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Abstract
The problem of nonobtuse triangulation has been studied in the 2D domains, however, guaranteed nonobtuse
remeshing of curve surfaces is still an open problem. Nonobtuse meshes are desirable in certain situations such as
geodesic computations and planar mesh embedding. In this paper, we propose a solution to nonobtuse remeshing
and nonobtuse decimation. Our approach utilizes a “deform-to-fit" strategy to solve the remeshing problem. We
first construct an initial nonobtuse mesh, via a modified version of the Marching Cubes algorithm, that roughly
approximates the input mesh. An iterative constrained optimization is then applied to obtain a high quality ap-
proximation of the input mesh. At each iteration, the constraints ensure the output mesh is guaranteed nonobtuse.
By making use of quadric-based errors, we iteratively decimate the high-detail nonobtuse mesh in a similar con-
strained manner to obtain a hierarchy of nonobtuse meshes.

Categories and Subject Descriptors(according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling

1. Introduction

A nonobtuse triangle meshis composed of a set of triangles
in which every angle is less than or equal to 90◦; we call
these triangles nonobtuse triangles. If each (triangle) face an-
gle is strictly less than 90◦, then the triangle mesh is said to
beacute. Immediate benefits of having a nonobtuse or acute
mesh include more efficient and more accurate geodesic
computation on meshes using fast marching [KS98], guaran-
teed validity for planar mesh embeddings via discrete Har-
monic maps [EDD∗95], among others.

To the best of our knowledge, there are no known algo-
rithms that are guaranteed to produce a nonobtuse or acute
triangle mesh which either interpolates or accurately and
smoothly approximates a given point cloud. The same holds
for the related remeshing problem, where one seeks a nonob-
tuse or acute triangle mesh which approximates a given
mesh. To make effective use of nonobtuse or acute meshes in
interactive applications, it is also desirable to be able tocon-
struct a model hierarchy where at each level of details, we
have an nonobtuse or acute mesh. We refer to this problem
as that of nonobtuse or acute mesh decimation.

In this paper, we focus on nonobtuse remeshing and deci-
mation. However, the framework we develop is quite general
and flexible. It would also allow for nonobtuse mesh genera-
tion from point clouds and hold great promise for solving the
acute version of the same problems. To make our presenta-
tion concise, we shall only deal with closed, 2-manifold tri-
angle meshes. Our approach can handle meshes with bound-
ary but require minor changes to the algorithm. A brief dis-
cussion of the boundary case is presented in Section8.

We formulate both the nonobtuse remeshing and nonob-
tuse mesh decimation problems in the context of constrained
optimization, where the search space is restricted to the set
of nonobtuse meshes. Since a global optimization is ex-
pected to be computationally intractable, we resort to greedy
schemes driven by appropriately defined costs.

For the remeshing problem, it is important to obtain an ini-
tial nonobtuse mesh which approximates the input mesh; it
serves as the starting point of the greedy search. To this end,
we propose to convert the input mesh into a signed distance
field first and then use a modified, midpoint-based March-
ing Cubes algorithm to compute the initial nonobtuse mesh.
An added advantage of using Marching Cubes is that we can
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(a) (b) (c) (d) (e)

Figure 1: Major components of our approach.(a) Original “bigsmile” model (34,712 faces). (b) Result ofour modified
Marching Cubes. The new mesh (15,380 faces) is nonobtuse butshows visible artifacts. (c) Result from constrained optimiza-
tion, which is a high-quality approximation. The approximation error, ε = 0.78%, is the Hausdorff distance computed from
Metro [CRS98], given as a percentage of the bounding box diagonal. (d) After decimating50%of the vertices (nonobtusely).
Error measured against the mesh in (c):ε = 0.107%. (e) After decimating90%of the vertices. Error against (c):ε = 0.61%.

bound the size of the resulting mesh by properly adjusting
the resolution of the cubical sampling grid.

In the subsequent search, we interleave mesh optimiza-
tion steps with Laplacian smoothing, both honoring the con-
straint that the mesh be nonobtuse. Mesh optimization re-
lies on a greedy scheme and highly localized constrained
optimization to reduce approximation error while ensuring
smoothness or regularity of the result. The smoothing step
encourages tangential movement of the vertices and can help
steer the algorithm toward better local minima. This can fur-
ther improve the approximation quality and angle distribu-
tion (attempting to avoid small face angles) of the solution,
while maintaining the nonobtuse guarantee.

Nonobtuse mesh decimation starts with an initial non-
obtuse dense mesh and follows the standard quadric-based
decimation procedure [GH97] augmented by appropriate
constraints to ensure good approximation quality and the
nonobtuse guarantee. Figure1 illustrates the major compo-
nents of our approach as we have described.

