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Today’s peer-to-peer (P2P) Video-on-Demand (VoD) systems are known to be highly scal-
able in a steady state. For dynamic scenarios, much effort has been spent on accommodat-
ing sharply increasing requests (known as flash crowd) with effective solutions being
developed. The high popularity upon a flash crowd however does not necessarily last long,
and indeed often drops very fast after the peak. Compared to growth, a decay is seemingly
less challenging or even beneficial given the less user demands. While this is true in a con-
ventional client/server system, we find that it is not the case for peer-to-peer. A quick
decay can easily de-stabilize an established overlay, and the resultant smaller overlay is
generally less effective for content sharing. The replication of data segments, which is crit-
ical during flash crowd, will not promptly respond to a fast and globalized population
decay, either. Many of the replicas can become redundant and, even worse, their spaces
cannot be utilized for an extended period.

In this paper, we seek to understand the impact of such decays and the key influential
factors. Based on real world trace data, we develop a mathematical model to trace the evo-
lution of peer upload and replication during population churns, specifically during decays.
Our model captures peer behaviors with common data replication and scheduling strate-
gies in state-of-the-art peer-to-peer VoD systems. It quantitatively reveals the root causes
toward escalating server load during a population decay. The model also facilitates the
design of a flexible cloud based provisioning to serve highly time-varying demands.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

The Internet has witnessed a significant increase in the
popularity of peer-to-peer (P2P) Video-on-Demand (VoD)
applications, which deliver quality streaming video con-
tent to potentially millions of users. These systems utilize
dedicated memory or disk spaces on each peer as caches
for recently downloaded video segments, taking
advantage of peer upload bandwidth contributions to rap-
idly spread data among the users [2]. Such a peer-to-peer
sharing can dramatically reduce the server load, which is
known to be the critical bottleneck in conventional client/
server VoD systems. Ideally, a P2P VoD system is highly
scalable and self-sustainable in a steady state [3,11,12].
In practice, however, the server load saving can hardly
be more than 95% [12] and is generally less, particularly
in the presence of user population dynamics [27]. One
of the most notable scenarios is flash crowd, in which
hundreds of thousands of users joining the system within
a short period of time, just after a new movie or drama
series has been released [21]. Such a surge in user popu-
lation can dramatically disturb the balance established in
a steady peer-to-peer overlay, thus deteriorating the
streaming quality [5]. There have been a series of works
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1 The sets of the drama series are released together, and most of PPLive
user viewed them one by one continuously.

2 ATD represents the available replication to demand. for short, and it can
be calculated by R=D, where R is the total number of replicas for this video,
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addressing the challenge of flash crowd [20,17,21], which
often absorb the surge through deploying a potentially
large number of servers (e.g., 60 dedicated servers in
the Coolstreaming + system [5]) or leveraging content
delivery networks [8].

Experiences in commercial system deployment, e.g.,
PPLive [1], have shown these solutions for flash crowd
work reasonably well, despite the extra server cost in-
curred. The other side of the coin however has not been
well addressed. That is, keeping the high popularity upon
a flash crowd does not necessarily last long, and indeed
often drops very fast after the peak. For example, in You-
Tube, the top videos tend to experience significant bursts
of popularity, receiving a large fraction of their views on a
single peak day or week, which then quickly drop [15];
among the top-5000 most popular videos provided by
Hulu, the popularity decays by 20% after the first day
[16]. Our trace data from PPLive confirms that such a
quick population decay exists in peer-to-peer VoD system
as well.

Compared to growth, the decay is seemingly less chal-
lenging and would be even beneficial given the less user
demands. While this is true in the conventional client/ser-
ver communication paradigm, we find that it is not the
case for peer-to-peer. First, a decayed population means
a smaller overlay for the video, which defeats the benefit
of peer-to-peer sharing. This is particularly severe with a
quick decay, which can easily de-stabilize an established
overlay; Second, replication has been widely used to im-
prove sharing efficiency for popular videos and to miti-
gate the impact of flash crowd [28,10,12]; yet the
replicas in individual peers’ local storage will not
promptly respond to a fast and globalized population de-
cay. In other words, many of the replica become redun-
dant and, even worse, their spaces cannot be utilized for
an extended period with state-of-the-art replication strat-
egies. Lastly, such VoD systems as PPTV, Netflix, and You-
Tube now often release a group of popular videos (e.g. a
TV drama series) together, and these videos will then
experience similar user watching patterns (e.g., many
users watched them one-by-one in a sequence). Their col-
lective impact to the population (growth or decay) will be
even more damaging.

In this paper, we seek to understand the impact of such
decays and the key influential factors. Based on the real
world trace data, we develop a mathematical model to
trace the evolution of peer upload and replication during
population churns, specifically during decays. Our model
captures peer behaviors with common data replication
and scheduling strategies in state-of-the-art peer-to-peer
VoD systems. It reveals that, during a sharp population de-
cay, the peers’ local storage is not effectively utilized for
upload, and the imperfect content replication with slow re-
sponse inevitably results in an escalating server load. The
model also facilitates the design of a flexible cloud based
provisioning to serve highly time-varying demands.
Numerical results demonstrate the influence of such key
factors as upload ratio and eviction ratio during population
decays as well as the superiority of our cloud-assisted
design.
2. Existence and challenges of decayed popularity

The myriad of different contents in today’s VoD systems
make user behavior and attention span highly variable
with fast-changes [15]. Fig. 1(a) shows the popularity evo-
lution of the TOP 1000, 500, and 200 popular videos in the
Hulu web service [16], respectively. We can see that, de-
spite a peak of access in the beginning, most of these pop-
ular videos suffer from a rapidly decayed population in the
following days. There are fluctuations, but each later peak
is generally followed by a sharp decay again. For peer-to-
peer delivery, each peak of access (i.e., flash crowd) needs
considerable effort to accommodate. Yet the immediately
followed popularity decay largely destroys the balance in
an established peer-to-peer overlay and renders the effort
to be useless. Specifically, the replication in the peers’ local
storage can hardly keep up with a rapid decay. Consider a
typical example comes from PPlive, one of the most suc-
cessful P2P streaming systems with multi-million users.
Our data traces from PPLive show that a very popular dra-
ma series containing 26 sets1 quickly attracted nearly 20%
online view among all the videos (over 10,000) in the whole
system. The server load has increased to accommodate the
flash crowd but then decreased after a large overlay has
been established, which makes a number of data segments
from the drama series being replicated among the peers.
After two weeks, the popularity of the drama series declined
sharply, and yet the server load increased sharply, too.
Fig. 1(b) shows the popularity decaying process of the drama
series from the 12th day after they were released. We can
see that its popularity has dramatically decreased from
14% to 2%. Meanwhile, the replication ratio decreased much
slower, only from 11% to 4%. Further, in Fig. 1(c), the ATD2 is
recorded for all the videos in the system. We can observe
that ATD of the drama series increased fast since the first
day they were broadcast. Even though the number of online
viewers have already decreased in the 15th day, the contin-
ued growth of ATD made them a special group of videos dis-
tinct from the rest videos in the system. This is because the
replication strategy in PPLive is an online algorithm, which
needs sufficient time to adapt to the changing popularity.
As such, many of the replicas for the drama series become
temporally redundant in the decaying process, and even
worse, prevent the peers’ local storage spaces from being
used for newer popular videos. This, together with the
diminishing overlay size, contribute to the increased server
load in the system.

