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Abstract. Multiple neighboring organs or structures in medical images
are frequently represented by labeling the underlying image (e.g. a brain
into WM, GM, CSF). Given the di!erent sources of uncertainties in
shape boundaries (e.g. partial volume e!ect and fuzzy segmentation), it
is favorable to adopt a labeling approach that not only encodes uncer-
tainty but also facilitates algebraic label manipulation (e.g. performing
PCA). In this work, we extend the label space representation of Mal-
colm et al. [1] to barycentric label space, in which a proper invertible
mapping between probability vectors and label space is proposed. The
probability vectors act as barycentric coe!cients describing arbitrary la-
bels in label space and a non-singular matrix inversion maps points in
label space back to probabilities. The elimination of conversion errors
compared to the original label space mapping is demonstrated quantita-
tively and qualitatively on artificial objects and brain image data, and in
the context of smoothing, linear statistics, and uncertainty calculation.

1 Introduction

There are numerous sources of uncertainties in shape boundaries, including
graded decomposition [2], image acquisition artifacts, segmentation by multiple-
raters, and image segmentation algorithms intentionally designed to output fuzzy
results [3, 4]. It is important not to ignore these uncertainties in subsequent anal-
yses and decision-making [2, 5].

There have been numerous works on fuzzy and probabilistic shape represen-
tations, speaking to the increasing popularity of manipulating and processing
uncertain shapes [6–9]. For example, Sladoje et al. showed that higher preci-
sion shape measurements (e.g. boundary length and roundness estimates) are
obtained from fuzzy boundaries [10, 11]. Saad et al. demonstrated how measures
of label certainty can be leveraged to improve the segmentation [12].

Shape representations come in many di!erent forms; they may be implicit or
explicit; boundary or medial-based; binary or multi-shape (or multi-object); and
crisp (or hard) or fuzzy (or probabilistic, uncertainty-encoding, etc). Although
a full review is beyond the scope of this paper, we highlight some key related
works.

Cootes et al.’s seminal work on point distribution models (PDM) was based
on representing shapes by (crisp) landmarks followed by performing principle
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component analysis (PCA) [13]. Other linear and non linear shape analyses
were also performed by many groups on boundary [14–16] as well as medial-
based representations [17, 18]. The crisp, impulse-like landmarks were replaced
by probabilistic landmarks using Gaussian mixture models (GMM) in [19, 20].
Many approaches represented multi-shapes by labeling the underlying image
domain. We highlight main works in this area leading to our proposed approach.

Characteristic function or binary map: ! : Rd ! {0, 1} is used to
represent a single binary shape, i.e. n=2 (object vs. background), where n is
the number of labels or shape classes, and d is the image dimensionality. !(x)
is 1 if pixel x is interior to the shape and 0 if it’s exterior. The set of possible
labels is Ln=2 = {0, 1}. Characteristic functions were generalized to multi-shape
(n > 2) in [21], using vector images ! : Rd ! {0, 1}n, where each image layer
represents one shape. The labels of this multi-shape crisp representation are
the vertices of an (n " 1) dimensional simplex with an orthogonal corner, e.g.
L3 = {(0, 0), (1, 0), (0, 1)}, L4 = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}, etc.

Signed distance function: The characteristic function ! can be represented
using a level set of a function ". Typically, " is chosen as the signed distance
function (SDF) of the shape boundary, and ! would be the region enclosed
within the zero level set of ". By definition, "(x) is positive outside the shape
(i.e. when !(x) = 0), negative inside, and zero along the shape boundary C =
{x # Rd|"(x) = 0}. A multi-shape labelled image (n > 2) can be represented
by layering n distinct SDFs [21]. In [22], Mansouri et al. used n " 1 SDFs to
represent the n labels, whereas Vese and Chan used a binary encoding of up to
n labels using only ceil(log2(n)) level set functions [23]. The reader is referred
to [24] and the references within for other alternative multi-object formulations.