The rest of the paper is organized as follows. After briefly
reviewing related previous work in Section2, we formulate
the problem we wish to solve in Section3. We also discuss
several obvious attempts at a solution and the associated dif-
ficulties. Next, we give an overview of our approach and ex-
pand its coverage in subsequent sections. Specifically, Sec-
tion 4 describes scalar field construction from an input mesh
and our modified, midpoint-based Marching Cubes scheme
to ensure triangle nonobtusity. Next, we describe our con-
strained optimization scheme for remeshing in Section5.
Nonobtuse mesh decimation is covered in Section6. In Sec-
tion 7, experimental results are provided. Finally, we con-
clude and comment on possible future work.

2. Related work

Acute triangulation of special planar domains, e.g., a triangle
or a square, has been a topic of recreational mathematics and
studied fairly extensively, e.g., see [CL80]. An enlightening
discussion on acute square triangulation can be found from
Eppstein’s Geometry Junkyard [Epp97]. Motivated by the
space-time meshing algorithm of Üngör & Sheffer [US02],
Eppstein et al. [ESU04] study the problem of tiling a 3D do-
main using tetrahedra with only acute dihedral angles. This
turns out to be highly non-trivial and they propose only con-
structions for acute tiling of the 3D Euclidean space and
slabs; this has applications in mesh generation [ESU04].

Evidence suggests that the nonobtuse triangulation prob-
lem, with a weaker angle constraint than its acute coun-
terpart, is easier, but by no means trivial. The best known
work in 2D is due to Bern et al. [BMR94], who give an
O(nlog2 n) algorithm for nonobtuse triangulation of an-
vertex polygon, possibly with holes, so that the number of
triangles used is onlyO(n). An extension tod-dimensional
point sets [BCER95] gives an upper bound ofO(n⌈d/2⌉), but
also shows that no similar result is possible for the acute
case. Many other quality criteria for mesh generation exist,
e.g., see the survey of Bern & Eppstein [BE92], and variants
of the Delaunay triangulation (DT) are frequently applied,
e.g., [ACSYD05,Che93,CS05].

Surface mesh generation and remeshing of triangle
meshes are well studied problems in computer graphics, e.g.,
see the recent survey by Alliez et al. [AUGA05]. Two ex-
isting algorithms for high-quality meshing of curved sur-
faces with guaranteed angle bounds are both Delaunay-
based. Chew [Che93] develops a refinement scheme based
on constrained DT to ensure that all angles are in the range
[30◦,120◦]. Cheng & Shi [CS05] use restricted union of
balls to generate anε-sampling of a surface and extract a
mesh from the DT of the sampling points. A lower bound
on the minimum angle can be as high as 30◦ with proper
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choice of parameters. But to approach this bound,ε needs to
be close to zero which would result in a high triangle count.
Both algorithms fall short of producing guaranteed acute or
nonobtuse meshes; this has been identified as an open prob-
lem by Gu & Yau [GY03], among others, and so far only
some simple heuristics [GY03] have been suggested.

In this paper, we propose to solve the nonobtuse remesh-
ing problem, while allowing for control of the size and an-
gle quality of the mesh produced. A hierarchy of nonob-
tuse meshes can then be obtained via constrained mesh dec-
imation. One of the benefits of having an nonobtuse mesh
is more efficient and more accurate geodesic computations
on meshes via fast marching [KS98]. Also, Floater [Flo98]
has shown that the discrete Harmonic maps of Eck et
al. [EDD∗95] may not produce a valid planar mesh embed-
ding due to the existence of negative weights. Nonobtusity
of a mesh offers a sufficient condition for eliminating these
negative weights and thus ensures a one-to-one mapping.

3. Problem formulation and possible approaches

Several interesting problems involving acute or nonobtuse
meshing can be formulated, but we only discuss those related
to the latter and list them below. The acute version of these
problems are trivially implied.

• Problem 1 (Nonobtuse remeshing):Given input mesh
M, construct a nonobtuse mesĥM, with any connectivity,
which smoothly and accurately approximatesM.

• Problem 2 (Nonobtuse mesh generation):Same as
Problem 1, except the input is now apoint cloud.

• Problem 3 (Remeshing with given connectivity):Same
as Problem 1, except that the connectivity is given.

• Problem 4 (Mesh generation with given connectivity):
Same as Problem 3, except the input is a point cloud.

• Problem 5 (Nonobtuse triangulation): Given a point
cloudS, construct a nonobtuse mesh thatinterpolates S.

Problem 1 is what we wish to solve in this paper. As we
shall describe, we use a constrained “deform-to-fit” strategy,
starting with an approximating nonobtuse mesh obtained via
modified Marching Cubes [LC87]. Input to this step, namely,
a scalar field of signed distances from grid points to the sur-
face to be meshed, can be derived from a given mesh or a
point cloud in a variety of ways, e.g., [HDD∗92]. Thus to
apply our approach to solve Problem 2, a variation of Prob-
lem 1, we only require a distance measure between 3D points
and the underlying surface conveyed by the point cloud that
is feasible to use for our optimization.