In the following section, we present a mathematic mod-
el to capture the inherent relationship between the video
popularity decreasing and the peer upload capacity evolu-
tion. Our model quantitatively explains the increase of the
server load and identifies the key influential factors. It also
facilitates the design of a flexible cloud service provision-
ing strategy.
and D is the total number of requests for this video in this system.
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Fig. 1. Population decays in the video on demand system.

Table 1
Model notation.

Parameter Definition

M Number of videos in the back-end storage server
NðtÞ Number of online users in the time slot t
njðtÞ Number the online watching the video j in time slot t
ui Upload bandwidth of peer i
rj Playback rate of the video j
C Storage capacity of the peer to store the video locally
ai;jðtÞ The replication map of user i for video j at time slot t
bi;jðtÞ The upload scheduling map of user i for video j at time

slot t
SðtÞ Server support at time slot t
DðtÞ Request demand at time slot t
UðtÞ Upload capacity by peers at time slot t
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3. System model

According to Fig. 1(c), during the fast popularity decay
of the drama series, the ATD of them grows sharply. Mean-
while, the rest videos in the system keep steady ATD fluc-
tuation, which is generally in accordance with the average
ATD of videos in the whole system. This observation moti-
vates us to found a two group model, in which the drama
series are considered in one group, with the rest videos
as the other group. Through the exploration of the replica-
tion and the upload evolution in the two groups, we seek to
understand the impact of such decays and the key influen-
tial factors.

In this section, we present our proposed two group
model of the P2P VoD system, which assumes that there
are M videos (see Table 1). Without loss generality, we as-
sume that all the videos are of unit size and with the same
playback rate rj ¼ r, for j ¼ 1;2; . . . M [27]. There is a server
that stores all the videos and serves as backup whenever a
peer cannot achieve the required download rate (equal to
the playback rate) [14,10].

In each time slot t, the number of online users in the
system is default NðtÞ, and each peer views one video at
the same time.3 The viewer population is

PM
j¼1njðtÞ ¼ NðtÞ
3 According the server log from PPlive, less than 5% peers start more than
one video session at the same time.
where njðtÞ represents the population of the online viewers
for video j. The total number of online viewers in the system
can be considered as constant,4 with following two consid-
erations. First, our work focuses on the effect of the video
popularity churn in the P2P VoD system. The assumption
is appropriate if the channel churn occurs in a much faster
time scale than that of peer churn (i.e. peer incoming or
leaving the system) [9,28]. Second, it is known that, in the
TV system, for a given period, the total number of viewers
is relatively constant, though they switch channels over
time.

Each peer contributes a limited upload bandwidth ui

and a storage capacity to store C videos, where C � M.
While the average peer uploading capacity being no less
than the average video playback rate (i.e. �ui

r P 1) is a neces-
sary condition for a P2P streaming system to scale, it is
insufficient to capture the system scale, as the upload
bandwidth resource may not be fully utilized by the repli-
cation strategy, especially in the presence of highly dy-
namic video popularity [17].

The server support SðtÞ is determined by two compo-
nents, the current user request demand and the user
upload capacity. If the total bandwidth demand exceeds
the user upload capacity, the server bandwidth has to
be provisioned for the normal playback of all the peers
in the system [18]. The user upload capacity is deter-
mined by the following three parameters, (a) the upload
bandwidth ui of each peer, (b) the replication distribu-
tion map ai;jðtÞ (i.e. ai;jðtÞ ¼ 0 means video j is not rep-
licated by peer i at time slot t, and ai;jðtÞ ¼ 1 means
video i is replicated by peer j at time slot t), and (c)
the upload scheduling map bi;jðtÞ (i.e. the bandwidth
utilization of peer i for video j at time slot t). We as-
sume that the download bandwidth of each peer is
not the bottleneck in the system [21,17,14,27]. With
the global knowledge and the central control, we can
have the lower bound of the server bandwidth support
as follows:
4 We assume that in each time slot the number of the online peers is a
constant, NðtÞ ¼ N, for t0 6 t 6 te , where t0 is the initial time slot and te is
the final time slot.



Fig. 2. Demand and supply relationship.
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XM

j¼1

rnjðtÞ �
XNðtÞ
i¼1

uiai;jðtÞbi;jðtÞ
( )

ð1Þ

s:t:0 6
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j¼1
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XM

j¼1
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0 6 rjnjðtÞ �
XN
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uiai;jðtÞbi;jðtÞ 6 NðtÞ; j 2 1; . . . ;M ð5Þ

Eq. (2) presents the constraints of the online user re-
quest for the videos, and Eqs. (3) and (4) show the con-
straints of the limited user storage capacity and upload
bandwidth. Eq. (5) provides the constraint of server sup-
port for each videos.

Note that this minimum server provisioning is a nonlin-
ear optimization problem, given the two-dimensional of
variables a and b. The replication distribution map a is
influenced by the replication strategy and the specific user
behavior, and the upload scheduling map b relates to the
popularity of the video, the playback deadline, and so on.
Therefore, even the global information is given in the sta-
tionary scenario, the optimal solution is very hard to
achieve [10,14]. Furthermore, with the dynamic peer churn
and video popularity churn, it can be expensive to acquire
the global information on time. The optimal replication
and scheduling strategy remains open problems in the
non-stationary scenario. Rather we focus on the questions
that how replication evolves and what are the critical fac-
tors during the popularity decay process. To this end, we
simplify the model to a general homogeneous case, as we
are more interested in the asymptotic collective behavior
of the system rather than the individual peer behavior.

