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Abstract

We describe a simple stochastic model for the geome-
try of 3D meshes with a given connectivity based on linear
prediction plus a Gaussian error term. We show that the
resulting probabilistic distribution is a multivariate Gaus-
sian, which may be singular. Furthermore, the eigenvectors
of its covariance matrix coincide with the eigenvectors of
the linear prediction operator, provided that the operatoris
symmetric positive semi-definite. This implies the optimality
of a mesh signal transform, with respect to a specific class
of mesh distributions and in the sense of basis restriction
errors. We consider the problem of spectral compression of
3D meshes using the optimal transforms. The generality of
our stochastic model allows us to analyze and improve their
performance, e.g., on the handling of boundaries.

1. Introduction

A large body of work in discrete signal and image pro-
cessing [14, 23] can be analyzed and carried out conve-
niently in the spectral domain through transformations such
as the wavelet or discrete Fourier transform (DFT). With
polygonal meshes quickly becoming the primary model for
3-D objects in computer graphics and visualization, spectral
decomposition techniques for mesh geometry, especially
eigenvalue decomposition, has received a great deal of at-
tention [15, 21, 26, 27]. In this setting, the mesh geometry
is represented by a 3D signal, i.e., the Cartesian (x, y, z) co-
ordinates, defined over the vertices of the underlying graph.
The mesh signal transform is given by a projection of the
signal onto the eigenvectors of a suitably defined discrete,
combinatorial Laplacian operator [27, 15].

Note that for meshes with regular or semi-regular con-
nectivity, the classical DFT may still be applicable, as
shown by Karni and Gotsman [16]. But a generalization
has to be made for irregular meshes, in which the valence
of a mesh vertex (number of outgoing edges) can be ar-

bitrary. This is where eigenvalue decomposition becomes
necessary. The most frequently used decomposition adopts
as its basis vectors the eigenvectors of the discrete uniform
Laplacian operator [27], also known as the umbrella opera-
tor [17] or the (normalized)Tutte Laplacian[11].

Taubin [27] points out that the eigenvectors of the Tutte
Laplacian represent the natural vibration modes of the
mesh, while the corresponding eigenvalues capture its nat-
ural frequencies, much like the case for well-known image
transforms such as the DFT. Geometrically, the intuition is
that high-frequency eigenvectors of the Tutte Laplacian are
used to capture the small-scale details over the mesh sur-
face, while the low-frequency ones dictate its large-scale
variations and overall shape. In general, these eigenvectors
possess no analytical form and there are no fast methods,
analogous to the Fast Fourier Transform, to compute the
corresponding mesh signal transform.

1.1. Combinatorial operators for spectral analysis

In addition to the Tutte Laplacian, theKirchhoff operator
and thenormalized graph Laplacian, both as its variants,
have also been used for eigenvalue decomposition. Note
that these operators are allcombinatorial, as they depend on
the connectivity of a mesh only. The Kirchhoff operator and
the graph Laplacian have traditionally been used in spectral
graph theory [7] and their graph-theoretic properties have
been studied intensively [20]. Recently, the Tutte Lapla-
cian and the Kirchhoff operator have appeared in numerous
applications for geometry processing, including compres-
sion [15, 16, 26], smoothing [27, 31], parameterization [11],
and watermarking [21, 22] of mesh geometry, as well as
shape similarity [19, 30] and data mining [3].

Despite of these developments, we have found little work
on analyzing the properties of these combinatorial Lapla-
cian operators and the mesh signal transforms they induce,
especially in the context of geometry processing, where the
emphasis, such as on speed and the quality of smoothing
or compression, are quite different from those in graph the-



ory. We have addressed some of these issues in our recent
work [29], where two new symmetric operators for spec-
tral mesh processing and analysis have been proposed and
some experimental results demonstrating their advantages
over existing operators are given.

In this paper, we take a more theoretical approach and
wish to formulate a connection between mesh signal trans-
forms and the well-knownKarhunen-Loeveor KL trans-
form [14]. The KL transform, also known as the method
of principle components [6], is of fundamental importance
in digital signal and image processing. It is optimal in many
ways, e.g., in the context of spectral compression, as we ex-
plain in Section 2.3. We are interested in establishing the
same notion for mesh geometry processing, which we call
optimal mesh signal transforms. To achieve this, we need
to come up with a stochastic model for mesh geometry.