With the mesh connectivity fixed, as for Problems 3 and 4,
local smoothness of a nonobtuse solution may not be ensured
if degree-3 vertices are present, since at such a vertex, the
discrete Gaussian curvature has a lower bound ofπ/2. It is
worth noting however that for a closed mesh, both degree-3
and degree-4 vertices can be easily eliminated without mod-
ifying mesh geometry. In Figure2, we show two schemes

(a) (b) (c) (d)

Figure 2: Elimination of degree-3 and degree-4 vertices.
(a) A degree-3 vertex and its neighborhood. (b) Seven new
vertices are inserted and the resulting configuration removes
the degree-3 vertex without creating any new degree-3 or
degree-4 vertices. In addition, none of the existing vertices
have their degrees decreased. (c) A degree-4 vertex and as-
sociated modification in (d). Note that one can easily have
appropriate edges aligned so that (b), respectively, (d), does
not differ from (a), respectively, (c), geometrically.

that we have come up with. In general, higher vertex degrees
appear to be more desirable as far as nonobtuse meshing is
concerned. But even without degree-3 or degree-4 vertices,
it is still unclear how a obtuse mesh can be deformed into a
nonobtuse one, while ensuring adequate final mesh quality.

Interpolatory nonobtuse triangulation of a point cloud
(Problem 5) appears to be the hardest. A related problem
is to find a nonobtuse triangle meshing of a curved region
whose boundary needs to be respected. A solution may not
exist for any given point cloud or region boundary, un-
less Steiner points are allowed to be added. Even so, it
is quite conceivable that a solution would be hard to find,
judging from the difficulty of producing guaranteed non-
obtuse meshes in the much simpler domain of 2D poly-
gons [BMR94] or meshing curved surfaces under weaker
angle conditions [Che93,CS05]. Minimizing the number of
Steiner points used is likely a hard problem as well.

3.1. Some obvious attempts and difficulties

2D nonobtuse triangulation + mesh parameterization:
An obvious attempt to solve the nonobtuse remeshing prob-
lem would be to take advantage of known solutions in
2D [BMR94]. One may divide a given mesh into patches
and map each patch boundary into a planar polygon, ap-
ply nonobtuse polygon triangulation, and map the result-
ing planar triangle mesh back to 3D via an angle-preserving
mesh parameterization. However, the nonobtusity of the 3D
mesh can be guaranteed only if the parameterization has a
guaranteed angle distortion bound, sayλ, and that the max-
imum angle in the planar mesh isα, and thatλα ≤ π/2.
We are not aware of any combination of existing algorithms
that can achieve these. Furthermore, nonobtuse polygon tri-
angulation [BMR94] necessitates the addition of Steiner
points along polygon boundaries. It is unclear how consis-
tence along shared edges between adjacent patches can be
achieved so as to avoid T-vertices altogether.

Advancing fronts: One may also consider an incremental
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“tiling” of a given mesh surface using nonobtuse triangles,
akin to the SwingWrapper approach [AFSR03]. Obviously,
difficulties will arise as the advancing front is close to meet-
ing with itself and no obtuse triangles can fill the gaps. De-
vising either a back-tracking or a look-ahead strategy which
would provide a guarantee is quite difficult.

Local mesh manipulations:Edge flipping, mesh subdivi-
sion followed by heuristic edge collapse [GY03], and con-
strained iterative vertex movements are all worth consider-
ing. They all attempt to eliminate a small number of obtuse
angles step by step, but none of them offer any guarantee. In
the latter, the process may “get stuck” where obtuse angles
still exist, but no vertex can be moved without having the
resulting shape deviate significantly from the original mesh.

3.2. Our approach

None of the attempts described above guarantee the nonob-
tusity of the mesh produced; this appears to be the most
difficult aspect of the meshing or remeshing problem. Our
main idea for solving the nonobtuse remeshing problem is
to first construct a mesh that is guaranteed to be nonobtuse,
although it may not be a adequate approximation to the orig-
inal mesh, and then iteratively improve its approximation
quality while ensuring that nonobtusity is maintained.

Given a degree-k mesh vertexv, we refer to thenonobtuse
regionN (v) for v as the set of points which would formk
nonobtuse triangles with the one-ring vertices ofv. Note that
N (v) can be empty in an arbitrary mesh, but for a nonobtuse
mesh,v ∈ N (v) 6= ∅. We constrain the movement of each
vertex to be within its nonobtuse region and wish to find a
final mesh that is the closest, in terms of a least-square error
measure, to the original mesh. This is a constrained global
optimization problem, with a complex search domain that is
the set of all nonobtuse meshes having a particular connec-
tivity. Our strategy then is to apply a heuristic search in the
search space with a judicious choice of a starting point. To
this end, we propose to use a modified Marching Cubes al-
gorithm to construct an initial mesh, guaranteed to be nonob-
tuse, which roughly approximates the original mesh.

A computational obstacle in the subsequent optimization
is that the nonobtuse constraints are nonconvex and nonlin-
ear with respect to vertex positions. To make the optimiza-
tion problem more feasible to solve, we conservatively lin-
earize and convexify the constraints and transform the gen-
eral nonlinear optimization problem intoquadratic program-
mingwith a convex search domain. Note that our lineariza-
tion and convexification step can reduce the size of the al-
lowable search region (not to the empty set however). But
by being conservative, the constraints still ensure that weal-
ways obtain a nonobtuse mesh at each step.