3.1. Two group model

To characterize the video popularity decay, we assume
that the M videos are divided into two groups, namely, a
popularity decaying group G1 with size of K videos
m1;m2;m3; . . . ;mK and a popularity increasing group G2

with the rest videos mKþ1;mKþ2; . . . mM . The videos in G1

can be considered as the members of the newly broad-
casted drama series, and they will experience an fast popu-
larity decaying. Accordingly, we define the number of peers
viewing the videos in G1 as N1ðtÞ, and the numbers of peers
viewing the videos in G2 as N2ðtÞ. Therefore, in each time
slot, we have N1ðtÞ þ N2ðtÞ ¼ N. Further, according to [27],
the server load is indifferent to whether peers are homoge-
neous or heterogenous in bandwidth. Assuming an average
upload bandwidth ui ¼ �u for all the peers, we can have the
total bandwidth demand DðtÞ in each time slot as follows:

DðtÞ ¼ D1 þ D2 ¼
X

j2G1 ;G2

rnjðtÞ ¼ rN1ðtÞ þ rN2ðtÞ ð6Þ
In Fig. 2, we plot the relationship between the upload
capacity and the demand distribution. The upload capacity
from the server SðtÞ and peer upload capacity UðtÞ together
equal to the total bandwidth demand DðtÞ. Since the total
number of peers in time slot t is constant, the popularity
churn is driven by the peers exchange between the differ-
ent viewing groups (e.g. DN2;1ðtÞ implies the peers flow
from G2ðtÞ to G1ðtÞ in time slot t), we define N2ðt � 1Þ as
N20 for short. Accordingly, we have:

DN2ðtÞ ¼ N2ðtÞ � N02 ¼ DN1;2ðtÞ � DN2;1ðtÞ
DN1ðtÞ ¼ N1ðtÞ � N01 ¼ DN2;1ðtÞ � DN1;2ðtÞ

(
ð7Þ

In each time slot t, the viewing population change (i.e.
DN1ðtÞ and DN2ðtÞ) directly influences the current request
demand in the system. We define the video popularity for
the videos in G1 as q1ðtÞ ¼

N1ðtÞ
NK and q2ðtÞ ¼

N2ðtÞ
NðM�KÞ for G2,

respectively. We further define h1 ¼ DN1ðtÞ
N and h2 ¼ DN2ðtÞ

N as
the popularity churn ratios. We can then formulate the pop-
ularity churn as follows:

q1ðtÞ � q1ðt � 1Þ ¼ DN1ðtÞ�DN1ðt�1Þ
NK ¼ h1

K

q2ðtÞ � q2ðt � 1Þ ¼ DN2ðtÞ�DN2ðt�1Þ
NK ¼ h2

M�K

(
ð8Þ

Since we focus on the analysis of the popularity decay, we
consider the case that q1ðt0Þ � q2ðt0Þ.

Scheduling Strategy. We assume that each peer has
only partial knowledge of other peers and competes for
limited resources [21]. In the P2P VoD system, when a peer
is viewing a video, it can be supported by its partners, who
have the same video replica and available upload band-
width. A random scheduling strategy is utilized for partner
selection, and we consider r

j as the bit rate corresponding
to a unit bandwidth of the connection. There should be
at least j partners for the normal playback of one peer,
while the upload bandwidth of one peer is capable of sup-
porting a maximum of �uj

r connections.
Replication Strategy. The replication strategy implies

how the replicas are distributed in the local storage of
the peers after viewing. We focus on one of the most pop-
ular strategies, the least recently used (LRU) strategy, which
is also the default choice of PPlive [12].
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From the Fig. 2, we can see that when DN2;1ðtÞ users
move transfers from N2ðtÞ to N1ðtÞ, they still contribute
their upload bandwidth for videos in G2ðtÞ because there
still exist replicas for videos of G2ðtÞ in their local storage.
In the real world system, it is possible that some users
may be offline after finishing video viewing. When a peer
is offline, neither the replication nor the upload bandwidth
of this peer will be contributed in the system. When this
peer is online again, it still needs to choose which group
to join. For example, DN2;1ðtÞ stands for the peers who
leave Group 2 for Group 1. It contains not only the peers
who join Group 1 immediately after viewing the videos
in Group 2, but also the peers who turn online from offline
for the videos in Group 1. Therefore, this scenario still can
be accommodated in our model.

Thus we can have the upload capacity by peers, UðtÞ di-
vided into four components as follows:

UðtÞ ¼ �u
XM

j¼1

XN

i¼1

ai;jðtÞbi;jðtÞ

¼ �u
XK

j¼1

XN

i¼1

ai;jðtÞbi;jðtÞ þ
XM

j¼Kþ1

XN

i¼1

ai;jðtÞbi;jðtÞ
 !

¼ �u
XK

j¼1

XN1ðtÞ

i¼1

ai;jðtÞbi;jðtÞ þ
XK

j¼1

XN2ðtÞ

i¼1

ai;jðtÞbi;jðtÞ
 

þ
XM

j¼Kþ1

XN1ðtÞ

i¼1

ai;jðtÞbi;jðtÞ þ
XM

j¼Kþ1

XN2ðtÞ

i¼1

ai;jðtÞbi;jðtÞ
!

ð9Þ

Since the scheduling policy is identical across the peers,
we can distinguish the peer upload according to the repli-
cation resource of peers, namely R1;1ðtÞ;R1;2ðtÞ;R2;1ðtÞ and
R2;2ðtÞ, respectively, where Ra;bðtÞ represents the replicas
for videos in GaðtÞ; a 2 f1;2g from peers in
NbðtÞ; b 2 f1;2g, e.g. R1;2ðtÞ implies that the peers have
joined the viewing group N2, and their local storages still
keep the replicas of videos in G1.

To further analyze the evolution process of a and b, we
now define the eviction ratio and the upload ratio as
follows:

Definition 1. Let e1ðtÞ be the eviction ratio of the replicas
for the videos in G1 to be evicted by the replication strategy
in time slot t, and e2ðtÞ be that for G2.

Since we assume that there are only two types of
videos, e1ðtÞ þ e2ðtÞ ¼ 1. We can also consider e2ðtÞ as the
reservation probability for the replicas of G1 to reside in the
local storage and e1ðtÞ as that for the replicas of G2 to reside
in the local storage.

Given that it is an closed queuing system, we assume
that there are no new user flows and the local storage of
each peer is fully cached with replicas for G1 or G2.5 From
Fig. 2, we can see that the replication evolution is mainly
determined by two factors, namely, the eviction ratio (i.e.
5 To characterize the successive viewing pattern, we assume that the
replicas of DN2;1ðtÞ and DN1;2ðtÞ consist of videos in G2 and G1, respectively.
This follows the reality the newly joined users DN2;1ðtÞ from N2ðtÞ have not
watched the videos in G1 before, as videos in G1 are just released. Since the
users continue to view the videos in G1 one by one and C � K , there only
exist replicas for G1 in the local storage of DN1;2ðtÞ, which are leaving
viewing group N1ðtÞ.
e1ðtÞ or e2ðtÞ) and the viewing peers flows (i.e. DN1;2ðtÞ or
DN2;1ðtÞ). The former determines how many replicas should
be replaced by the viewing videos through the replication
strategy. The latter refers to the peer flows exchange
between the two viewing groups N1ðtÞ and N2ðtÞ. We can
then specify the replication evolution process of the four
parts as follows:

R2;1ðtÞ ¼ R02;1e01 þ DN02;1C

R1;1ðtÞ ¼ R01;1e02 þ N01 � DN01;2C

R1;2ðtÞ ¼ R01;2e02 þ DN01;2C

R2;2ðtÞ ¼ R02;2e01 þ N2ðtÞ � DN02;1C

8>>>><
>>>>:

ð10Þ

Replica R2;1 is gradually replaced by R1;1 when the N1ðtÞ
peers are watching G1, and replica R1;2 by R2;2 during
N2ðtÞ peers are watching G2. The current replication for
the videos of G1 or G2 in the system are as follows:

R1ðtÞ ¼ R1;1ðtÞ þ R1;2ðtÞ ¼ R01e02 þ N1ðtÞ
R2ðtÞ ¼ R2;1ðtÞ þ R2;2ðtÞ ¼ R02e01 þ N2ðtÞ

(
ð11Þ
Definition 2. Given the specific R1ðtÞ and R2ðtÞ in the
whole system, we define the upload ratio g1ðtÞ as the
upload bandwidth utilization for the videos of G1, and g2ðtÞ
for G2. Both g1ðtÞ and g2ðtÞ are between 0 and 1.

We then have the peers’ upload for G1 and G2 as
follows:

U1ðtÞ ¼ g1ðR1ðtÞ;R2ðtÞÞNðtÞ�u
U2ðtÞ ¼ g2ðR1ðtÞ;R2ðtÞÞNðtÞ�u

�
ð12Þ

Combining with user demand in Eq. (6), we have the
server support for G1 and G2 as:

S1ðtÞ ¼ rN1ðtÞ � g1ðR1ðtÞ;R2ðtÞÞNðtÞ�u
S2ðtÞ ¼ rN2ðtÞ � g2ðR1ðtÞ;R2ðtÞÞNðtÞ�u

�
ð13Þ

Fig. 3 shows a round map of the whole process from
population decay to the server provisioning. Without con-
sidering the new user flow, the viewer population change
(i.e. DN1 and DN2) of the two groups of videos becomes
the original cause to generate the server provisioning. On
one hand, it directly leads to the change of the demand
structure in the system. On the other hand, it leads to the
change of video popularity in the two video groups by
Eq. (8), which is also related to the sizes of the two groups
(e.g. K or M � K). Further, the upload ratio gðtÞ and the
eviction ratio eðtÞ are influenced by the time-varying video
popularity (i.e. q1ðtÞ or q2ðtÞ) and the local storage capacity
C. The replication evolution R1ðtÞ and R2ðtÞ are then calcu-
lated by Eq. (11), and the upload evolution U1ðtÞ and U2ðtÞ
are captured by Eq. (12). Finally, the server provisioning
can be acquired by Eq. (13).

4. Analysis of critical factors

From above analysis, the upload ratio gðtÞ and the evic-
tion ratio eðtÞ are two critical factors to understand the up-
load and the replication evolution process. Specifically, the
eviction ratio will determine how many replicas for G1 or
G2 will be replaced, and the new replication ratio in the
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next time slot will be generated based on the old one. The
upload ratio will then determine the bandwidth utilization
based on the current replication ratio. We now analyze
how the upload ratio gðtÞ and the eviction ratio eðtÞ are
influenced by the time-varying video popularity and the
local storage capacity.

4.1. Upload ratio g

Given the replication ratio, we first calculate the band-
width utilization for G1 or G2 in a single user case. In the
whole system, the replication ratio in the local storage of
each peer may be different, and it depends on the different
viewing behavior. Therefore, we further analyze and calcu-
late the range of g based on the total replication ratio.

4.1.1. Single peer scenario
Given each peer with a local storage C in the P2P VoD

system, there exist two types of replica: type A replicas
with the popularity q1, and type B replicas with the popu-
larity q2. The number of requests received by the peer is a
random variable with respect to each type of replica, and
the request probability for each replica is independent
from each other. If one replica receives the request, it will
establish a connection of one unit bandwidth with the re-
quest sender until the total upload bandwidth of the re-
quest receiver is used up.

Since the cache hit ratio for each replica member in A is
independent and identically distributed (iid), the cache hit
ratio of replicas in A is PðAÞ ¼ aq1. Similarly, the cache hit
ratio of replicas in B is PðBÞ ¼ bq2, and the cache hit ratio
of the replicas in the peer is PðRÞ ¼ PðA [ BÞ ¼ aq1 þ bq2,
which implies the probability to establish a connection
when a request comes. According to the Bayes’ law [10],
of all the established connections, the upload ratio for rep-
licas from A is PðAjRÞ ¼ PðRjAÞPðAÞ

PðRÞ ¼ aq1
aq1þbq2

.

4.1.2. Multiple peer scenario

Lemma 1. Consider there are n peers v1;v2; . . . ;vn, each of
which has a local capacity of C for replication storage. There
are M videos in the system. The total numbers of type A
replicas and type B replicas are m1 and m2, respectively, and
we have m1 þm2 ¼ n� C. Then in whole system we have the
average upload ratio for type A replica as follows:
m1
m1þm2

6 gA 6
m1q1

m1q1þm2q2
q1 P q2

m1q1
m1q1þm2q2

6 gA 6
m1

m1þm2
q1 < q2

(
ð14Þ

The proof can be found in Appendix A.

We can see that, in the multi-peer scenario, the bound
of the upload ratio g only depends on the number of repli-
cas and the request probability, respectively, rather than
the local storage capacity C. However, the local storage
capacity C will determine which boundary (the upper
bound or the lower bound) the upload ratio g will ap-
proach. Consider two extreme cases as follows:

When C approaches M, it implies all the video replicas
are stored in the local storage of each peer, given that a vi-
deo does not need duplicated replicas in a singe peer. Since
all the peers have the same replication distribution
(ai ¼ m1=n for i ¼ 1;2;3; . . . ;n), the upload ratio of every
peer is equal to each other. Thus the upload ratio in the
system is gA ¼ m1q1=ðm1q1 þm2q2Þ. In this case, an even
distribution (ai=bi ¼ m1=m2 for i ¼ 1;2;3; . . . ; n) enables
the popular videos to utilize the limited upload capacity
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in priority, resulting in the maximum upload ratio for pop-
ular videos.

When c approaches 1, which means only one replica can
be stored in the local storage of each peer, the upload ratio
g is only affected by the number of the replica (m1 or m2) in
the system, i.e., limc!1gA ¼

m1
n�c, given that each replica can

receive at least one request during the time slot (qi > 0 for
i ¼ 1;2; . . . ;n). We can see that c ¼ 1 is a special case of the
scenario, in which the peer’s local storage can only stores
one type of replica. In this scenario, no matter how high
or low the popularity of the local replica is, there are con-
stant �uj

r units of connection to be utilized for upload. There-
fore, the impact of the popularity distinction decreases and
only the amount of replicas becomes the influential param-
eters. Given the constant amount of replicas, the request
popularity results in the maximum upload ratio g for the
unpopular videos, and the minimum value for the popular
videos accordingly.