1.2. “Optimality” of the Kirchhoff operator

Recent work by Ben-Chen and Gotsman [4] appears to
be the first attempt at proving the optimality of spectral
mesh compression in 3D. Based on a stochastic model of
the barycentric coordinate matrix [11], they derive a prob-
abilistic distribution for the geometry of mesheswith fixed
boundariesand having a given connectivity. It is shown to
be a multivariate Gaussian distribution [2], but this requires
the valences of the mesh vertices to besufficiently large.
That is, this multivariate distribution is only approximately
Gaussian in general. A simple 2D example is given to illus-
trate that a valence of six seems to be large enough for the
Gaussian approximation to be reasonable.

Ben-Chen and Gotsman argue for the optimality of spec-
tral mesh compression using the Kirchhoff operatorK.
They prove thatK is essentiallythe inverse of the covari-
ance matrix of the mesh geometry distribution and its opti-
mality follows from the well-known result of principle com-
ponent analysis [14]. The approximate nature of the state-
ment has something to do with the fact thatK is singular.
The proof offered is somewhat lengthy and it resorts to the
use of conditional distributions [5] and the notion of order
statistics [12] and uniform spacings [24].

1.3. Our results and contribution

In this paper, we are able to make precise statements in
regards to the optimality of certain mesh signal transforms
based a simple stochastic model for the geometry of 3D
meshes (with or without fixed boundaries) having a com-
mon connectivity. This model is defined by the familiar no-
tion of linear prediction whose combined error and noise
term is assumed to realize a multivariate Gaussian distri-
bution with zero mean [2]. It is straightforward to prove
that the resulting mesh distribution is a also a multivariate

Gaussian, where the only nontrivial part is the inclusion of
the singular case. This is necessary since all the combina-
torial Laplacian operators considered in this paper, e.g.,the
Kirchhoff and Tutte Laplacian operators, are singular.

Furthermore, we show that the eigenvectors of the co-
variance matrix of the mesh distribution coincide with the
eigenvectors of the prediction operator, if the operator is
symmetric positive semi-definite. This implies the optimal-
ity of a mesh signal transform, with respect to a specific
classof mesh distributions and in the sense ofbasis restric-
tion errors, which we define in Section 2.3. We consider the
problem of spectral compression of 3D meshes and com-
pare the optimal mesh signal transforms. The generality of
our stochastic model also allows us to analyze and improve
their performance, e.g., on the handling of boundaries.

1.4. Notations

We denote matrices by capital letters, withA, T , D, U ,
C, K, andI reserved for special operators. For example,In

is used for then × n identity matrix. The trace, rank, and
transpose of a matrixP are denoted bytr(P ), rank(P ),
andP ′, respectively, and the 2-norm of a vector by|| · ||.
Random vectors and variables are represented using calli-
graphic letters such asX ,Y,R, . . ., and ordinary vectors
are denoted byx,y, r, . . ., possibly with subscripts. The
expectation, variance, and covariance matrix of a random
variable or vectorX is denoted byE X , σ2(X ) andΣ(X ),
respectively. Note that the matrix may be omitted when it
is obvious from the context. IfX has a Gaussian or normal
distribution with meanµ and varianceσ2, then we write
X ∼ N(µ, σ2). Other necessary notations will be defined
as they enter our discussion.

2. Spectral compression and the KL transform

In this paper, we assume that all the meshes considered
are connected. Meshes composed of disjoint parts can be
handled in a component-wise manner. Consider a meshM
with n vertices whose vertex and edge sets are denoted by
V (M) andE(M), respectively. Let us representM by a
pair (A,x), whereA is then × n adjacency matrix of the
underlyingmesh graphG = (V (M), E(M)), specifying
the connectivity among the mesh vertices. Namely,Aij = 1
if (i, j) ∈ E(M) andAij = 0 otherwise.

The geometric information about the mesh is specified
by the realn × 3 matrix x, called thecoordinate vector.
Thus the meshM can be viewed as a 3D signal defined
over the vertices of the mesh graph. This is similar to the
vector-space representation of discrete images [23], except
that no particular order of the mesh vertices is assumed. For
an image, either a column-wise or a row-wise raster scan
order is used to generate a vector from the image.



2.1. ED-transforms and spectral compression

Consider a meshM = (A,x) with n vertices and an op-
eratorP ∈ Rn×n whose eigenvectorse1, e2, . . . , en form a
basis. Typically,P takes the form of a combinatorial Lapla-
cian defined by connectivity and its eigenvalues capture the
frequencies [15, 26, 27]. Unless otherwise specified, as-
sume that the eigenvectors are ordered according to increas-
ing eigenvalues. LetE = [e1|e2| . . . |en]. Theeigenvalue
decompositionof x with respect toP is given by

x = Ex̂ =

n
∑

j=1

ejx̂j ,

wherex̂ ∈ Rn×3 is said to be theED-transformof x with
respect toP . The inverse ED-transform iŝx = E−1x. The
projection ofx onto the subspace spanned by the firstm
(m ≤ n) eigenvectors ofP is denoted by

x(P,m) =

m
∑

j=1

ejx̂j .

