where X i
b is a column vector of length 2b+

(
b
2

)
(superscript t denotes transpose),

Xi
b = (wvi1,s, wvi1,t, wvi2,s, wvi2,t, · · · , wvib,s, wvib,t,

wvi1,vi2 , wvi1,vi3 , · · · , wvi1,vib , wvi2,vi3 , · · · , wvi2,vib , · · · , wvi,b−1,vib)
t (10)

Ab is a 2b × (2b +
(

b
2

)
) matrix whose jth row Ab(j, :) is given by

Ab(dec(li1li2 · · · lib), :) = (li1, l̄i1, li2, l̄i2, · · · , lib, l̄ib,
li1 ⊕ li2, li1 ⊕ li3, · · · , li1 ⊕ lib, li2 ⊕ li3, li2 ⊕ lib, · · · , li,b−1 ⊕ lib)

(11)

where dec(.) is the decimal equivalent of its binary argument. Bi
b is a 2b-long

column vector given by Bi
b = (Di(l0), Di(l1), Di(l2), · · · , Di(l2b−1))

t.
We now solve the linear system of equations in (9) to find the optimal, in a

LS sense, t-links and intra-links edge weights X̂ i
b related to every vertex vi using

X̂ i
b = A+

b Bi
b (12)

where A+ is the (Moore-Penrose) pseudoinverse of A calculated using singular
value decomposition (SVD)[13].

Edge weights of n-links. For b = 1 (i.e. binary labelling), (5) simplifies to
(li ⊕ lj)wij = Vij (li, lj, di, dj), where wvi1,vj1 has been replaced by wi,j and li1
and lj1 have been replaced by li and lj , since they are equivalent for b = 1.
If Vij(li, lj , di, dj) = Vij(di, dj), i.e. label-independent, we can simply ignore
the outcome of li ⊕ lj by setting it to a constant. Then, the solution is trivial
and as expected (Section 1): wi,j ∝ Vij(di, dj). However, in the general case
when Vij depends on the labels li and lj of the neighboring vertices vi and vj ,
a single edge weight is insufficient to capture such elaborate label interactions,
intuitively, because wi,j needs to take on a different value for every pair of labels.
To address this problem, we substitute in (5) each of the 2b2b = 22b = 22 = 4
possible combinations of pairs of labels (li, lj) ∈ {l0, l1}×{l0, l1} = {0, 1}×{0, 1},
and obtain the following system of linear equations:

(l0, l0) = (0, 0) ⇒ Vij(l0, l0, di, dj) = (0 ⊕ 0) wi,j = 0
(l0, l1) = (0, 1) ⇒ Vij(l0, l1, di, dj) = (0 ⊕ 1) wi,j = wi,j

(l1, l0) = (1, 0) ⇒ Vij(l1, l0, di, dj) = (1 ⊕ 0) wi,j = wi,j

(l1, l1) = (1, 1) ⇒ Vij(l1, l1, di, dj) = (1 ⊕ 1) wi,j = 0

(13)

which is written in matrix form S1Y
ij
1 = T ij

1 as
⎛

⎜
⎝

0
1
1
0

⎞

⎟
⎠ (wi,j) =

⎛

⎜
⎝

Vij(l0, l0, di, dj)
Vij(l0, l1, di, dj)
Vij(l1, l0, di, dj)
Vij(l1, l1, di, dj)

⎞

⎟
⎠ (14)
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where Y ij
1 is the unknown n-link weight wi,j connecting vi to neighboring vj . The

1st and 4th equations capture the condition that in order to guarantee the same
label for neighboring vertices then the edge weight connecting them should be in-
finite (0/Vij) and, hence, never severed. Solving for wij using pseudoinverse gives
wij = S+

1 T i
1 = 1

2 (Vij(l0, l1, di, dj) + Vij(l1, l0, di, dj)) since S+
1 = (0, 0.5, 0.5, 0),

i.e. wij is equal to the average between the interaction penalties of the two cases
when the labels are different.

For b = 2, (5) simplifies to

Vij(li, lj , di, dj) = (li1 ⊕ lj1)wvi1,vj1 + (li1 ⊕ lj2)wvi1,vj2+
(li2 ⊕ lj1)wvi2,vj1 + (li2 ⊕ lj2)wvi2,vj2

(15)

We can now substitute all possible 2b2b = 22b = 16 combinations of the pairs of
interacting labels (li, lj)∈{l0, l1, l2, l3}×{l0, l1, l2, l3}, or equivalently, ((li)2, (lj)2)
∈ {00, 01, 10, 11}× {00, 01, 10, 11}. Here are a few examples,

(l0, l0) = (00, 00) ⇒ Vij(l0, l0, di, dj) = 0wvi1,vj1 + 0wvi1,vj2 + 0wvi2,vj1 + 0wvi2,vj2
(l1, l2) = (01, 10) ⇒ Vij(l1, l2, di, dj) = 1wvi1,vj1 + 0wvi1,vj2 + 0wvi2,vj1 + 1wvi2,vj2
(l3, l3) = (11, 11) ⇒ Vij(l3, l3, di, dj) = 0wvi1,vj1 + 0wvi1,vj2 + 0wvi2,vj1 + 0wvi2,vj2

