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1 Interactive Protocols for #SAT

In the last lecture, I mentioned the theorem of Shamir that IP = PSPACE, i.e., that any
language in PSPACE can be decided by an interactive protocol between an all-powerful but
not trusted Prover and a probabilistic polytime Verifier. Instead of proving this result, we’ll
show an earlier result upon which Shamir’s proof is based.

Define #3SAT to be a function that maps a 3-CNF φ(x1, . . . , xn) into a number s that
is equal to the number of satisfying assignments of φ. We’ll show the following

Theorem 1 (Lund, Fortnow, Karloff, Nisan). #3SAT is in IP.

Remark Here, by IP we mean IP[poly], i.e., an interactive protocol with a polynomial
number of rounds.

The key ingredient in the proof of both results mentioned above is arithmetization of
propositional formulas. Namely, the conversion of a given 3-CNF φ(x1, . . . , xn) into a an
arithmetic formula computing a multivariate polynomial f(x1, . . . , xn) satisfying the follow-
ing property. For any truth assignment a = (a1, . . . , an) (which we view as a 0-1 vector), if
φ(a) is True, then f(a) = 1; and if φ(a) is False, then f(a) = 0.

Such an arithmetization of a formula φ is carried out inductively. A variable x becomes
the function x, and the literal x̄ becomes the function 1 − x. A formula φ1 ∧ φ2 becomes
the function f1 ∗ f2, where fi is an arithmetization of φi, i = 1, 2. Finally, a formula φ1 ∨ φ2

becomes the function 1− (1− f1)(1− f2), where fi is the arithmetization of φi, i = 1, 2. (To
make sense of the last rule, recall that by de Morgan’s rule, φ ∨ ψ ≡ ¬(¬φ ∧ ¬ψ.)

Example: Let φ(x1, x2, x3, x4) = (x1 ∨x2 ∨ x̄3)∧ (x̄1 ∨ x̄3 ∨ x4). Then the corresponding
arithmetic formula will be f(x1, x2, x3, x4) = [1− (1−x1)(1−x2)x3][1−x1x3(1−x4)], which
is a polynomial of degree 6.

Note that the degree of the constructed polynomial is 3 times the number of clauses in φ.
This is not a coincidence. It is easy to see that any 3-CNF φ with m clauses is transformed
by the arithmetization procedure described above into a polynomial of total degree at most
3m.

Lemma 2. Let φ(x1, . . . , xn) be a 3-CNF with m clauses, and let f(x1, . . . , xn) is the arith-
metic formula obtained by arithmetizing φ. Then (1) the total degree of f is at most 3m, (2)
on any 0-1 vector a, f(a) ∈ {0, 1}, and (3) on any 0-1 vector a, f(a) = 1 iff φ(a) is True.
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Proof. Exercise. (Hint: use induction.)

For a 3-CNF φ and the corresponding arithmetization f , let’s define #φ= (# satisfying
assignments of φ), and #f =

∑
1

x1=0

∑
1

x2=0
· · ·

∑
1

xn=0
f(x1, x2, . . . , xn). Then, by the lemma

above, we get that #φ = #f . So, proving that #φ = s is equivalent to proving that #f = s.
The latter is what our IP protocol is going to do.

Note: 0 ≤ #φ(x1, . . . , xn) ≤ 2n. So, if we take a prime p > 2n, then #φ( mod p) = #φ.
It will be convenient for the Verifier to get such a prime from the Prover, and do all the
checking mod p, i.e., over the finite field Zp.

The Prover will claim that

1∑

x1=0

1∑

x2=0

· · ·
1∑

xn=0

f(x1, x2, . . . , xn) = s, (1)

for some number 0 ≤ s ≤ 2n. The verifier’s strategy will depend on the following way of
“removing” the summation signs from the above arithmetic expression.

Define

f1(z) =

1∑

x2=0

1∑

x3=0

· · ·
1∑

xn=0

f(z, x2, x3, . . . , xn).

Note that f1(z) is a univariate polynomial in variable z of degree at most that of f , i.e., at
most 3m. Clearly, equality (1) is true iff

f1(0) + f1(1) = s. (2)

But how can we compute f1(z)? It is very hard. The polytime verifier will not be able
to do it (unless NP = P or something even more dramatic happens). However, the Prover
can compute f1(z). So, the Verifier can just ask the Prover to send the coefficients of f1(z).
Since f1 has degree at most 3m, the Prover needs to send at most 3m + 1 coefficients over
Zp, which is small enough amount of information that the polytime Verifier can handle.