Bernoulli and categorical distribution: To allow for fuzzy labels, !(x)
is replaced by the Bernoulli distribution with probability p : Rd ! [0, 1], where
p(x) (resp. 1" p(x)) measures the probability of pixel x being along or enclosed
within the object’s boundary (resp. exterior). The set of possible labels becomes
L2 = {(p, 1 " p)t|p # [0, 1]}, where (.)t denotes transposition. Extending this
approach to multi-shape essentially amounts to replacing the Bernoulli with
the categorical distribution, where a vector of n probabilities p : Rd ! [0, 1]n is
assigned to every pixel, yielding Ln = {(p1, p2, . . . , pn)t|pi # [0, 1]$

!n
i=1 pi = 1}.

The aforementioned representations do not form vector spaces and hence do
not facilitate algebraic manipulations. For example, the addition of two SDFs is
generally not a valid SDF (e.g. as in [25]), and similarly for the layered character-
istic functions. Although feasible solutions are obtained from convex combina-
tions of probability vectors (e.g. [26]), the probability space is not closed under
linear combinations. Further, SDFs and characteristic functions are not designed
to encode uncertainty. Furthermore, in the layered characteristic functions, one
label (typically the ‘background’) is represented as 0 = (0, 0, 0, . . . , 0)t, i.e. the
origin of the orthogonal simplex, which causes a bias (e.g. during smoothing)
since 0 is a unit distance from any other vertex, whereas any two non-zero la-
bels are separated by a distance of

%
2. The layered approaches also consider
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labels independently and their space complexity increases linearly with n (or
logarithmically in the case of using a binary encoding, as in [23]).

Unit-hyperspherical labels: To reduce the spatial demand of the lay-
ered approaches, Babalola and Cootes distributed the n labels as vectors on the
surface of a hypersphere, e.g. S2 [27]. Besides not forming a vector space, this
approach presents a di!culty when deciding which vector to assign to each label,
especially since linear combinations of pairs or triplets of labels at boundaries
and junctions of di!erent classes should not be mistaken with any other label.

The logarithm of odds ratio (LogOdds): This representation not only
encodes label uncertainty but is also closed under addition and scalar multi-
plication [28]. The first n ! 1 entries of the probability vector are mapped to
logit(pi) = log( pi

1!
Pn!1

i=1 pi
), i.e. Ln = {(logit(p1), logit(p2), . . . , logit(pn!1))t|pi "

(0, 1)}. Maximally uncertain labels (pi = 1/n #i) end up as zero level sets of the
logit function. Since the generalized logistic function is the inverse of the logit,
a homeomorphism exists between the probability space and LogOdds space, and
the vector space structure of the latter is induced on the former. Although pow-
erful, LogOdds su!ers from not being suitable for representing certain (or crisp)
labels, because whenever $i %!! pi = 1, log(0/1) and log(1/0) have singularities.
LogOdds also requires normalization and intermediate mapping which may be
problematic [28, 1, 29].

Label space: Proposed by Malcolm et al. [1, 29], label space forms a vector
space facilitating algebraic manipulations. It does not require normalization or
arbitrary mappings and does not produce bias towards any label. It is capable
of encoding label uncertainty as well as completely certain labels without sin-
gularities. Labels are mapped to a regular simplex in n ! 1 dimensions and the
certain labels ($i %!! pi = 1), denoted {li}n

i=1, are mapped to the n equally spaced
vertices of the simplex. The uncertain labels (pi &= 1 #i) are mapped to a linear
combination of the crisp labels’ positions. In general, any probability vector p is
mapped to a unique point l in label space1 Ln ' Rn!1 using

l =
n!

i=1

pili " Ln (1)

The label space is thus defined as Ln = {
"n

i=1 pili | pi " [0, 1] (
"n

i=1 pi = 1}.
To calculate the probability for z " Ln being label l " Ln, Malcolm et al. apply:

P (z = l) = exp(!)z ! l)2)/
n!

i=1

exp(!)z ! li)2) (2)

To map a point z " Ln back to a probability vector p = (p1, p2, . . . , pn), we must
then calculate the probabilities P (z = li) #i = 1, 2, . . . , n, according to (2).