This provides a spectral compression of the meshx using
the leadingm low-frequency spectral coefficients. For any
given probabilistic distribution of the coordinate vectorx,
the expected value of theL2 error

E

√

tr[(x − x(P,m))(x − x(P,m))′]

is said to be abasis restriction error[14]. From now on, let
us only deal with thex-component of the mesh, still denoted
by x; the same arguments can be made abouty andz. We
can then eliminate thetr() from the definition of the basis
restriction error, yieldingE ||x − x(P,m)||.

2.2. Kirchhoff and Tutte Laplacian operators

Given a meshM = (A,x) with n vertices and associated
mesh graphG = (V (M), E(M)), denote the valence of
vertexi ∈ V (G) by di. Let D be the diagonal matrix with
di’s along the diagonal. The Kirchoff operatorK ∈ Rn×n

of M is given byK = D − A. That is

Kij =











di if i = j

−1 if i 6= j and(i, j) ∈ E(M)

0 otherwise

Following [11], let us call the matrixT = D−1K the
(normalized) Tutte Laplacian. We have

Tij =











1 if i = j

−1/di if i 6= j and(i, j) ∈ E(M)

0 otherwise

(a) Original. (b) Wireframed.

(c) Kirchhoff. (d) SSTL.

Figure 1. Spectral compression (100 out of
379 spectral coefficients) of a 4-8 mesh.

It follows that T = In − D−1A = In − C, whereC is
referred to as thecentroid matrixof M . By applyingC to
x, each vertex is transformed into the centroid of its im-
mediate, i.e., first-order orone-ring, neighbors; this is the
well-known Laplacian smoothing [10]. In general,T and
C are not symmetric and their eigenvectors cannot be made
orthonormal [29]. We also consider the operator

U = T ′T,

proposed in [29], for eigenvalue decomposition. Clearly,U
is a symmetric second-order (since the nonzero entries ofU
extends to the second-order neighbors of a vertex) operator.
For convenience, let us refer to it as thesymmetric second-
order Tutte Laplacian, or SSTL, for short.

Our experiments show that the Kirchhoff operator of-
ten generates undesirable artifacts around vertices with low
valences, e.g., 3 or 4, when applied to spectral compres-
sion. This is especially problematic for the class of so-
calledsemi-regular 4-8 meshes[28], as shown in Figure 1.
The SSTL, on the other hand, always seems to produce bet-
ter visual quality at the same compression rate.

2.3. The KL transform

For a given distribution of random signals specified by
its meanµ and covariance matrixΣ, it is well-known [14]



that the optimal transform, one which minimizes the ba-
sis restriction error for this distribution, is given by the
eigenvalue decomposition with respect to theautocorrela-
tion matrixΦ = Σ + µµ′. That is, for anyP andm,

E ||x − x(Φ,m)|| ≤ E ||x − x(P,m)||.

The ED-transform ofx with respect toΦ is referred to
as the KL transform. If the random signals have zero mean,
thenΦ = Σ. In general, the transforms ofΣ andΦ need not
be the same. To prove the optimality of a mesh signal trans-
form with respect toP , for a given distribution, it suffices
to show that the eigenvectors ofP coincide with the eigen-
vectors of the autocorrelation matrix of that distribution.

3. A stochastic model for mesh geometry

A stochastic model describes a digital signal, e.g., an
image, as a member of an ensemble. This permits devel-
opment of algorithms that are useful for an entire class of
signals rather than a single one. The ensemble is referred to
as adiscrete random field, and it is often sufficient, e.g., for
our study of optimal basis for spectral mesh compression,
to characterize it by its mean and covariance matrix [14].
In this section, we define a stochastic model for all meshes
with n vertices having a common connectivity.

3.1. The observation model and linear prediction

Let us denote the random mesh byX and start with the
classical observation model [14, 18]

X = x̄ + Rm,

whereX is the observed mesh signal subject to some addi-
tive measurement noiseRm andx̄ represents the true shape
of the mesh. We can provide a predictioñX for the true
shape based on some observationY; this could simply be
X . For linear predictions, we have

X̃ = PY with X̃ = x̄ −Rp,

whereP ∈ Rn×k is a linear prediction operator,Y ∈ Rk is
used for the prediction, andRp is the prediction error term.
Thus we have

X = PY + (Rm + Rp) = PY + R. (1)

This is the familiarWiener filtering equation[14], for which
the goal is to findP that minimizes the errorRp. Alexa [1]
has used this model for Wiener filtering of meshes, where
prediction is based on the observed signalX .