If the Prover is honest, then he’ll send a correct s and f1 so that equality (2) holds.
What about a dishonest Prover? Suppose that the Prover sends a wrong s, i.e., equality (1)
is false. Then the prover sends g1(z) (of degree at most 3m), and claims that g1(z) ≡ f1(z).
Suppose that the Verifier checks first that g1(0) + g1(1) = s. If the check does not pass, the
Verifier rejects. Either the polynomial g1 sent by the Prover does not pass this check and
the Verifier rejects, or g1(0) + g1(1) = s. In the latter case, since s is a wrong number, it
must be the case that g1(z) 6≡ f1(z) (because f1(0) + f1(1) 6= s).

So, if the cheating Prover passes the Verifier’s check, then it must be the case that g1(z)
and f1(z) are different polynomials. Since both polynomials are of degree at most 3m, if
the Verifier picks a random value r1 ∈ Zp, then with high probability (at least 1 − (3m)/p),
g1(r1) 6= f1(r1).

What is f1(r)? Note that f1(r) =
∑

1

x2=0
· · ·

∑
1

xn=0
f(r, x2, . . . , xn). The expression on

the right hand side is of the same type as the initial equality in (1), except with one less
summation sign. By setting s1 = g1(r1), the Verifier reduces the original question about
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equality (1) to the new question about the equality with fewer summations:

1∑

x2=0

· · ·
1∑

xn=0

f(r, x2, . . . , xn) = s1. (3)

By what we argued above, the cheating Prover will have to give a wrong polynomial g1(z)
so that, with high probability, equality (3) is wrong.

Now the Prover and the Verifier can engage in the same protocol as before, but for a
smaller instance - equality (3). After n rounds of communication, the Prover has sent to the
Verifier a last polynomial gn(z) which is supposed to be equal to f(r1, r2, . . . , rn−1, z), for
r1, . . . , rn−1 chosen by the Verifier in the preceding rounds of the protocol. The Verifier again
checks if gn(0) + gn(1) = sn−1, for the value sn−1 determined by the Verifier in the previous
round. If the check does not pass, the Verifier rejects. Otherwise, the Verifier checks if
gn(z) ≡ f(r1, . . . , rn−1, z) by testing if the two polynomials agree on 3m+1 distinct elements
of Zp. If they disagree, the Verifier rejects. Otherwise, the Verifier accepts.

Analysis First, note that an honest Prover, by answering truthfully to all challenges, will
convince the Verifier to accept with probability 1. Now, suppose that a Prover is dishonest,
and gives a wrong value of s to the Verifier. Then, either the Prover does not pass one of
the Verifier’s checks of the form gi(0) + gi(1) = si−1 in round i, 1 ≤ i ≤ n, or all such checks
are passed by the Prover. In the former case, the Verifier will reject, correctly. In the latter
case, if the Prover cheated in round i−1, he’ll be forced to cheat in round i, with probability
at least 1− (3m)/p. So the probability that equality of type (1) holds in any of the n rounds
is at most n(3m)/p, exponentially small. Thus, with high probability, in the last round of
the protocol, gn(z) 6≡ f(r1, . . . , rn−1, z), and this will be discovered by the Verifier. So, if the
Prover cheats, then with high probability, the Verifier will reject.

Remark Note that the Verifier in the described protocol just sends random strings to
the Prover. So, the described protocol is actually of the Arthur-Merlin type.

2 Generalization to the IP = PSPACE

Since TQBF is a complete problem for PSPACE, it suffices to give an IP protocol for TQBF.
A QBF φ can be of the form ∀x1∀x2∃x3 . . . φ(x1, x2, . . . , xn). As before, we can arithme-
tize the formula φ, obtaining a multivariate polynomial f(x1, . . . , xn) that agrees with φ
over any Boolean n-bit input. By induction, it’s easy to show that the QBF φ is True iff∏

1

x1=0

∏
1

x2=0

∑
1

x3=0
. . . f(x1, x2, . . . , xn) > 0. That is, we replace each ∀xi quantifier with∏

1

xi=0
, and each ∃xj with

∑
1

xj=0
. Let’s call the resulting arithmetic expression A.

As in the #3SAT protocol in the previous section, we could try to remove the
∑

’s and∏
’s, one by one, and doing the checks of the form gi(0)+ gi(1) = si−1 or gi(0) ∗ gi(1) = si−1,

respectively.
There are several problems with this approach. First, the value of A can be as big as 22

n

,
since for the formula with n universal quantifiers, we need to multiply together f(a1, . . . , an),
for all 2n possible binary vectors (a1, . . . , an). To deal with this problem, we can use modular
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arithmetic (as in the case of Polynomial Identity Testing for Arithmetic Circuits). So, we
pick a random prime p of about poly(n) bit-size, and do all our verification mod p.