(16)

Writing all the 16 equations, we obtain the system of linear equations in matrix
format as S2Y

ij
2 = T ij

2 , where Y ij
2 = (wvi1,vj1 , wvi1,vj2 , wvi2,vj1 , wvi2,vj2)t is the

4× 1 vector of unknown n-link edge weights, T ij
2 is a 16× 1 vector whose entries

are the different possible interaction penalties ((Vij(li, lj, di, dj))3i=0)
3
j=0, and S2

is a 16 × 4 matrix with 0 or 1 entires resulting from ⊕.
In general, for any b, we obtain the following linear system of equations

SbY
ij
b = T ij

b (17)

where Y ij
b is the b2 × 1 vector of unknown n-link edge weights, Sb is 22b × b2

matrix of 0s and 1s, and T ij
b is a 22b × 1 vector of interaction penalties.

We now solve the linear system of equations in (17) to find the optimal, in a
LS sense, n-links edge weights Ŷ ij

b related to a pair of vertices vi and vj using

Ŷ ij
b = S+

b T ij
b . (18)

Solving (18) for every pair of neighboring vertices vi and vj , we obtain the
weights of all edges in Einter

2 , and solving (12) for every vertex vi, we obtain the
weights of all edges in Etlinks

2 ∪Eintra
2 , i.e. wij,mn, ∀eij,mn ∈ E2 are now known.

It is important to note that some of these resulting edge weights may turn out
negative. In order to guarantee positive weights and hence guarantee a globally
optimal cut of G2 in polynomial time, we simply add the same constant to all
the edge weights in G2 to translate all the values to become larger than zero.
We now calculate the minimal s − t cut of G2 to obtain the binary labeling of
every vertex in V2 = {{vij}|V |

i=1}b
j=1. Finally, every sequence of b binary labels

(vij)b
j=1 is decoded to a decimal label li ∈ Lk = {l0, l1, ..., lk−1}, ∀vi ∈ V , i.e. the

solution to the original multi-label MRF problem.
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2.5 Gray Encoding of Extra Labels

When k < 2b, an s − t cut may generate extra labels (the nth label ln−1 is
extra iff k < n ≤ 2b), which must be replaced or merged with a non-extra
label (the mth label lm−1 is non-extra iff 2b−1 < m ≤ k). To replace ln with
lm, we replace Di(ln) with Di(lm) in (4), Vij(ln, lj , di, dj) with Vij(lm, lj , di, dj),
and Vij(li, ln, di, dj) with Vij(li, lm, di, dj) in (5). Rather than merging arbitrary
labels, we adopt a Gray encoding scheme that minimizes the Hamming distance
between the binary codes of merged labels. We first note that the most significant
bit of any extra label ln will always be 1. Then, ln is merged with the non-
extra label whose binary code is identical to ln except for having 0 as its most
significant bit: i.e. (ln)2 = (1, l2, · · · , lb)2 is merged with (lm)2 = (0, l2, · · · , lb)2.

3 Results

3.1 LS Error and Rank Deficiency Analysis

LS approximation error is a well studied topic (e.g. [13]). Table 1 summarizes
the main properties (number of equations, unknowns, and rank) when solving
for the weights of t-links and intra-links (Ab in (9)) and for inter-links (Sb in
(17)) for increasing bits b. We note that, not surprisingly, the only full-rank
case is A1 (i.e. binary segmentation). Ab is underdetermined for b = 2, 3 and
overdetermined for b ≥ 4. All cases of Sb are rank deficient and overdetermined.

In Figure 5, we present empirical results of LS error eb = |Bi
b − B̂i

b|/|Bi
b| =

|(I − AbA
+
b )Bi

b|/|Bi
b| (when solving for t-links and intra-links) and et = |T ij

b −
T̂ ij

b |/|T ij
b | = |(I − SbS

+
b )T ij

b |/|T ij
b | (for n-links), for increasing number of labels

k, where I is the identity matrix and |.| is the l2-norm. The plots are the result of
a Monte Carlo simulation of 500 random realizations of Bi

b and T ij
b for every k.

Note how eb starts at exactly zero for binary segmentation (b = 1), as expected.
As k increases, the average of eb increases with an (empirical) upper bound of
0.5, while its variance decreases. et is non-zero even for b = 1 (Section 2.4) and
converges to 0.5 with increasing k.