Once a final, high-quality nonobtuse mesh, in terms of
the approximation error, angle quality, and smoothness, is

arrived at, we can perform nonobtuse decimation via a con-
strained greedy edge collapse, based on quadric errors. This
procedure resembles the quadric-based mesh decimation al-
gorithm of Garland and Heckbert [GH97].

4. Initialization using modified Marching Cubes

Originally appeared in the seminal paper of Lorensen &
Cline [LC87], the Marching Cubes algorithm produces a tri-
angle mesh which tessellates the zero level-set (surface) of
a given 3D scalar field. The scalar field is first discretized at
the vertices of a regular cubical grid. Within each cube, de-
pending on the signs of the scalar values at the cube vertices,
different sets of triangles are generated. Taking into con-
sideration of complementary and rotational symmetry, 15
distinguishable cases (see Figure3) were given in [LC87].
Subsequently, Nielson & Hamann [NH91] improve upon
the original algorithm by resolving possible ambiguities that
may generate holes in the mesh produced. As a result, sev-
eral new cases have been introduced.

4.1. Modified Marching Cubes

In order for the mesh produced to reflect the geometry of the
zero level-set more faithfully, the original Marching Cubes
algorithm [LC87] uses linear interpolation along each cube
edge to determine the location of mesh vertices. Certain
cases, e.g., cases 1, 3, 4, 7, and 13 (see Figure3), only pro-
duce nonobtuse triangles; this can be easily verified via the
Cosine Theorem. In general however, obtuse angles can be
introduced in all the other cases.

To ensure nonobtusity of the triangles generated, we first
observe that by insisting that each mesh vertex be chosen as
the midpoint of its corresponding cube edge, we can elimi-
nate obtuse angles in all but 5 cases: cases 5, 9, 11, 12, and
14. For these cases, we can eliminate the obtuse angles, all
120◦, by appropriately modifying the local triangulations.

Refer to Figure3 for our following description of the
modification to the original Marching Cubes algorithm. In
cases 5 and 12, a triangle with a 120◦ angle, with its
apex along the cube edge (0,1), and its neighboring triangle
through the common green edge, are replaced by 3 equilat-
eral triangles. The newly created vertex, at the center of the
cube, is the midpoint of the corresponding edge, where an
original right triangle is split into two. In case 9, a new ver-
tex at the cube center (but slightly displaced in Figure3 for
a better illustration) is created, which forms 6 equilateral tri-
angles to replace triangles having 120◦ angles. In case 11,
there is also a 120◦ angle. A new vertex at the cube cen-
ter is created again and it is connected to 6 vertices around
it, forming 4 equilateral triangles and 2 isosceles right trian-
gles. Case 14 is similar, where a new vertex is also inserted
at the cube center, resulting in 6 nonobtuse triangles.

To incorporate the extra cases designed to resolve pos-
sible ambiguities caused by the original Marching Cubes
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Figure 3: Modified Marching Cubes: regular cases.We
show the 15 regular cases given by the original Marching
Cubes paper [LC87], where all the vertices are chosen as
midpoints of the cube edges. However, in cases 5, 9, 11, 12,
and 14, nonobtuse angles are still present. Simple modifica-
tions can be made to the local triangulations to rectify that.
In the figures, dark green line segments represent edges from
the original triangulations [LC87] and brown line segments
replace them. Edges shared by the original and new trian-
gulations are colored in dark black.

algorithm, we follow the presentation of Lingrand et
al. [LCGR02] for those extra cases. Six such cases are given,
where the four shown in Figure4 require appropriate mod-
ifications (which we describe in the next paragraph) to the
local triangulations to eliminate obtuse angles. For clarity,
the original triangulations are not shown. The remaining two
cases [LCGR02] do not require any modification to the tri-
angulations and are not shown either.

3

7

4

1

6

2

0

Case 3c

5

0
1

5

6
7

3

Case 6c

4
2

Case 7c

7

2

6
3

4

0
1

5

0
1

5

6
7

3

4
2

Case 12c

Figure 4: Modified Marching Cubes: extra cases.New tri-
angulations for four of the six cases from [LCGR02] that
introduce obtuse angles. Brown segments are new and dark
black segments come from the original triangulation.

Refer to Figure4, in cases 3c and 7c (the labeling of the
cases follow that of Lingrand et al. [LCGR02]), the cube
center is added, resulting in 6 equilaterals. In case 6c, no new
vertices are added and the new triangulation has 2 right tri-
angles and 3 isosceles triangles having side lengths of

√
6/2,√

6/2, and
√

2/2, assuming unit cubes in the grid. Case 12c
uses the same modification, as case 12 from Figure3.

Note that for a closed input mesh, it is not hard to show
that the triangle mesh produced using our modified March-
ing Cubes scheme does not contain degree-3 vertices. This
is desirable for a triangle mesh as far as nonobtuse meshing
is concerned. On the other hand, degree-4 vertices may exist
but they are generally rare.