Overall, we can see that even though the local storage
capacity C does not influence the upper bound and the
lower bound of g directly, the average upload ratio g is
determined by the replication distribution (i.e. m1 and
m2), which is influenced by C. In real world, there exists
both even and uneven distributions given different user
behaviors. Generally, we have a conclusion that, under
the random scheduling strategy, a lager local storage
capacity benefits the upload bandwidth utilization of the
videos with higher popularity, and a lower local storage
benefits that of the videos with lower popularity. We can
further formulate our result as follows:

gA ¼
m1q1=ðm1q1 þm2q2Þ if c � 1
m1=ðn� cÞ else

�
ð15Þ
4.2. Eviction ratio e

We next analyze the effect of the LRU replication strat-
egy, and show how the replicas evolve in this system.

Theorem 1. The possibility for the replica v to be evicted can
be computed approximately as follows:

~eðvÞ ’ ð1� qvÞ
C ð16Þ

where qv is the popularity (possibility to be requested) of rep-
lica v, and C is the local storage capacity.

The proof can be found in Appendix B.
Similar to the upload ratio, given the number of two-

group replicas respectively, we can examine the eviction
ratio e in both the single peer scenario and the multi-peer
scenario.

4.2.1. Single peer scenario
There are a maximum of C replicas in the local storage

of a peer. We assume that the last item to be requested as
the one to be evicted. Then for a single peer, the eviction
ratio eA of the replica from the type A replicas is as
follows:

eA ¼
að1� q1Þ

C�1

að1� q1Þ
C�1 þ bð1� q2Þ

C�1 ð17Þ
where a and b are the numbers replica from A and B
respectively in the local storage of the peer, and
aþ b ¼ C. This can be derived similarly as that in
Section 4.1.1.

In this single peer scenario, the upload ratio gA does not
change with the storage capacity, which implies that if the
number of the replicas and the request popularity of the
replica keep constant, the utilization of the upload band-
width connection is basically fixed under the random
selection scheduling. However, the eviction radio eA is af-
fected by the storage capacity C directly. We can transform
Eq. (17) as follows:

eA ¼
1

1þ b
a

� � 1�q2
1�q1

� �C�1

where a – 0 (if a ¼ 0 or b ¼ 0, the eviction ratio will not
change with storage size C). If q1 > q2, we have 1�q2

1�q1
> 1.

Given that b
a is constant, eA decreases as the storage capac-

ity C grows. And verse vice when q1 < q2. Given the num-
ber of replication ratio is constant, the videos with lower
popularity are more likely to be evicted as the storage
capacity C grows. It also implies that a large C provides a
higher probability to reside the videos with higher request
popularity.
4.2.2. Multiple peer scenario
Like Section 4.1.2, type A replicas have the popularity

q1 and the eviction ratio P1 ¼ ð1� q1Þ
C�1, and type B rep-

licas have the popularity q2 and the eviction ratio
P2 ¼ ð1� q2Þ

C�1. According to the LRU strategy, we con-
sider the last item to be requested as the one to be
evicted. In this system, the total replica numbers of A
and B are m1 and m2, respectively, and we have
m1 þm2 ¼ n� C. Similar to the derivation in Section 4.1.2,
we have the average eviction ratio eA from A replicas as
follows:

m1P1
m1P1þm2P2

6 eA 6
m1

m1þm2
q1 P q2

m1
m1þm2

6 eA 6
m1P1

m1P1þm2P2
q1 < q2

(
ð18Þ

The only change is the usage of P instead of q, and we
can see that q1 P q2 ) P1 6 P2 and q1 < q2 ) P1 > P2.
Obviously, the larger storage capacity will result in a high-
er eviction ratio for the video with lower popularity, and it
benefits the videos with higher popularity to reside in the
storage.

Through above analysis, we can see that the upload
ratio g and the replication ratio e are not only influenced
by the replica number, the request probability, and the
local storage capacity, but also the replication distribution
among the multiple peers. The traditional scheduling and
replication strategies tend to emphasize the importance
of popular videos meanwhile underestimate the demand
of unpopular videos, as observed in other measurement
works [12]. Given a constant peer upload bandwidth,
improving the storage capacity may not be effective to
solve the problem.
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5. Cloud-assisted provisioning

Cloud computing allows elastic deployment of applica-
tions by dynamically provisioning resources [18,6], which
we believe to be an effective solution to address the chal-
lenges of popularity decays, too. Since the cloud provision-
ing is not instant [4], we assume that there is a demand
forecast algorithm (e.g. the algorithm in [13]) to predict
the demand (i.e. the number of viewers N1ðtÞ or N2ðtÞ) in
the next time slot t. For ease of expression, we denote
Rðt � 1Þ as R0 and RðtÞ as R. According to Eq. (11) of the
two group model, the replication evolution can be ex-
pressed as follows:

R1 ¼ R01ð1� e01Þ þ N01 ¼ j0P02 þ N01
R2 ¼ R02ð1� e02Þ þ N02 ¼ j0P01 þ N02 ð19Þ

where j0 ¼ R01R02
R01P01þR02P02

, P01 ¼ ð1� q01Þ
C�1, and P02 ¼ ð1� q02Þ

C�1.

Note that if C � 1, we have g1 ’
R1q1

R1q1þR2q2
and

e1 ’ R1P1
R1P1þR2P2

; otherwise we have limC!1e1 ¼
limC!1g1 ¼

R1
NC. When C ! 1, the situation is simple and

intuitive, since the upload ratio g and the replication ratio
e is proportional to the number of replicas in the system.
We focus this on the more general situation where C � 1
[12].