Table 1. Properties of the systems of linear equations (9) and (17). For increasing
b, the number of equations e, number of unknowns u, and ranks r of Ab and Sb are
shown. For Ab, u0 is when intra-links are not used (Eintra

2 = ∅) and, for Sb, u0 is when
only sparse n-links are used (Enf

2 = ∅).
b Ab in (9) Sb in (17)

bits e = 2b u = 2b +
(

b
2

)
r u0 = 2b r0 e = 22b u = b2 r u0 = b r0

1 2 2 2 2 2 4 1 1 1 1
2 4 5 4 4 3 16 4 4 2 2
3 8 9 7 6 4 64 9 9 3 3
4 16 14 11 8 5 256 16 16 4 4
5 32 20 16 10 6 1024 25 25 5 5
6 64 27 22 12 7 4096 36 36 6 6
7 128 35 29 14 8 16384 49 49 7 7
8 256 44 37 16 9 65536 64 64 8 8
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Fig. 5. LS error for increasing number of labels. (top) Error eb in estimating the weights
of Etlinks

2 ∪Eintra
2 . (bottom) Error et in estimating the weights of Enlinks

2 . The general
behavior of the error is clear from the figure. The reader may refer to the electronic
copy of this paper for color and scalable graphics.

3.2 Effect of LS Error in Edge Weights on the s − t Cut

The LS error in edge weights induces error in the s − t cut or binary labeling,
which is decoded into a suboptimal solution to the multi-label problem. To
quantify the cut cost error �|C| and the labeling accuracy ACC due to edge
weight error, we create a graph G with a proper topology (i.e. reflecting the
4-connectedness of 2D image pixels) and edge weights sampled from a uniform
probability distribution function (PDF) with support [0, 1]. We then construct
GLSE , a noisy version of G, by adding uniformly distributed noise with support
[0, noise level] to the edge weights. Figure 6 shows the results of �|C| = ||C| −
|CLSE ||/|C| and ACC = (TP +TN)/|V |, where |C| =

∑
eij∈C wij is the cut cost

of G, |CLSE | is the cut cost of GLSE , and TP + TN is the number of correctly
labelled vertices (i.e. true positive and true negatives), and |V | is the number
of vertices in G. The plots are the results of a Monte Carlo simulation of 20
realizations of G and GLSE each with 10,000 vertices.

3.3 Image Segmentation Results

We evaluated our method’s segmentation accuracy by calculating the average
(over all labels) Dice similarity coefficient DSC [14](Figure 7(left)) on synthetic
(with known ground truth) images: I(x, y) : R2 → [0, 1], containing ellipses with
random major and minor axes and varying pixel intensities (Figure 7(right)). We
tested increasing levels of Gaussian noise ∼ N (0, σ ∈ {0, 0.05, 0.10, · · · , 0.40}),
labels k = {2, 3, · · · , 16}, and with non-convex Pott’s label interaction weighted
by a spatially varying Gaussian image intensity penalty [3]. We ran 10 realization
for each test case. For pixel i with intensity di, Di(li) = (pl(μ) − pl(xi))/pl(μ),
where pl(d) ∼ N (μl, σl) is a Gaussian PDF learned from 50% of the pixels of
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Fig. 6. Cut cost error �|C| and labeling accuracy ACC as we corrupt the edge weights
with increasing levels of noise
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Fig. 7. Segmentation results on images of ellipses. (left) DSC between the ground
truth and our method’s segmentation with increasing number of labels and noise levels
(different colors). (right) Sample qualitative results with k labels (k − 1 ellipses plus
background) and noise level σ. (top row) sample intensity images; (remaining rows)
labeling results.

Fig. 8. Brain MRI segmentation on coronal (top) and transversal (bottom) slices for
increasing noise σ

each region (or label) l of the noisy image (mimicking seeding). Note that DSC
gradually decreases from unity with increasing σ or k, e.g. the topmost curve
(blue, σ = 0.05) shows almost perfect segmentation; DSC = 1 ∀k, whereas DSC
drops below 1 for k ≥ 9 for the second-from-top curve (green, σ = 0.1), and for
k ≥ 5 for third curve (red, σ = 0.15).
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We present qualitative segmentation results on synthetic data (Figure 7(right))
and on magnetic resonance brain images (Figure 8) from BrainWeb [15].

4 Conclusions

Multi-label MRF optimization with non-trivial priors is a challenging problem
with several computer vision applications. In our proposed approach, rather than
labeling a vertex with one of k labels, the vertex is replaced by b = ceil(log2(k))
new vertices that are binary-labelled to encode the original k labels; effectively
approximating the multi-label problem with a globally and non-iteratively solv-
able s− t cut. The new s− t graph is optimal in a least squares sense because its
edge weights are the LS error solution of a system of linear equations capturing
the original multi-label MRF energy, without any restrictions on the interac-
tion priors. To the best of our knowledge, this is the first work to use LS to
approximate the multi-label MRF with any order of label interaction solely via
the edge wights of a graph (with no label interaction). Offline pre-computation
of A+

b and S+
b in (12) and (18) is performed only once for each b value then

re-used for different vertices and graphs. We quantitatively evaluated different
properties of the proposed approximation and demonstrated its application to
image segmentation (with qualitative and quantitative results on synthetic and
brain images). More elaborate analysis of the algorithm (e.g. error bounds, value
of the minimized energy, computational complexity, running times) and compar-
ison with state-of-the-art approaches on standard benchmarks is left for future
work. Further, we are exploring the use of non-negative least squares (e.g. Chap-
ter 23 in [16]) to guarantee non-negative edge weights as well as quantifying the
benefits of the Gray encoding.
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