In the context of signal or image restoration, the predic-
tion operatorP is regarded as ablurring operator [23]. Thus

the image acquisition process is assumed to be subject to
blur and additive noise, given byR. One often requiresa
priori statistical knowledge of the noise/error term. A nat-
ural and frequently used model is that of a Gaussian white
noise or a more general multivariate Gaussian distribution.

3.2. Multivariate Gaussian distributions

Let X = [X 1,X 2, . . . ,Xn]′ be a discrete random field,
from which a sample is denoted byx = [x1, x2, . . . , xn]′.
LetΣ be ann×n realsymmetric positive definitematrix and
let the vectorµ = [µ1, µ2, . . . , µn]T , where eachµi is a real
constant. It can be shown that the nonnegative function

f(x) = f(x1, x2, . . . , xn) =
e−

(x−µ)T Σ(x−µ)
2

√

(2π)ndet(Σ−1)
(2)

is a joint probability density function of then random vari-
ablesX 1,X 2, . . . ,Xn. We say thatX has anonsingular
multivariate Gaussian distribution, andX ∼ N(µ, Σ−1),
whereµ andΣ−1 are the mean and covariance matrix of
the distribution, respectively [12]. A Gaussian white noise
is a discrete random field in which each componentX i is a
zero-mean Gaussian and any two different components are
mutually uncorrelated. Thus it is a multivariate Gaussian
N(0, Σ), whereΣ is a nonnegative diagonal matrix.

One of the primary ways of defining multivariate Gaus-
sian distributions is through linear transformations [2].
Specifically, ifY ∼ N(µ, Σ) andX = PY with P a non-
singular matrix, thenX ∼ N(Pµ, PΣP ′). The nonsingu-
larity of the distribution is related to the requirement that
Σ be nonsingular, as its determinant appears in the denom-
inator in (2). However, it is possible to generalize this and
include the singular case, where the density would not exist
and the distribution is characterized by other means [12].

In this general sense, a random vectorX of n compo-
nents withE X = µ and E (X − µ)(X − µ)′ = Σ is
said to have a multivariate Gaussian distributionN(µ, Σ)
if there exists a linear transformationX = PY + Z, where
P ∈ Rn×k andk is the rank ofΣ, andY has a nonsingular
multivariate Gaussian distribution [2]. The distributionfor
X is singular ifk < n. Furthermore, ifY ∼ N(µ, Σ), then
X = PY is distributed according toN(Pµ, PΣP ′), where
P is allowed to be a non-square matrix without a full rank.

4. Optimal mesh signal transforms

Let us first consider the case for meshes without fixed
boundaries. Consider the stochastic model (1) where lin-
ear prediction is based onX itself, as in Wiener filtering of
meshes [1]. We have

(In − P )X = QX = R, whereX ,R ∈ Rn



Let q = rank(Q) be the rank ofQ, q ≤ n. If q = n, then
Q is nonsingular. Let us assume that the error termR is a
Gaussian white noise and that all the components ofR have
the same varianceσ2. ThusR ∼ N(0, σ2In). It is not hard
to see thatX ∼ N(0, σ2(Q′Q)−1). So the ED-transform
with respect to the operatorQ′Q is optimal.

4.1. The singular distribution case

The more difficult case is whenrank(Q) = q < n, in
which caseQ is singular. Let us suppose thatQ is sym-
metric positive semi-definite however. We first observe that
then the error termR cannotbe a white noise, since the sub-
space forR is only q-dimensional. In fact, this subspace is
the image spaceof Q, Im Q = {Qx | x ∈ Rn}.

Inevitably, the mapping from the space of random mesh
signalsX to the error space would be many-to-one. To
make this clear, let us first fix some notations. Denote by
E the n × n matrix whose columns are the orthonormal
eigenvectors ofQ, i.e.,E′ = E−1. Then

QE = EΛ, whereΛ =

[

0 0
0 Λ1

]

,

andΛ1 ∈ Rq×q is a diagonal matrix withq positive eigen-
values ofQ along the diagonal. We shall partitionE, X̂ ,
andR̂ as follows.

E =
[

E0 E1

]

, X̂ =

[

X̂ 0

X̂ 1

]

, R̂ =

[

R̂0

R̂1

]

,

whereE1 ∈ Rn×q and X̂ 1, R̂1 ∈ Rq. Now recall our
stochastic modelQX = R. It follows that

EΛE′X = R ⇒ ΛX̂ = ΛE′X = R̂ = E′R,

whereX̂ = E′X is the ED-transform ofX with respect to
Q. We must haveR̂0 = 0 andR̂1 = Λ1X̂ 1. Observe that
no matter how we choosêX 0, as long asX̂ 1 = Λ−1

1 R̂1,
we would haveQX = EΛX̂ = EE′R = R. Thus to
have a unique mesh for a given errorR, we must impose a
constraint onX̂ 0. In our model, we letX̂ 0 = 0. Therefore,

X = EX̂ = E1X̂ 1.