4.2. Construction of the scalar field

Given an input meshM or point cloudS, one can construct
a corresponding signed distance field, the 3D scalar field
required by the Marching Cubes algorithm, in a variety of
ways, e.g., see [HDD∗92]. For the remeshing problem, given
an input meshM and an appropriately chosen cubical grid
(note that the grid resolution can be used to bound the to-
tal number of triangles produced), we wish to estimate the
signed distance from each grid point to the surface ofM.

This is a classical and well-studied problem in geometric
computing with fastest methods all utilizing some form of
hierarchical spatial data structures [Gué01,BA05]. Recently,
Bærentzen and Aanæs propose to rely on angle weighted
pseudonormals to determine the signs of the distances com-
puted robustly. For simplicity, we adopt the simple odd-even
test for point-in-polyhedron test [Lin90], where the rays used
coincide with the grid lines in our cubical grids. Note that
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we assume that the input meshM is closed. IfM has bound-
aries, in which case the notion of inside/outside is not well
defined, we can first close up the mesh via dummy patches.
After nonobtuse remeshing, triangles corresponding to the
dummy patches may be appropriately removed.

5. Deform-to-fit via constrained optimization

An initial nonobtuse mesĥM0 can be derived from the in-
put meshM via modified Marching Cubes, as just described.
We iteratively deformM̂0 (let us denote byM̂ the deformed
mesh) so as to obtain progressively better approximation to
M. This is accomplished through a heuristic search, within
the space of nonobtuse meshes having the same connectivity
asM̂0, for solving a global optimization problem.

The objective function is a point-wise least-square mea-
sure, combining approximation error and mesh smoothness
quality. The nonobtuse constraints are linearized and con-
vexified so that we only need to solve a series of small-scale
convex quadratic programming problems. We now describe
our approach in details.

5.1. Nonobtuse constraints

Nonobtuse region for a mesh edge:Given edgee= (u,v),
we define itsnonobtuse regionN (e) as the set of pointsw
which would make the triangle△wuv nonobtuse. It is not
hard to see thatN (e) is the set difference betweensandw(e),
the space “sandwiched” by the two planesU andV orthog-
onal toe and passing through verticesu andv, respectively,
andsphere(e), the sphere centered at the midpointq of eand
having a diameter of|e|, as shown in Figure5(a).

Nonobtuse region for a vertex:Given vertexv and its one-
ring verticesv0,v1, . . . ,vk−1 in order, we define the nonob-
tuse regionN (v) of v to be the set of pointsw that would
make the triangles△wvivi+1 nonobtuse,∀i = 0, . . . ,k− 1
(subscript modulok). Clearly, N (v) =

Tk−1
i=0 N [(vi ,vi+1)]

and in general,N (v) is both nonlinear and nonconvex, as
are the nonobtuse regions for its corresponding edges.

Linearization, convexification, and feasible regions:To
make the constrained optimization problem easier to solve,
one can conservatively linearize and convexify the search
space, which should then become a subset ofN (v). A simple
way to linearize the search space is to replace the sphere in
Figure5(a) by a cube that is tangent to the sphere, as shown
in Figure5(b), but the resulting search space is still noncon-
vex. In our implementation, we have chosen to be even more
conservative. Specifically, consider a vertexv with its one-
ring verticesv0,v1, . . . ,vk−1 in order. Pick a one-ring edge
e = (vi ,vi+1). Clearly, v must lie on or outsidesphere(e),
the sphere centered at the midpointq of e and having a di-
ameter of|e|. Let p be the intersection between the line seg-
ment vq and sphere(e). Denote byR the plane throughp
and tangent tosphere(e); refer to Figure5(c). We define

the feasible regionFv(e) of e with respect tov as the in-
tersection betweensandw(e) and the half space defined by
R that containsv. The feasible region for vertexv is given
by F(v) =

Tk−1
i=0 Fv[(vi ,vi+1)], which is linear and convex.

Note thatF(v) ⊆N (v) and in generalF(v) 6= N (v). Also,
by construction,F(v) is always nonempty, sincev∈ F(v).

V

v
qu
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U
V

q
u

v
i+1

R

v

iv
v

V

q
U

p

(a) (b) (c)

Figure 5: Nonobtuse and feasible regions.(a) Nonobtuse
region for edge(u,v). (b) Linearized nonobtuse region for
edge(u,v); the sphere is replaced by a cube. (c) Feasible
region for edge(vi ,vi+1), with respect to the center vertex v,
is a convex region delimited by planes U, V, and R.

5.2. The global optimization problem

The global optimization problem for nonobtuse remeshing
seeks to find a mesĥM, within the spaceNO(M̂0) of
nonobtuse meshes having the same connectivity as the ini-
tial nonobtuse mesĥM0, which minimizes a point-wise least-
square measure. Formally, we wish to

minimize ∑
v∈V(M̂)

L(v,M), subject toM̂ ∈NO(M̂0),

(1)
whereV(M̂) is the set of vertices in̂M and

L(v,M) = α ·D(v,M)+(1−α) · S(v), (2)

where the point-to-surface distanceD(v,M) represents a
quadric error [GH97], S(v) is a smoothness (regularization)
term, and 0≤ α ≤ 1 is a user-defined parameter that controls
the trade-off between error reduction and smoothness.