According Eq. (12), we can have the upload evolution
for G1 with the predicted popularity q1 and q2 as follows:

U1 ¼
�uNR1q1

R1q1 þ R2q2

¼
�uNðj0P02q1 þ N01q1Þ

j0P02q1 þ N10q1 þ j0P01q2 þ N02q2

’
q1R01ð1þ

R02
NCÞ

q1R01ð1þ
R02
NCÞ þ q2R02ð1þ

R01
NCÞ

ð20Þ

where P01
P02
¼ 1�q01

1�q02

� �C�1
’ 1 when K � 1;M � K � 1, and

C � M.
Therefore, given U01 ¼

R01q
0
1

R01q
0
1þR02q

0
2

and q1 ¼ q01 þ h
K,

q2 ¼ q02 þ h
M�K, we have the upload evolution for G1 as

DU1 ¼ U1 � U01. Finally the extra cloud service provisioning
driven by DN in time slot t can be expressed as follows:

DS ¼ maxf0;DN1r � DU1g þmaxf0;DN2r � DU2g ð21Þ

During a population decay for G1, we have DN1 < 0 and
DN2 > 0. Accordingly, we have the popularity decay as
q1ðtÞ < q1ðt � 1Þ, with the eviction ratio eðtÞ > eðt � 1Þ
and upload ratio gðtÞ < gðt � 1Þ. Therefore we have
R1ðtÞ < R1ðt � 1Þ and U1ðtÞ < U1ðt � 1Þ. However, according
to our analytical result, when the popularity still keeps the
relationship q1 > q2, the replica R1 is still very hard to be
replaced, even though the demands for videos in G1 have
decrease dramatically. This follows jDN1j ¼ jDN2j and
jDU1j ¼ jDU2j, and jDN1rj � jDU2j. Thus, the bandwidth
support for G2 will be the major part of cloud service pro-
visioning, as DN1r � DU1 < 0 and DN2r � DU2 � 0. This
will present the numerical results to further validate it in
the next section.
6. Numerical result and discussion

In this section, we will fist generate a population decay
environment in Section 6.1. Then we will show the numer-
ical results of replication ratio and the upload ratio evolu-
tion process in the static scenario and the dynamic
scenario respectively in Section 6.2. Finally, we will vali-
date our proposed model through comparing the predic-
tion result from our proposed model with the real world
trace and the simulated result in Section 6.3.
6.1. Time-varying popularity

Since we focus on the performance in large-scale over-
lays (where the decay will be noticeable impact), it is hard
to perform packet-level simulations. Instead, we have con-
ducted simulation based on aggregated user behaviors.
Thus, we simulate a dynamic environment with 10,000 on-
line peers and 2000 videos in the system, each peer views
the video according to the video popularity. In the simula-
tion environment, the random scheduling strategy is de-
ployed for partner selection. Each peer views the video
according to the video popularity, and updates its local
replication through LRU strategy. The local storage capac-
ity C is the only parameter for the LRU. The peer upload
bandwidth is set equal to the video playback bandwidth.
Thus, the total demand in the system can be covered in a
narrow margin by the peer upload as in [21]. Each video
length is 1 h, and the time slot is 1 h in the following
simulation.

Through the former analysis, we can see that the re-
quest popularity decay is influenced by the video group
sizes and the total number of peers in the system. Like
[21], we assume 10,000 online peers and 2000 videos in
the system. Initially, there are a maximum of 3000 online
users (30%), watching K videos in G1, and there are 7000
online users (70%) viewing M2 ¼ 2000� K videos in G2.
Considering that a user usually does not return to the video
it has just watched [14], the population of the videos in G1

decreases over time as more and more users have com-
pleted watching the videos. This fetch-at-most-once behav-
ior of users is very prevalent in the P2P systems [19]. Let P
be the probability for a user to join the viewing group. The
user will leave the viewing group after watching K videos,
and will not turn back to view the videos again. Then we
have the arrival rate for time slot t as kðtÞ ¼ NPð1� PÞt�1.
The peak viewing population is 3000. Accordingly we have
P1 ¼ 1:8� 10�3, P2 ¼ 1:2� 10�3, P3 ¼ 7:14� 10�4 for
K1 ¼ 200, K2 ¼ 300, K3 ¼ 500, respectively.

Fig. 4(a) and (b) shows the population decay of online
viewers N1ðtÞ and the popularity decay q1ðtÞ for each vid-
eos in G1, respectively. We can see that both the popula-
tion and the popularity decreases dramatically as the
departure rate is greater than the arrival rate. In our
experiment, we keep the initial viewing population
N1ðt0Þ as a constant, and change the number of videos
in G1 from 200 (K1), 300 (K2), to 500 (K3). When
K1 ¼ 200, the popularity of the videos experiences a very
fast decreasing with the highest initial popularity
1:5� 10�3. As the number of videos K increases, the
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Fig. 4. Time-varying popularity (a) and (b) and single peer scenario with constant popularity (c–f).
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popularity will decrease more slowly, and the population
tends to be relatively steady. It implies that, to reach the
same population scale, the video group with the smaller
size will suffer from higher request popularity, and the
users will leave fast after they complete the viewing. It
usually leads to the problem if the replication or the up-
load bandwidth in the system cannot efficiently scale to
the great amount of user demand temporarily. Mean-
while, it does not last for a long time due to the short
viewing time. Oppositely, the video group with a high
number of videos can distribute the arrival viewers
among different videos. Therefore the population and
the popularity can be kept relatively stable in a long-
term.

6.2. Upload ratio and replication ratio

We then analyze the time-varying replication ratio and
upload ratio, respectively. First, the popularity is kept con-
stant, and the numerical results show how the replication
ratio and the upload ratio evolve over time with different
user local storage capacities C. Second, we will find out
how the replication ratio and the upload ratio evolve under
the population decay environment.

6.2.1. Single peer scenario with constant popularity
Consider two popularity scenarios q1 ¼ 1:0� 10�3, and

q2 ¼ 4:1176� 10�4 (i.e. the initial popularity sate when
K ¼ 300), and q1 ¼ 6:0� 10�4, q2 ¼ 4:6667� 10�4 (i.e.
the initial popularity sate when K ¼ 500). We can see that
the popularity gap in the former scenario is much larger
than that in the latter one. During this experiment we keep
the video popularity constant over time. For user local stor-
age capacity C ¼ 5;10;20, we measure the evolution pro-
cess of the upload ratio and the replication ratio,
respectively. We assume that, before the peer joins into
the viewing group, there is no video replica of this viewing
group, which means the replication ratio and the upload
ratio both start from zero.

From Fig. 4(c)–(f) we can have following observations:
(1) Both the replication ratio and the upload ratio expe-
rience a quick growth, then the speed slows down when
the value approaches 1. Comparing Fig. 4(c) and (d), we
can see the quick growth is more obvious when the peer
leaves from videos with low popularity to the videos
with high popularity. Meanwhile, we can see that the
growth speed is mainly affected by the storage capacity
C during the replication ratio evolution process. During
the upload ratio evolution process, the different video
popularity impacts the growth speed of the upload ratio
from the beginning. (2) The growth speeds of both the
replication ratio and the upload ratio are reduced as
the local storage capacity C increases. It is intuitive to
consider the larger capacity C should take a longer time
to replace the replicas. From the Fig. 4(d) and the
Fig. 4(f), we can see that the reduction of the growth
speed for the videos with low popularity is more obvious
than that with high popularity, especially the local stor-
age capacity C is high. The video with low popularity is
more likely to be replicated and uploaded in a smaller
storage capacity, which confirms our conclusion in the
theoretic analysis.
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6.2.2. Multiple peers scenario with time-varying popularity
We further examine the evolution of the replication ra-

tio and the upload ratio with different storage capacities
(C ¼ 5;C ¼ 10;C ¼ 20) in the multiple peer scenario. In
the popularity decay environment of Section 6.1, the aver-
age popularity of all the videos in the system is 5:0� 10�4.
When K ¼ 200, the video popularity in G1 drops from
1:5� 10�3 to the average popularity at time slot 615 with
viewing population 1000 (time slot 585 with viewing pop-
ulation 1500 when K ¼ 300, and time slot 265 with view-
ing population 2500 when K ¼ 500).