A key assumptionwe make for our stochastic model is
that thespectral-domain error termR̂1 is a Gaussian white
noise.1 That is,

R̂1 ∼ N(0, Ω), (3)

whereΩ is a diagonal matrix with a positive diagonal. Since
X̂ 1 = Λ−1

1 R̂1, we have

X̂ 1 ∼ N(0, Λ−1
1 Ω(Λ−1

1 )′) ≡ N(0, ΩΛ−2
1 ),

1Note that in the nonsingular case, the spatial-domain errorR is a
Gaussian white noise with constant varianceσ2 if and only if the spectral-
domain errorR̂ is a Gaussian white noise with the same variance, assum-
ing Q is symmetric. As we will see, this is not so in the singular case.

and furthermore, sinceX = E1X̂ 1,

X ∼ N(0, E1ΩΛ−2
1 E′

1).

As X̂ 1 has a nonsingular multivariate Gaussian distribu-
tion andE1 ∈ Rn×q with q < n, the random meshX
has asingular multivariate Gaussian distribution by defi-
nition. The mean and covariance matrix ofX are 0 and
Σ = E1ΩΛ−2

1 E′

1, respectively. We can easily verify that
the eigenvectors ofΣ coincide with the eigenvectors of the
linear prediction operatorQ, since

ΣE = E1ΩΛ−2
1 E′

1E = E1ΩΛ−2
1

[

0 Iq

]

= E1

[

0 ΩΛ−2
1

]

= E

[

0 0
0 ΩΛ−2

1

]

.

Therefore, the optimal transform for our mesh distribution
for X is given by the eigenvalue decomposition with re-
spect toQ. Note that the eigenvalues ofQ are in reverse
order against the eigenvalues ofΣ. It is also worth noting
that results we have derived so far would not hold if the
prediction operatorQ does not have an orthonormal set of
eigenvectors, as is the case for the Tutte Laplacian.

Now let us consider the spatial-domain error termR. Re-
call thatR = ER̂ = E1R̂1. SinceR̂1 is a nonsingular
multivariate Gaussian,R is asingularGaussian distributed
according toN(0, E1ΩE′

1), by definition. Note that the
rank of the covariance matrix ofR andX are bothq. We
summarize our results in the following theorem.

Theorem: Given a stochastic modelQX = R. If Q is sym-
metric positive definite andR ∼ (0, E1ΩE′

1) with some
positive diagonal matrixΩ ∈ Rq×q, q = rank(Q), andE1

is the matrix whose columns are the eigenvectors ofQ cor-
responding to its nonzero eigenvalues (letQE1 = E1Λ1),
thenX is a multivariate GaussianN(0, E1ΩΛ−2

1 E′

1) and
the optimal transform for the distribution ofX is given by
the ED-transform with respect toQ.

In fact, we are able to make a stronger statement about
the optimality of the ED-transforms given byQ. To see this,
let 0 < λ1 ≤ . . . ≤ λq be the values along the diagonal of
Λ−2

1 . Observe that if we change the values of theλi’s but
still maintain the orderλ1 ≤ . . . ≤ λq, then the Gaussian
distribution forX changes — it has a different covariance
matrix now — but the eigenvectors of the covariance ma-
trix does not change and neither does the optimality of the
ED-transform given byQ. Therefore, this ED-transform is
really optimal for aclassof mesh distributions. For exam-
ple, some members of this class include the distributions of
X for which f(Q)X = R, wheref is amonotonepolyno-
mial. That is,f(a) > f(b) whenevera > b.

Optimality of the Kirchhoff operator and the SSTL

Recall that the Kirchhoff operatorK = DT and the
symmetric second-order Tutte Laplacian, or SSTL,U =



T ′T , whereT is the Tutte Laplacian operator. It is not
hard to see that for a connected mesh, thenull spaceof T ,
Nul T = {x | Tx = 0}, has rank 1. In fact,Nul T =
{a1 | a ∈ R and1 = [1 . . . 1]′}, which is the set of all
meshes that degenerate to a point. Also, it can be shown
that Nul K = Nul U = Nul T . Thus rank(K) =
rank(U) = rank(T ) = n − 1 and these operators are all
singular.