• Quadric error: We associate a quadricQv with each ver-
tex v in M̂; Qv is a 4× 4 matrix capturing information
about a set of planes associated withv and for any 3D
point x in homogeneous coordinates,Qv(x) = xTQvx is
the sum of squared distances fromx to the set of planes
associated withv. In our case,

D(v,M) = Qv(v)/k (3)

gives anaveragesquared distances fromv to a set ofk
supporting planes corresponding to the triangleT of M
that is closest tov, as well as to ther-ring neighbor tri-
angles ofT in M. Initially, we locate the triangleT ef-
ficiently utilizing the spatial data structure used for the
construction of the scalar distance field. The parameterr
is user-defined and in our experiments, we setr = 1.

SFU Computing Science Technical Report TR 2006-13 (2006)



John Y.S. Li & Hao Zhang / Guaranteed Nonobtuse Meshes via Constrainted Optimizations 7

• Smoothness term:At vertexv, the smoothness term

S(v) = ||v−C(v)||2 (4)

measures the squared distance betweenv and the centroid
C(v) of its one-ring neighbors. Incorporating the smooth-
ness term tends to produce smoother nonobtuse meshes
with better angle quality, as we show in Section7.

5.3. Optimization via heuristic deform-to-fit

Solution to the optimization problem (1) is likely intractable,
we thus resort to heuristics. The first heuristic is applied to
the iterative search toward a local minimum, relying on a
priority queue. As mesh vertices are moved to better approx-
imate the original meshM, their associate quadrics are also
updated heuristically, to speed up the optimization process.

Priority-queue based constrained search:During the
search, each vertexv in the current mesĥM may only move
within its (nonempty, linear, and convex) feasible region
F(v). Under this constraint, an optimal positionv∗ for the
vertexv is one that minimizesL(v,M). To solve this con-
vex quadratic programming problem, we rely on the OOQP
solver of Gertz and Wright [GW03].

The priorityH(v) for vertexv is given by theimprovement
made by movingv to v∗: H(v) = L(v,M)−L(v∗,M). We
apply greedy search and at each iteration, a vertex having
the highest priority is moved to its optimal position and all
vertices influenced by the move will be re-inserted into the
priority queue, since their priorities need to be updated due
to change in their associated quadrics or feasible regions.

Updating quadrics: To compute the quadric for a vertexv
that has just moved, we need to find a triangleT′ in M that is
closest tov. We can either utilize the hierarchical spatial data
structure available to us from the construction of the scalar
distance field or simply execute a local search forT′, starting
from the previous closest triangleT. The latter heuristic has
worked quite well in practice, with a local search confined
to within a 3-ring neighborhood ofT.

Stopping: In our current implementation, we adopt a crude
stopping criterion: the optimization stops when no vertex can
be moved, within its feasible region, to reduce the objective
functionL further. In this case,H(v) ≤ 0,∀v∈V(M̂).

5.4. Constrained Laplacian smoothing

Experimentally, the nonobtuse meshes produced by the op-
timization procedure described so far are already quite sat-
isfactory in terms of approximation error, but they can be
slightly rough. This may be attributed to the fact that our op-
timization scheme is highly localized. To this end, we sug-
gest to follow the mesh optimization step with a Laplacian
smoothing step, which encouragestangentialmovement of
the vertices to smooth out the roughness. Note that such
movements may increase the approximation error. Thus we

can interleave mesh optimization with constrained Laplacian
smoothing, with the former being the first and the last steps
of our “deform-to-fit” procedure. In a Laplacian smoothing
step, we also process vertices one at a time, but without any
particular order. Each vertexv processed is moved to its opti-
mal locationv∗ within v’s feasible region; the objective func-
tion is simply the smoothness termS(v).

6. Nonobtuse mesh decimation

Analogous to nonobtuse remeshing, the problem of nonob-
tuse mesh decimation can be formulated as a constrained lo-
cal optimization problem as well and solved in an iterative
greedy fashion. We iteratively perform edge collapses, start-
ing from an initial full-resolution nonobtuse mesh, where the
position of the unified vertex can be computed similarly as in
the case of nonobtuse remeshing. As shown in Figure6, the
optimal position of the unified vertexw is computed within
the feasible regionF(u,v), determined similarly as in the
vertex case by the neighboring vertices of the collapsed edge
(u,v).

u
wv

Edge collapse

Figure 6: Nonobtuse edge collapse.As we collapse edge
(u,v) into a new vertex w, neighboring vertices of(u,v),
marked by dark dots, form a one-ring which define the fea-
sible region when computing an optimal position of w.