In this paper, we argue that (2) does not provide a proper inverse mapping
of (1). If we refer to the mapping in (1) by f : p * l (probabilities to label space)
and to that in (2) by gM : l * p (M for Malcolm), then ideally we would like

1 From this point onward, Ln refers to label space.

Probabilistic Models For Medical Image Analysis 2009

164



to have gM = f!1, hence (gM ! f)(p) = gM (f(p)) = p. However, equation (2)
does not in general guarantee this. To demonstrate this, as a simple example,
take n = 3 and p = (1, 0, 0). Then, according to (1), we obtain z = l = l1. If we
now apply (2), we expect to obtain P (z = l1) = 1, since the label of z is l1, but
instead we obtain 1/(1 + exp("#l1 " l2#2) + exp("#l1 " l3#2)) = 1/(1 + 2!) $= 1,
where ! = exp("L2), with L being the length of any side of the regular simplex.
We also expect P (z = l2) = P (z = l3) = 0, but instead we obtain !/(1 + 2!).
Similar calculations for crisp labels for any n % 2, i.e. p = (1, 0, 0, . . . , 0)t, or a
permutation thereof, can be easily shown to give p̂ = (1, !, !, . . . , !)t/(1+(n"1)!),
or a respective permutation thereof. We note that for maximally uncertain labels
the correct inverse is obtained. As we will see in Section 3, the error in gM is
proportional to the label certainty.

We adopt Malcolm et al.’s forward mapping f : p & l ' Ln in (1). However,
in this paper, we propose to replace gM : l & p in (2) with a proper inverse
function based on barycentric coordinates: gB : l & p (B for barycentric).

2 Barycentric Label Space

The theory of barycentric coordinates states that the Cartesian coordinates of
any n dimensional point located on a n"1 dimensional simplex can be calculated
as a weighted linear sum of the coordinates of the simplex vertices [30]. In par-
ticular, the coe!cients of this linear sum are called the barycentric coordinates.
From (1), we observe that the probabilities p1, p2, . . . , pn are also coe!cients of
a weighted linear sum of simplex vertices: the n certain labels l1, l2, . . . , ln ' Ln.
Therefore, pi, i = 1, 2, . . . , n, are barycentric coordinates. Therefore, we can re-
gard (1) as the mapping that converts barycentric coordinates p to Cartesian
label space coordinates l. In other words, the barycentric representation of l ' Ln

is equivalent to its corresponding probability vector.
We now shift our attention to the procedure for converting the Cartesian

coordinates of a point on a simplex to its barycentric coordinates, as we will
adopt this same procedure to convert points in label space to their corresponding
probability vectors. We denote the Cartesian coordinates of a point in label space
as l = (lx1 , lx2 , . . . , lxn!1)

t ' Ln ( Rn!1 and the coordinates of the i-th certain
label as li = (li,x1 , li,x2 , . . . , li,xn!1)

t.
For n = 2, (1) gives l = p1l1 + p2l2. Since p1 + p2 = 1 and l ' L2 ( R1

is described by a single coordinate, we have lx1 = p1l1,x1 + (1 " p1)l2,x1 , which
can be re-written as (l1,x1 " l2,x1)p1 = (lx1 " l2,x1) and hence p1 = (l1,x1 "
l2,x1)

!1(lx1 " l2,x1). For n = 3, l = p1l1 + p2l2 + p3l3 ' L3 ( R2 is rewritten as

!
lx1

lx2

"
= p1

!
l1,x1

l1,x2

"
+ p2

!
l2,x1

l2,x2

"
+ (1 " p1 " p2)

!
l3,x1

l3,x2

"
(3)

Re-arranging gives

p1 (l1,x1 " l3,x1) + p2 (l2,x1 " l3,x1) + (l3,x1 " lx1) = 0

p1 (l1,x2 " l3,x2) + p2 (l2,x2 " l3,x2) + (l3,x2 " lx2) = 0
(4)
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which can be rewritten in matrix form as T3p = l ! l3, where the subscript 3 in
T3 indicates the value of n, and where

T3 =

!
l1,x1 ! l3,x1 l2,x1 ! l3,x1

l1,x2 ! l3,x2 l2,x2 ! l3,x2

"
; p =

#
p1

p2

$
; l ! l3 =

#
lx1 ! l3,x1

lx2 ! l3,x2

$
(5)

For any n, we obtain the following linear system of equations

Tnp = l ! ln (6)

Tn =

0

BBB@

l1,x1 ! ln,x1 l2,x1 ! ln,x1 . . . ln!1,x1 ! ln,x1

l1,x2 ! ln,x2 l2,x2 ! ln,x2 . . . ln!1,x2 ! ln,x2

...
...