As we have shown, to ensure the uniqueness of a mesh
for a given error (drawn from the image space of the pre-
diction operator), we need to impose the constraint that
X̂ 0 = 0. In the case forK andU , it is equivalent to requir-
ing that the centroid of all the vertices, i.e., the DC value
corresponding to eigenvalue 0, be invariantly at the origin.
Since bothK andU are symmetric positive definite [29],
the results from the previous section do apply. That is,

• K is optimal for the singular multivariate Gaussian
distributionX with KX = R, where the prediction
operatorP = In − K.

• U is optimal for the distributionX with UX = R,
where the prediction operatorP = In − U .

However the distributions induced byK andU are quite
different. To get a sense of that, consider the simplest case
where the covariance matrix of the spectral-domain error
R̂1 is Ω = Iq. Thus the covariance matrix of the errorR
is given byΣr = E1E

′

1 = In − E0E
′

0. ForK (or U ), E0

is simply the eigenvector ofK (or U ) corresponding to the
(unique) zero eigenvalue. The normalized version of this
eigenvector is simplyE0 = [1/

√
n . . . 1/

√
n]′. Thus,

Σr =









(n − 1)/n −1/n . . . −1/n
−1/n (n − 1)/n . . . −1/n
. . . . . . . . . . . .

−1/n . . . −1/n (n − 1)/n









.

Consider the distributionX given byKX = DTX = R.
We haveTX = D−1R and the covariance matrix ofTX is
D−1ΣrD

−1. Thus at a vertexi with valencedi, the vari-
ance of thei-th component ofTX , which can be seen as
a rough, discrete measure of curvature at vertexi [27], is
(n − 1)/(nd2

i ). So this variance is sensitive to the valence
and the smallerdi is, the larger the variance.

Random mesh generation and spectral compression

An implication of the above observation is that the dis-
tribution induced byK tends to generate meshes that have
“spikes” at vertices with low-valences, as shown in Figure
2(a)-2(c), where some of the first a few random meshes gen-
erated fromK ’s distribution are shown. It turns out that
the eigenvectors ofK, when visualized as a scalar field de-
fined over the vertices of the mesh graph, also tend to have
“spikes” at vertices with a low-valence, e.g., 3 or 4 [29].

(a) (b) (c)

(d) (e) (f)

Figure 2. Some random meshes generated
with the same semi-regular 4-8 connectivity
of the sphere in Figure 1. (a)-(c): Using K ’s
distribution. (d)-(f): Using U ’s distribution.

The way we generate these random meshes is as fol-
lows. We use theRANDN() function from Matlab to gen-
erate the spectral-domain error term̂r1 ∈ Rn×3 according
to N(0, I). Then we generate the meshx = E1Λ

−2
1 r̂1, as

explained before. We see that the diagonal values ofΛ−2
1 ,

which are the square reciprocals of the eigenvalues ofK (or
U ), have the effect of attenuating the high-frequency con-
tent of error term. In general, the characteristics of the ran-
dom meshes generated may be examined from the eigen-
values and eigenvectors of the prediction operator and the
nature of the prediction it provides.

With the same error statistics, the distribution induced
by the SSTL operatorU appears to favor much smoother
meshes without any effects from the vertex valences, as
shown in Figure 2(d)-2(f). As far as linear prediction is
concerned, the operator forU ’s distribution

P = In − U = C′ + C − C′C = C + C′T (4)

is suitable for smooth meshes. It predicts the location of a
vertexi as the centroid of its neighbors plus a vector dis-
placement. This displacement is a weighted average of the
discrete Tutte Laplacian measures, given byT , at the im-
mediate neighbors ofi, where the weight used at neighbor
j is 1/dj, dj being the valence.

Now consider applyingK andU to spectral compres-
sion of a meshM . If M has a sufficient number of “spikes”
around low-valence vertices, e.g., boundary vertices tendto
fall into this category, then it is more likely to be generated
from K ’s distribution. So we would expectK to perform
better in terms of approximation quality (in the mean square
error sense) for compression, as it gives the (statistically)



optimal transform for the distribution. On the other hand, if
M is highly smooth, then it is more likely to be generated
by U ’s distribution and thenU should provide better com-
pression quality. In Section 5, we show some experimental
results to support these arguments.

To summarize, suppose that we wish to find an operator
Q which performs well in spectral compression for a par-
ticular class of meshes. We would then want this operator
to be a good predictor for this class of meshes, so that the
error term would tend to be small and close to its statisti-
cal mean0. In this case, this class of meshes have a higher
probability of being generated from the mesh distribution
defined byQ. Due toQ’s optimality for this distribution,
we would expect spectral compression of meshes from the
class to have smaller basis restriction errors. We will use
this approach to improve the performance of the SSTL in
compressing meshes with boundaries in Section 5.