From Fig. 5, we can see that, before the video reaches
the average popularity, the replication ratio and the upload
ratio still experience a short period increase, even though
the video popularity and population have decreased al-
ready. Comparing with the scenarios K ¼ 300 and
K ¼ 500, the high initial video popularity when K ¼ 200
enables the replication grows faster than the viewing pop-
ulation fraction (given the total online user number is
10,000), especially when the storage capacity is increased
as C ¼ 20. When the video popularity decreases to the
average popularity at about time slot 500, both the replica-
tion ratio and the upload ratio approaches the viewing
population fraction well. As the viewing population keeps
decreasing, the videos in G1 tend to be more unpopular
comparing to the rest videos in the system. We can see
the that both the replication ratio and the upload ratio
experience an excessive decrease over the population
change, especially when the storage capacity is increased.

6.3. Predictive cloud-assisted server provisioning

The above experiments have showed the replication
evolution in the static and the time-varying dynamic
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(d) Upload ratio when C = 10
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Fig. 5. Replication ratio and upload ratio evolution in the m
environment respectively. As it is usually not instant to
provision the server resource [4], the accuracy of server
load prediction is essential in the online cloud-assisted
strategy. In the following section, we will take one further
step to validate our proposed cloud-assisted server provi-
sioning strategy. As we have assumed that the video de-
mand in the next time slot can be forecast accurately
using algorithm in [13], the cloud-assisted server provi-
sioning proposed in Section 5 consists of a replication pre-
diction strategy (i.e. Eq. (19)) server load prediction (i.e. Eq.
(21)). As the server load prediction is based on the replica-
tion prediction result, the experiments in this section are
designed as follows. First, we use the real world trace to
evaluate the replication prediction. The numerical result
of the replication prediction is achieved through calculat-
ing the eviction ratio e, and validated through comparing
to the real world trace. Second, we use the simulated pop-
ularity decay environment of Section 6.1 to evaluate the
proposed cloud-assisted server provisioning strategy. The
numerical result of the server load prediction is achieved
through calculating the upload ratio g and the replication
prediction results. Its accuracy is validated through the
simulated results with various of parameter setups.

In Fig. 6(a), the replication is predicted according to the
trace of drama series in 32 days from PPlive. Using the
trace of the viewer population, we have the numerical re-
sults of the replication prediction, and further validate it
with the trace of replication. We set C ¼ 2 corresponding
to the 1G local storage capacity in PPlive. A steady decay
is observed after two rounds of viewer population fluctua-
tion, with each period of 7 days. We conjecture that it is
due to the viewer behaviors in the week days (e.g. viewers
may be attracted by the weekend special programs). Basi-
cally, the predicted replication stays in accordance with
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Fig. 6. Predictive replication evolution and server provisioning.

F. Chen et al. / Computer Networks 60 (2014) 75–87 85
the trace of replication in the system. There exists a general
gap between the predicted value and real world trace. We
speculate that during the popularity decay of the drama
series, other new broadcast videos with sharply increasing
popularity reduce the replication of the drama series in the
system.

In Fig. 6(b) and (c), the cloud-assisted server provision-
ing strategy is validated in the simulated popularity decay
presented in Fig. 4(a) and (b). Using the simulated popular-
ity decay in Section 6.1, we have the numerical result of
the server load prediction, and further validate it with
the simulated server load. In Section 6.1, the popularity de-
cay is simulated with group numbers K ¼ 200;300;500.
Among these different levels of popularity decays, we can
see that during the graceful popularity decay (K = 500),
the numerical results of server prediction match the simu-
lated results well. When the popularity decay sharply
(K = 200), the predict accuracy decreases especially during
the peak server load prediction. Further, the deviation be-
comes worse if the peer local capacity increases to 10 in
Fig. 6(c). Similarly, the deviation also happens during the
replication prediction in Fig. 6(a). We can see that when
the popularity decreases sharply (e.g. the 7th day and the
16th day), the deviation of the replication prediction is also
serious. We can conjecture the deviation occurs during
both the calculation of the upload ratio g and that of the
replication ratio e. According to Eq. (14) and (19), we can
only have approximate range values of g and e. When the
popularity is low or gracefully changed (i.e. K = 500), a high
prediction accuracy can be expected through accurate allo-
cation of g and e in the limited range. Generally, we can see
that the server resource can be flexibly provisioned to
accommodate the surging server load during the popular-
ity decay. Comparing to the server-assisted strategy, it is
cost effective because the server resource is needless to
be always prepared for the peak demand.

7. Related work

The benefits of utilizing P2P strategy to reduce server
load have been carefully verified through measurement
studies [11,12,22]. Many existing caching strategies analy-
sis relied on the assumption of static user behavior. For
example, authors in [10] formulated the video replication
as an optimization problem, but they only presented the
server workload impacted by the static video popularity.
In [27], a replication algorithm RLB was proposed to bal-
ance the service among the videos with different popular-
ity, however, the analysis was still under a stationary
demand model. As argued in [14,15], the real world sys-
tems always experience a non-stationary video popularity.
Thus, our work differentiated itself from the former stud-
ies, since we focused on the replication and upload evolu-
tion during the time-varying video popularity decay.

As one of the most notable scenarios with time-varying
video popularity, flash crowd has been extensively ex-
plored in recent years using CDN or Cloud assistance
[17,18]. The commercial P2P streaming systems have
widely utilized a set of self-deployed servers or leveraged
the CDN service to help alleviating the effect from flash
crowd [5]. Coolstreaming system, for example, in Japan Ya-
hoo, deployed 24 servers in different regions that allowed
users to join a program in order of seconds [12]. Netflix uti-
lized various Amazon cloud services, ranging from EC2 and
S3, to SDB and VPC, and also multiple CDNs were employed
for its content delivery, such as Akamai, LimeLight, and Le-
vel-3 [7]. Extensive works have been done to deploy CDN
to accommodate the surging server load [21,26]. Yin
et al. presented a commercial deployed hybrid CDN-P2P
live streaming system for dynamic resource scaling with
stream quality guarantee [8]. In [7], a measurement-based
adaptive CDN selection strategy was proposed for video
delivery over multiple CDNs. However, most of them fo-
cused on the performance of latency for large scale of dis-
tributed requests, and did not cover the server load
variation in the system with heterogenous video
popularity.