. . .
...

l1,xn!1 ! ln,xn!1 l2,xn!1 ! ln,xn!1 . . . ln!1,xn ! ln,xn

1

CCCA
;

p = (p1, p2, . . . , pn!1)
t; l ! ln = (lx1 ! ln,x1 , lx2 ! ln,x2 , . . . , lxn!1 ! ln,xn!1)

t

(7)

where Tn is of size (n!1)2 and its i-th column is li! ln. Tn is non-singular since
its n ! 1 columns are essentially the edges of the simplex in n ! 1 dimensions.
The probabilities p corresponding to l " Ln can now we be obtained using

p = T!1
n (l ! ln); pn = 1 ! p1 ! p2 ! · · ·! pn!1 (8)

3 Results

3.1 Error in the inverse mapping

Adopting (1) as the forward mapping f : p # l, we compare two alternative
inverse mappings (g : l # p): Malcolm et al.’s gM captured by (2) and gB of our
proposed approach summarized in (8). We use a relative inverse composition
error !inv(p) = $(g % f)(p) ! p$/$p$, which we calculate for both methods as
!inv

M and !inv
B . Ideally, (g % f)(p) = p and hence !inv(p) = 0. In Figure 1(a), we

examine !inv as a function of n. Note that !inv
B is practically zero whereas !inv

M
increases with n and plateaus at roughly 0.7 at n =100. Note that the variance
in !inv

M is decreasing with n. Since !inv is dependent on p, the mean and standard
deviation in Figure 1(a) are the result of a Monte Carlo simulation with 10,000
random probability vectors for each n sampled from a Dirichlet distribution with
parameters "1 = ... = "n = 1, giving a uniform distribution within the n ! 1
dimensional open simplex and zero elsewhere [31].

3.2 Relationship between error and uncertainty

We explore the relationship between the inverse mapping error and the uncer-
tainty. In Figure 1(c), we note that !inv

B is practically zero (10!16), whereas !inv
M

is only zero at the centre of the simplex (pi = 1/3, i = 1, 2, 3) and increases
outwards reaching maximal error at the vertices (the certain labels) (Figure
1(d)). In Figure 1(b), we quantify !inv

M as a function of uncertainty, measured
as the normalized (by the maximum entropy for each n) Shannon’s entropy
!

Pn
i=1 pi log2 pi

!
Pn

i=1
1
n log2

1
n

= ! 1
log2 n

%n
i=1 pi log2 pi. Note the monotonically decreasing non-

linear behavior of !inv
M vs. entropy.
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Fig. 1: Relative inverse composition error !inv. (a) !inv
M (blue with vertical error

bars) and !inv
B (red) as a function of n. (b) !inv

M as a function of normalized
Shannon’s entropy for n = {1=lowest blue curve, 2, 3, . . . , 10=topmost green
plot}. (c) !inv

B and (d) !inv
M at the di!erent points in L3.

3.3 E!ect of error on fuzzy brain images

We applied gB and gM to probabilistic maps of 20 subjects from BrainWeb [32].
For each subject and at each pixel, 12 probability values capture the pixel’s fuzzy
membership to one of 12 classes: cerebrospinal fluid (CSF), gray matter (GM),
white matter (WM), etc. (full list in Table 1). For each subject, we calculated

!msp = 1
N

!N
i=1 !inv(xi), where N is the number of pixels xi in the mid-sagittal

plane (MSP). The average !msp over 20 subjects using gB was !msp
B = 0.780 !

10!16 vs. !msp
M = 0.835 for gM . In Table 1, we present a similar comparison but

with a region-specific error !r, r = {1, 2, . . . , 12}. !r
B (using gB) is practically zero

whereas !r
M (using gM ) is ca. 0.83 "r. Figure 2 presents a qualitative comparison

of the probability maps of CSF, GM, and WM for a single subject, averaged over
20 subjects in probability space, and averaged in L12 followed by using either
gB or gM . Note the similarity in the results obtained by gB to the average
probabilities and the erroneously attenuated probabilities resulting from gM .
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Label !r
B !r