Comparison with Ben-Chen and Gotsman’s model

A main difference between the stochastic model of Ben-
Chen and Gotsman [4] and ours is that they focus on gen-
erating onlyvalid meshes, i.e., meshes with no inverted
triangles. This is hard to achieve in 3D, especially when
mesh boundaries are free to move. In fact, Ben-Chen and
Gotsman do not guarantee mesh validity in their stochastic
model for 3D meshes with fixed boundaries.

Our model may generate invalid geometries, as shown in
Figure 2(a), although all valid geometries can also be gener-
ated according to our distribution. Moreover, our linear pre-
diction operator, which plays a similar role as the barycen-
tric coordinate matrix in their model, is fixed and not chosen
stochastically. It is unclear whether and to what extent does
this make our model more restrictive.

Ben-Chen and Gotsman do not handle the singular case.
We provide treatment of this, as well as meshes with fixed
boundaries or any set of anchor points [26], in the next sec-
tion. We again utilize the linear prediction model and arrive
at a different distribution and a different optimality result.
Finally, our stochastic model and proofs are given in a gen-
eral setting and our optimality statements do not dependent
on any assumptions on vertex valences and they are appli-
cable to a class of mesh distributions.

4.2. Meshes with fixed boundaries or anchors

Let us useX again to represent the random mesh vector
and without loss of generality, assume that all interior ver-
tices precede all boundary vertices in the vertex ordering.
LetX I andxB denote the subvectors of interior and bound-
ary vertices, respectively. Suppose that the mesh boundary
xB is fixed. We use the linear prediction model (1) again,
but this time for the interior verticesX I only,

X I = PX + R = P [X ′

I | x′

B ]′ + R, (5)

where we note that the prediction is based on the interior, as
well as the fixed boundary vertices. Note also thatxB does
not have to be just the mesh boundary; it may be any set of
“anchor” points which are fixed in space.

A natural choice forP is the centroid matrixC restricted
to the interior vertices. That is, if the centroid matrix is

C =

[

CI CB

C0 C1

]

, then the predictorP =
[

CI CB

]

.

Let TI = I − CI . Then we have

TIX I = CBxB + R.

If there are at least one boundary vertex and the mesh is con-
nected, it can be shown thatTI is a irreducibly diagonally
dominant matrix [25] and that it is invertible. Therefore,

X I = T−1
I CBxB + T−1

I R.

We shall assume that the error termR is a Gaussian white
noise distributed according toN(0, σ2I). It follows thatX I

has a nonsingular multivariate Gaussian distribution speci-
fied byN(µ, Σ) ≡ N(T−1

I CBxB, σ2(T ′

ITI)
−1). The op-

timal transform for this distribution is given by the eigen-
value decomposition with respect to the autocorrelation ma-
trix Σ + µµ′. Unlike K andU , this matrix depends on the
spatial information about the mesh, i.e.,xB .

(a) (b)

Figure 3. (a) A mesh patch. (b) The mean
mesh interpolating the fixed mesh boundary.

Note that themean meshµ = T−1
I CBxB has zero total

energy at the interior vertices, where the energy is defined
by the partial Tutte Laplacian[TI | −CB], which is the full
Tutte Laplacian restricted to the interior vertices only. Thus
our stochastic model favors smooth and regular meshes in-
terpolating the given boundary, as shown in Figure 3.

Finally, if we choose another linear predictor, e.g.,P =
I − U , in place of the centroid matrix, we would arrive
at a different optimal mesh signal transform for a different
distribution, but the derivations will be the same.



5. Experimental results

In practice, we have found that in terms ofL2 approx-
imation errors, the Kirchhoff operatorK and the SSTLU
have very similar performances for spectral compression.
However, meshes compressed usingK consistently exhibit
little “spikes” around low-valence vertices. Results shown
in Figure 1 exemplify this situation. The SSTL operator,
on the other hand, always seems to produce compressed
meshes with comparable or better visual quality (this is es-
pecially true for relatively smooth meshes with small or
no boundaries) and without any artifacts caused by vertices
with unusual valences.

Visual quality of compression may be measured roughly
using thevisual errorproposed by Karni and Gotsman [15]
and later studied by Sorkine et al. [26]. A slightly modified
version of the visual error is used in our experiments. We
compute the sum of: (1) squared differences between the
scale-dependent Laplacian2 measures (as vectors) at cor-
responding vertices and (2) squared vertex displacements
projected along the direction of such a vector (as an esti-
mate of the normal) at the vertex. In Figure 4(c)-4(f), we
show some sample compression results for a coarse version
of the bunny and a cube. The plots of the mean square ap-
proximation errors and visual errors are given in Figure 5.