We associate a quadricQw with each mesh vertexw dur-
ing the decimation process. The set of planes associated with
a vertexw, which define the quadric [GH97], in the full-
resolution mesh is the set of supporting planes for the trian-
gles incident tow. To perform greedy nonobtuse decimation,
we place all candidate edges to collapse in a priority queue.
For each candidate edge(u,v), we compute the optimal po-
sitionw∗ for the unified vertexw as follows,

w∗ = argminw∈F (u,v)[Qu(w)+Qv(w)]. (5)

The cost for collapsing edge(u,v) is Qu(w∗) + Qv(w∗) if
F(u,v) is nonempty; otherwise, we set the cost to be+∞.
A candidate edge at the top of the priority queue, having the
lowestcost, is collapsed first and the resulting new edges are
re-inserted into the queue. When(u,v) is collapsed tow, we
assign to the new vertexw the quadricQw = Qu +Qv.

Note that the greedy mesh decimation paradigm described
above, based on priority queues, has been widely applied in
level-of-details modeling [LRC∗03]. Many techniques, e.g.,
lazy evaluations [CMO97], can be applicable to speed up
this process, as well as our search procedure for nonobtuse
remeshing. However, for simplicity, our current implemen-
tation has not utilized any such heuristics.
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7. Experimental results

In this section, we use several experiments to demonstrate
different characteristics of our approach and the quality of
the nonobtuse meshes produced. Unless otherwise speci-
fied, in all of our experiments, we chooseα = 0.5 for mesh
optimization. In most cases, only one step of constrained
Laplacian smoothing is applied. The approximation error
ε, which is the Hausdorff distance returned by the Metro
tool [CRS98], is given as a percentage of the bounding
box diagonal (BBD). The errors are measured against the
original mesh for remeshing and against the full-resolution
nonobtuse mesh in the case of decimation,

To start off, we show that by adjusting the resolution of
the sampling grid used for modified Marching Cubes (Sec-
tion 4), we can obtain high-quality nonobtuse remeshings of
varying sizes; refer to Figure7.

(a) (b) (c)

Figure 7: Nonobtuse remeshing of the horse model with
varying sampling grids.Top: results from modified March-
ing Cubes. Bottom: nonobtuse remeshings. (a)35×55×45
cubical grids; 9,966 triangles;ε = 2%. (b) 50× 80× 70
grids; 19,880 triangles;ε = 1.3%. (c) 110× 190× 160
grids; 125,046 triangles;ε = 0.5538%

In Figure 8, we break down the constrained optimiza-
tion procedure we develop. The original “monster” model
is shown in (a). For clearer illustration, we focus on a re-
gion, marked in (a), to show close-up shots in (b)-(f). Shown
in (b) is the result obtained via mesh optimization only, with
α = 1. Without the smoothing term, poor angle quality is
quite visible —γ = 7.74% of angles are less than 30◦. In
(c) and (d), we show results from mesh optimization only
with α = 0.5; angle quality is improved, shown in (c), where
γ = 0.12%. But slight geometric roughness still remains, as
seen from (d). Finally, in (e) and (f), results from mesh op-
timization (α = 0.5), combined with one step of Laplacian
smoothing, are given. Angle quality is further improved —
γ = 0.03%, while the rough geometry has been smoothed
out. These experiments show that both the smoothness term

in the objective function and constrained Laplacian smooth-
ing steps can be quite important in producing high-quality
nonobtuse remeshing.

(a) Original. (b) α = 1. (c) α = 0.5.

(d) α = 0.5. (e) α = 0.5 + LAP. (f) α = 0.5 + LAP.

Figure 8: Importance of smoothness term and smoothing:
Without the smoothness term in the objective function, we
suffer from poor angle quality, shown in (b). Percentage of
small angles (angles less than30◦) is γ = 7.74%. (c) and
(d): After weighing in the smoothness term:γ = 0.12%. But
geometric roughness is quite visible. (e) and (f): With con-
strained Laplacian smoothing added:γ = 0.03%. And the
rough geometric features are smoothed out.

In Table1, we report mesh quality and algorithm perfor-
mance statistics from nonobtuse remeshing of six models.
Some of these six models that have not been displayed so
far are shown in Figure9. In Figure 10, some visual re-
sults for nonobtuse remeshing and mesh decimation, as well
as the corresponding histogram plots of angle distributions,
are given. As can be observed both via numerical results re-
ported and visual examination, our algorithm is capable of
producing high-quality nonobtuse remeshing, both in terms
of approximation error and angle quality. The latter is due to
the consideration for smoothing, as in general a nonobtuse
mesh may have many small angles.

Besides small angles, it might also be desirable to reduce
the number of angles close to 90◦; many 90◦ angles are gen-
erated by the Marching Cubes step. Smoothing does help in
reducing the number of 90◦ angles, as can be observed in
Figure10; see the middle column. But in our current imple-
mentation of nonobtuse decimation, no smoothing term is
added to the objective function, nor are constrained Lapla-
cian smoothing incorporated. As a result, we see spikes close
to 90◦ bins. This can be fixed by considering smoothing for
decimation in the same way as for remeshing.