Meanwhile, as the elastic resource provisioning makes
cloud computing an efficient solution to accommodate
the peak server load, many techniques for cloud-assisted
strategy have been proposed for the system with time-
varying video demand [13,18,23]. For example, Wang
et al. [4] presented CALMS (Cloud-Assisted Live Media
Streaming) to lease and adjust cloud server resources in a
fine granularity to accommodate temporal and spatial
dynamics of demands from online users. In [16], a hybrid



86 F. Chen et al. / Computer Networks 60 (2014) 75–87
cloud-assisted strategy was proposed through partial
migration of VoD services to content clouds to deal with
peak load of user demand. Wu et al. [24] scaled the social
medias in a geo-distributed cloud through demand predic-
tion. In [25], the video streaming datacenters were formu-
lated in a game theory model to maximize the resource
utilization. Yet the server load caused by the inefficient
peer local capacity utilization and the diminishing overlays
during the video popularity decay have seldom been
considered.

8. Conclusion

In this paper, we developed a mathematical model to
trace the evolution of peer upload and replication during
the population decays. Our model captured peer behaviors
with common data replication and scheduling strategies in
state-of-the-art peer-to-peer VoD systems. It reveals that,
during a sharp population decay, the peers local storage
is not effectively utilized for upload, and the imperfect con-
tent replication with slow response inevitably results in an
escalating server load. The proposed prediction model is
validated through both the real world trace and the simu-
lated result. It facilitates the design of a flexible cloud
based provisioning strategy to serve highly time-varying
demands.

Potentially, the two group model can be extended to a
multiple group model. If we limit the group size to one,
there is only one video in each group with a specific popu-
larity. Take one step further, if we consider this problem in
the chunk level, each chunk will have its own request
probability and replication probability. Although the mod-
el can be more accurate because of the granularity, the
computation complexity would grow exponentially as
the number of group increases. Thus, there are NM chunks
in the system. Suppose C chunks can be replicated in the
local storage of one single peer. Therefore, there would
be MN!

ðMN�CÞ!C!
possible combinations of chunks to be replicated

in a single peer. Even though the two group model is a spe-
cial case for the multiple group model, it is efficient to cap-
ture the evolution of the system and accurately predict the
server load.

Appendix A. Proof of Lemma

Proof 1. According to the upload ratio g in the single peer
scenario, we have

gA ¼
a1q1

a1q1 þ b1q2
þ a2q1

a1q1 þ b2q2
; . . . ;

anq1

anq1 þ bnq2

� �	
n

where ai and bi represent the numbers of type A replicas
and type B replicas in the local storage of peer i, respec-
tively, and we have a1 þ a2þ; . . . ; an ¼ m1 and ai þ bi ¼ c
for i ¼ 1;2; . . . ;n. The lagrange multipliers can be used to
find the local maximum (q1 > q2) or minimum (q1 < q2)
of the average upload ratio. The problem can be expressed
as follows:
Max: f ða1; . . . ; an; b1; . . . ; bnÞ ¼
XM

i¼1

aiq1

aiq1 þ biq2
ðA:1Þ

s:t: ai þ bi ¼ c; i 2 1;2; . . . ;n

a1 þ a2 þ a3 þ � � � þ an ¼ m1

where c P 1 is the local storage capacity of each peer. Let
/1 ¼ ai þ bi � c and /2 ¼ a1 þ a2 þ a3 þ � � � þ an �m1, and
consider the Lagrangian L ¼ f þ k1/1 þ k2/2, we have:

Lai
¼ biq1q2

ða1q1þb1q2Þ
2 þ k1 þ k2 ¼ 0

Lbi
¼ � aiq1q2

ða1q1þb1q2Þ
2 þ k1 ¼ 0

/1 ¼ ai þ bi � c ¼ 0
/2 ¼ a1 þ a2 þ a3 þ � � � þ an �m1 ¼ 0

8>>>>><
>>>>>:

ðA:2Þ

Scenario (i): If ai – 0 and bi – 0, we have ck1
ai
þ k2 ¼ 0.

Therefore, ai is constant for i ¼ 1;2;3; . . . ;n, which implies
that a1 ¼ a2 ¼ a3; . . . ¼ an ¼ m1

n and b1 ¼ b2 ¼ b3; . . . ¼
bn ¼ m2

n is the unique solution to these constraints. When
q1 > q2, m1q1

m1q1þm2q2
provides the maximum for type A repli-

cas upload ratio gA, and accordingly m2q2
m1q1þm2q2

represents

the minimum for type B replicas upload ratio gB, given that
the average upload ratio satisfies gA þ gB ¼ 1. And vice
versa for q1 < q2. For q1 ¼ q2, the upload ratio only
depends on the number of the replicas m1

n�c ¼
m1

m1þm2
.

Scenario (ii): If ai ¼ 0 or bi ¼ 0, each peers v1;v2; . . . ;vn
only cache replica A or B. Given that replication capacity c
and the upload capacity u are constant for each peer, the
upload ratios of replica A or B are respectively proportional
to the number of replicas, which implies that gA ¼ m1

m1þm2

and gB ¼ m2
m1þm2

. h
Appendix B. Proof of Theorem 1

Proof 2. Consider an Independent Reference Model (IRM)
as the arrival model [29], which describes the request
arrivals Rt ¼ r1; r2; r3; . . ., as a sequence of independent,
identically distributed random variables with the proba-
bility distribution:

Pðrt ¼ iÞ ¼ qi; for i ¼ 1;2; . . . n; with
Xn

i¼1

qi ¼ 1 ðB:1Þ

where the items are indexed as 1;2; . . . ;n. A configuration
of R is a vector K ¼ k1; k2; . . . ; kn with the specific number of
requests, kj, issued for item j in this sequence (

Pn
j¼1kj ¼ t).

To compute the eviction probability of item v, we
define �v as the item set without v. The probability for a
specific configuration K of the R requests among the items
�v is given by a multinomial distribution as follows:

Pð�v;K; tÞ ¼ t!Q
j2�vkj

Y
j2�v

ðqjÞ
k
j

ðB:2Þ

Given t P C, we have

X1
t¼C

Pð�v;K; tÞ ¼
P

j2�v qj

� �C

1�
P

j2�v qj
ðB:3Þ
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Eq. (B.3) is the probability that item v is not requested
during Rt , but we also need to make sure that at least C � 1
other items are requested. This will then cause item v to be
evicted by the LRU replication strategy.

According to [30], when 1� C � n, the eviction prob-
ability ~eðvÞ can be approximated as follows:

~eðvÞ ’ ð1� qvÞ
C

� ðB:4Þ
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