For mesh patches with boundaries, the Kirchhoff oper-
ator tends to achieve a smaller approximation error mostly
because it is able to preserve the boundaries better, as shown
in Figure 6(b). The SSTLU , on the other hand, smooths the
mesh boundary more aggressively, as shown in Figure 6(c).
However, we can improve the performance ofU in these sit-
uations by modifying the centroid matrixC in the predictor
(4) so as to do a better job in preserving the boundary ver-
tices. This can be achieved by assigning a positive weight,
instead of zero as in the centroid matrix, to a boundary ver-
tex and reducing the weights at its neighbors, keeping the
sum of weights at 1. In Figure 6(d), we see slight improve-
ment at the boundary achieved by assigning a weight of 1/2
to the boundary vertices in the prediction. The correspond-
ing mean square approximation errors, which are shown in
Figure 7, should be more telling.

Note that precise preservation of the mesh boundaries is
possible if we take the improvement described above to the
limit. That is, we assign a weight of 1 to a boundary ver-
tex and zero to its neighbors in the prediction. The corre-
sponding results are similar to those obtained using the op-
timal transform described in Section 4.2, except for slightly
larger errors around interior vertices close to the boundary.
A comparison by the Metro tool [8] reveals that the approx-

2This is a variant of the Tutte Laplacian proposed by Desbrun et al. [9].
It depends on the geometry, namely, the edge lengths, of the mesh. Com-
pared with the combinatorial Tutte Laplacian, it provides amore accurate
discrete curvature measure at the mesh vertices.

(a) Original. (b) Fixed boundaries.

(c) Compressed withK. (d) Compressed withU .

(e) Compressed withK. (f) Compressed withU .

Figure 4. (a) Original bunny with 557 vertices.
(b) Compressed with fixed boundaries using
the transform of Section 4.2 ( m = 80 spec-
tral coefficients). (c) Compressed with K
(m = 120). (d) Compressed with U (m = 120).
(e) Compressed with K (m = 120). (f) Com-
pressed with U (m = 120).

imation errors are slightly larger for the former approach.
Note that to apply the optimal boundary-preserving trans-
form, we need to set the error varianceσ2 to obtain a rea-
sonable distribution. The choice of this value, which de-
pends on the fixed boundaryxB, may be optimized during
encoding and it is then transmitted for decompression.

If one were to apply this optimal transform to com-
press a large mesh composed of many patches, so as to fix
the boundary shrinkage problem pointed out by Karni and
Gotsman [15], the patch boundaries need to be encoded sep-
arately, e.g., using delta-encoding. The decoded connectiv-
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Figure 5. Mean square approximation error
and visual error plots for the bunny (top) and
the cube (bottom).

(a) Original patch. (b) Compressed withK.

(c) With originalU . (d) With modifiedU .

Figure 6. (a) Original patch with 503 vertices.
(b) Compressed with K (m = 80). (c) Com-
pressed with original U (m = 80). (d) Com-
pressed with modified U (m = 80).

ity and the error variances transmitted will be used to con-
struct the operators for spectral decompression. Note that
there will be a different operator for each of thex, y, andz
component for each patch.
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Figure 7. Approximation error improvement
with a better predictor for boundary vertices.

6. Conclusion and future work

The main contribution of this paper is an answer to the
question: what would be the equivalents of KL transforms
in the spectral analysis of meshes with irregular connectiv-
ity? We show that if one assumes a Gaussian white noise
model for the errorspectrumof the linear prediction model
(1), then any symmetric positive definite operator, e.g., the
SSTL U and the Kirchhoff operatorK, is optimal, in the
sense of minimization of basis restriction errors, for the
probabilistic distribution induced by this operator.

Although a closer look at the class of mesh distributions
for which a prediction operator is optimal is still needed, of
practical importance is our study of ED-transforms defined
by K, U , and their variants. We believe the SSTL operator
is the preferable choice for spectral compression of meshes.
We have also proposed two methods to perform boundary-
preserving compressions, which are useful to remedy the
boundary shrinkage problem for spectral compression of
meshes composed of many patches [15]. Admittedly, the
major obstacle for using spectral compression is still its
computational cost.

Our stochastic model based on linear prediction is quite
natural and its generality allows us to plug in various pre-
diction operators to study their corresponding probabilis-
tic distributions. It would be interesting to experiment with
predictors defined with other weights, e.g., geometry-driven
Laplacian operators [9], and examine the characteristic of
the random meshes generated. In some sense, these random
meshes reveal the “shape” of the operator, analogous to the
notion ofconnectivity shapesstudied by Isenburg et al. [13].
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