M

1. background 0.212e-16±0.063e-16 0.837 ± 0.000
2. CSF 1.161e-16±0.103e-16 0.834 ± 0.001
3. grey matter 0.989e-16±0.105e-16 0.833 ± 0.001
4. white matter 1.789e-16±0.235e-16 0.833 ± 0.001
5. fat 2.649e-16±0.160e-16 0.836 ± 0.001
6. muscle 1.172e-16±0.121e-16 0.832 ± 0.001
7. muscle/Skin 0.354e-16±0.146e-16 0.836 ± 0.000
8. skull 0.368e-16±0.229e-16 0.836 ± 0.000
9. vessels 1.048e-16±0.044e-16 0.828 ± 0.001
10. around fat 0.852e-16±0.107e-16 0.831 ± 0.002
11. dura matter 0.852e-16±0.071e-16 0.833 ± 0.001
12. bone marrow 0.706e-16±0.061e-16 0.836 ± 0.001

Table 1: !r (mean±s.d.) for 12 brain regions averaged over 20 subjects.

Fig. 2: Comparison between probability
maps of CSF (left column), GM (mid-
dle column), and WM (right column),
obtained in alternative ways (the dif-
ferent rows): the probability map of a
single BrainWeb subject (first row), the
average probability map of all subjects
(2nd row), the average performed in la-
bel space and mapped back to proba-
bilities using our barycentric approach,
gB (3rd row), and using Malcolm et
al.’s method, gM (last row). Probabil-
ity value p(x) = 1 is shown as white and
p(x) = 0 as black.

3.4 PCA in label space

Since our approach shares the same mapping f : p ! l as in [1], performing PCA
in label space yields the same variation modes for both approaches. However,
we show the e!ect of errors in gM when exploring the modes in probability
space, compared to accurate results using gB . In the first experiment, we created
a training set of probability maps containing only two types of 50"50-pixel
images (Figure 3). One set contains a crisp rectangle, i.e. p(x) = (1, 0)t inside
and (0, 1)t outside, and the other contains the same rectangle except that its
lower side is characterized by uncertainty (the probability changes gradually from
inside to outside: (1, 0), (0.9, 0.1), . . . , (0, 1). The maximum likelihood labeling of
both probability maps produce the same labeling. The probability maps are
converted to label space L2 (using (1)), on which PCA is performed. To explore
the principle modes of variation in probability space, we used either gM or gB
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(Figure 3). Note how using gB results in probability values accurately relating to
what is exhibited in the training set, whereas poor probability values result when
using gM . In the second experiment, we followed similar steps but on BrainWeb
data, where PCA was performed on L12 ! R11 of the MSP of all 20 subjects.
The results in Figure 4 show improved results when using gB over gM .

Fig. 3: PCA in L2 on rectangular shapes. (leftmost column) The two types of
images in the training set. (5 rightmost columns) Mean probability map displaced
{"1,"0.5, 0, 0.5, and 1}#

$
! along the the first mode of variation, where ! is the

variance explained by that mode, using gB (1st row) and gM (2nd row). p(x) = 1
is shown as white and p(x) = 0 as black. Note the attenuated probabilities
resulting from gM that do not reflect the values in the training data.

3.5 Smoothing in label space

We re-created the smoothing experiment from [1], in which the label space and
binary vector ([21]) representation of an image with 4 labels (including back-
ground) are smoothed. As demonstrated in [1], Figure 5(f) shows background
labels appearing near the junction between non-background labels when the bi-
nary representation is used, whereas smoothing in L4 smoothes out the sharp
corners at the junction without erroneous background labels (Figure 5(e)). The
fuzzy labels appearing after smoothing in L4 are converted to crisp labels using
the nearest crisp label. Similar results are obtained if the maximum likely label is
chosen. Figure 5(a-d) compares the probability maps obtained using either gB or
gM following the label space smoothing iterations. Note that gM inappropriately
attenuates the probability values.