In this paper, our focus has been on nonobtuse guaran-
tees and mesh quality; speed has not been optimized. How-
ever, numerical results show that the number of vertex moves
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per optimization step is linear in terms of mesh size. More-
over, the number of optimization steps needed to produce a
high-quality nonobtuse mesh is at most 3 in all of our exper-
iments. We believe that, by adding speed-up techniques such
as lazy evaluations or early stopping conditions, we can re-
duce the number of vertex moves significantly and converge
more quickly to a good approximation of the initial mesh.

ArmHand. Baldhead. Man. Monster.

Figure 9: Four of the models tested in our experiments

8. Discussion and future work

In this paper, we propose a solution to an open problem —
guaranteed nonobtuse remeshing. The nonobtuse mesh ob-
tained can be further decimated while maintaining nonob-
tusity. The remeshing framework we develop, one starting
with a modified Marching Cubes to transform an input mesh
into one with guaranteed nonobtusity and then perform-
ing constrained optimization within a space of nonobtuse
meshes, is quite general and flexible. We elaborate below.

• Acute remeshing:If Marching Cubes can produce an ini-
tial acute mesh (this is the challenging part if we insist
on a guarantee), then we can constrain the search space
to be a set of acute meshes and achieve acute remeshing,
following the same line of approach as in the nonobtuse
case. Enforcing the acute constraints is easy since we can
simply move the constraining planesU,V,R, refer to Fig-
ure 5(c), of the feasible regions toward the center vertex
v; this prevents the introduction of right angles. The same
change also allows us to carry out acute mesh decimation.

• Mesh generation from point cloud:To obtain nonobtuse
or acute meshes from a point cloud, the only additional
requirement is a way to measure the approximation er-
ror against the underlying surface. One possible approach
is to replace the planes currently used to construct the
quadrics by a set of tangent planes associated with the
point cloud; these tangent planes have been used in sur-
face reconstruction by Hoppe et al. [HDD∗92].

• Handling meshes with boundaries:Essentially, our ap-
proach can handle open meshes given a signed distance
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Figure 10: Visual results and histogram plots of angle dis-
tributions for nonobtuse remeshing and decimation.From
left to right: Original model; remeshed model; model after
90% of vertices decimated. The histogram plot associated
with a particular model is given right below the model.

field for the input mesh is provided. However, ambigu-
ity arises when one attempts to compute a signed distance
field for any open mesh. In order to construct the initial
nonobtuse mesh, we only require a scalar field that de-
termines which points are inside the mesh. This can be
easily computed by examining the intersections of the in-
put mesh and the sample grid for the marching cubes. A
point p is inside the mesh ifn · (p−w) < 0 wherew is an
intersection of a connected edge on the grid and a triangle
of the input mesh having normaln. We can compute the
scalar field by tranversing the faces of the input mesh in
an advancing front manner.

In addition to acute remeshing, mesh generation, and han-
dling boundary cases, we would also like to improve the ef-
ficiency of our constrained optimization. Lazy evaluations,
early stopping, and more adaptive smoothing and error re-
duction procedures are all worth looking into. Tuning our
approach to deal with adaptive grids for mesh generation is
interesting but challenging. Quality-wise, we would like to
improve the angle quality further, possibly providing a sub-
stantial lower-bound while still ensuring nonobtuse or acute
guarantees; this is still an open problem. Finally, our current
method is not designed to recover or enhance sharp features
in the input models. It would be interesting to see whether
treating the feature edges as hard or soft constraints would
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Input mesh (#F) #F #V Min. ∠ % small ∠’s Metro ε 1: %VM 2: %VM 3: %VM

Armhand (50K) 18798 9401 26.14 0.05 1.00 310.6 397.9 487.3
Bigsmile (34.7K) 15380 7692 19.49 0.04 0.78 308.3 312.9 N/A
Baldhead (15.8K) 18704 9356 20.68 0.06 1.86 407.1 399.8 393.0
Horse (40K) 19880 9944 15.03 0.18 1.31 258.3 266.4 N/A
Man (29K) 68252 34122 10.52 0.14 0.55 328.7 285.1 N/A
Monster (32.5K) 48226 24115 19.79 0.03 0.64 294.8 374.3 N/A

Table 1: This table shows quality measures and algorithm performance statistics for nonobtuse remeshing. We report: input
mesh and its face count (#F); face (#F) and vertex (#V) counts of the output nonobtuse mesh; minimum angle (Min.∠) in the
nonobtuse meshes, as well as the percentage of angles less than30◦ (% small∠); approximation error (ε) from Metro [CRS98].
We also show the number of vertices moved in each mesh optimization step (1,2,and 3) of the constrained optimization, as a
percentage (“1:%VM”, “2: %VM”, and “3: %VM”) of the total number of vertices. These percentages givean indication of
how quickly our greedy optimization procedure would converge. Note that in many cases, only two iterations are needed; in
that case, the “3:%VM” column will be marked by “N/A”.

still ensure the general quality of the nonobtuse or acute
meshes produced.
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