3.6 E!ect of error on uncertainty

An important advantage of probabilistic representations of multi-shape fields
is the ability to calculate uncertainty values in the image domain. Uncertainty
calculations have the potential to influence end users’ confidence in the results
(e.g. probabilistic or multi-rater segmentation results) and may a!ect decision-
making for clinical tasks such as diagnosis or therapy. Further, uncertainty values
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Fig. 4: PCA in L12 on BrainWeb data. Rows 1-3 show the variability in the
resulting probability maps for CSF, GM, and WM. p(x) = 1 is shown as white
and p(x) = 0 as black. The 4th row uses the first three rows as RGB channels.
Columns 1-3 are obtained using gB , whereas columns 4-6 are obtained using
gM . The columns 1,2, and 3 correspond the mean probability map displaced
by {!2, 0, and 2}"

#
!, respectively, along the the first mode of variation, and

similarly for columns 4,5, and 6, where ! is the variance explained by that mode.
Note the low probability values when using gB .

are useful for self-learning algorithms as demonstrated in [12]. Figure 6 compares
the uncertainty values obtained after converting probability fields to label space
and back to probability using either our gB or gM . The normalized uncertainty
at every pixel x is calculated as U(p(x)) = !1

log2 n

!n
i=1 pi(x) log2 pi(x), and the

absolute error in uncertainty when using gM is calculated as "uncert
M (x) = |UM !

U |, where UM = U(gM $f)(p(x)), and similarly for "uncert
B (x) when using gB . The

results are obtained on the smoothed data set from Figure 5 (the first smoothing
iteration) and on a fuzzy membership map of the MSP of a BrainWeb subject
in Figure 2. Note how gM results in inaccurate uncertainty calculations.

4 Conclusions

Richly labelled fields are common in medical imaging for representing multiple
organs or substructures. Given di!erent sources of uncertainty in the labeling
(e.g. graded decomposition, multiple raters, fuzzy processing, probabilistic seg-
mentation), it is desirable to have a multi-shape representation that encodes
uncertainty. It is also desirable that this representation forms a vector space
facilitating algebraic manipulation (e.g. smoothing or statistical analysis), be
capable of representing certain as well as uncertain labels, is devoid from ar-
bitrary normalization or other ad-hoc operations, and provides an invertible
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Fig. 5: Smoothing in label space. The top row shows (a) the initial (before
smoothing) probability map of region 1 (the top half of the image), (b) re-
gion 2 (lower left quadrant), (c) region 3 (lower right quadrant), (d) the three
probability maps combined into one RGB rendering, (e) each pixel is labelled
according to the nearest crisp label in label space (similar results obtained with
the maximum likely label), and (f) using the binary vector representation of
[21]. The remaining rows show increasing levels of smoothing performed in label
space (except for (f)). Note that there are two, left and right, sub-columns under
each main column corresponding to using our method (gB) and Malcolm et al’s
(gM ), respectively. In (a-d), pure red, green, and blue correspond to probability
1 and black to zero. In (e), the pure colors correspond to the three labels, with
a forth black (or background) label erroneously appearing under (f). Note how
our method returns improved probability maps (in (a-d)), even though the crisp
labels are the same (in (e)) and are better than (f).

(a) (b) (c) (d)

Fig. 6: E!ect of the inverse mappings gB and gM on uncertainty calculation. (a)
Probability map p(x) (three probability entries are visualized as RGB channels).
(b) Uncertainty U(p(x)) = U(gB ! f)(p(x)). (c) U(gM ! f)(p(x)). (d) Absolute
error in uncertainty !uncert

M (!uncert
B = 0 not shown). The 1st row uses the first

smoothed image of rectangles from Figure 5 whereas the MSP of a BrainWeb
subject is used in the 2nd row. The RGB channels in the brain example corre-
spond to CSF, GM, and WM, respectively. In all images pure white, red, green,
or blue corresponds to 1 and black to zero.
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bijective mapping with probabilistic atlases. Label space is a powerful approach
but whose inverse exponential mapping falls short of satisfying that last require-
ment of invertibility. To address this deficiency, we substituted the exponential
inverse mapping (from label space to probability vectors) with a mapping that
is based on solving a non-singular system of linear equations, which in turn is
based on ideas from the theory of barycentric coordinates. In contrast to the
mapping of [1], we showed that in our barycentric approach the composition of
the mapping and its inverse guarantees the identity transformation. We quanti-
fied these inversion errors for di!erent types of images (e.g. brain, rectangular
shapes) and image manipulation scenario (e.g. smoothing, linear statistics, and
uncertainty calculation).
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