Another problem is the following. Suppose we “remove” the left-most
∑
x1 (or

∏
x1),

and consider the univariate polynomial f1(z) equal to the original expression A where x1 is
replaced by z and the quantification over x1 is dropped. This univariate polynomial in z can
have degree as large as 2n−1, since there may be n − 1

∏
’s between the quantified x1 and

the occurrence of x1 in the QBF formula φ, and each such
∏

doubles the degree of z in the
polynomial f1(z). So, a polytime Verifier cannot ask the Prover for the coefficients of f1(z)
— there are just too many of them!

This is a much more serious problem than the first. Upon closer study, one observes that
this problem is due to the fact that a QBF may have an unbounded number of ∀-quantifiers
between a quantifier for a variable x and the occurrence of x in the formula. If we could
somehow transform any given QBF so that between any quantifier for x and the occurrence
of x in the formula there is at most one universal quantifier, we would be able to argue that
the degree of polynomial f1(z) is at most 2∗(the degree of f(x1, . . . , xn)), which is small
enough for the Verifier to be able to receive the coefficients of f1(z).

It turns out that such a transformation is indeed possible! Here’s how. For every occur-
rence of the situation Qx . . . ∀y . . . x, we introduce a new “place-holder” variable x′ for x,
and write the equivalent QBF Qx . . .∃x′((x′ ↔ x) ∧ ∀y . . . x′). Note that after this transfor-
mation, there is one universal quantifier between ∃x′ and the occurrence of x′ in the formula.
At the same time, the number of universal quantifiers between Qx and the occurrence of x
in the new formula is decreased by 1. So, continuing in the same way, we can convert any
given QBF to a QBF of the desired form, where there is at most one universal quantifier
between any Qx and the occurrence of x in the formula. Observe that this transformation
results in a QBF which may not be in prenex form with all the quantifiers in the front of
the formula, but it’s OK for our purposes.

So, after doing the aforementioned transformation of a given QBF, and doing all verifi-
cation modulo a large enough prime, we can design an IP protocol for TQBF which is very
similar to the one for #3SAT described earlier. This proves that PSPACE ⊆ IP. The other
inclusion IP ⊆ PSPACE is fairly straightforward: in PSPACE we can compute the probability
that a Verifier accepts a given input; the details are left as an exercise.

3 Hardness of Approximation

Recall that a Vertex Cover Minimization problem is: Given a graph G = (V,E) find a
smallest-size set S ⊆ V that covers all the edges of G (i.e., every edge in G shares at least
one of its endpoints with the set S). We know that the decision version of Vertex Cover
is NP-complete. Hence, the Minimization version is NP-hard. Assuming that P 6= NP, this
means that there is no polytime algorithm that finds an optimum-size vertex cover in any
given graph.

If we can’t hope to find a smallest vertex cover, perhaps we can efficiently find a set
cover which is “almost” optimal. We say that the Vertex Cover Minimization problem can
be efficiently c-approximated, for some c ≥ 1, if there is a polytime algorithm that, on any
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input graph G, returns a vertex cover S of G such that |Sopt| ≤ |S| ≤ c|Sopt|, where Sopt is a
smallest-size vertex cover for G.

For some c, such an approximation algorithm exists.

Theorem 3. VC is efficiently 2-approximable.

Proof. Let G = (V,E) be any input graph. Here’s the algorithm for finding a vertex cover
S of G.

Initially set S = ∅. Until there are no edges left, repeat the following: Take any edge
e = {u, v}. Add vertices u and v to S. Remove e from G, as well as remove all edges that
touch e (at u or v).

Clearly, the described algorithm runs in polytime, and produces a vertex cover S. Next
we argue that |S| ≤ 2|Sopt|. To this end, observe that the set S corresponds to (the endpoints
of) a set of mutually disjoint edges of G. Any vertex cover of G (including an optimal Sopt)
must cover each of these |S|/2 edges; so every vertex cover must contain at least one vertex
for each of these edges. This means that |Sopt| ≥ |S|/2, as promised.

Now that we have a 2-approximating algorithm for VC, we may ask for a 3/2-approximating
algorithm, or more generally, for a (1 + ǫ)-approximating algorithm for any ǫ > 0. If such
an algorithm exists, then it’s almost as good as being able to solve VC optimally. Does it
exists???

It turns out that the answer is “No, unless P = NP”. In other words, it is NP-hard to
approximate VC to within some constant 1 < α ≤ 2. Note that it is hopeless to try to
show unconditionally that VC cannot be γ-approximated. This is because if P = NP, then
certainly VC can be 1-approximated. Thus, proving that VC is NP-hard to approximate is
the next best thing.

Remark This can be viewed as a generalization of NP-hardness from exact optimization
problems to approximation problems.

4 Gap-producing and gap-preserving reductions

How can we show that some minimization problem Π (such as VC) is NP-hard to approximate
to within some factor g? Well, we need to give a polytime reduction R from some NP-
complete problem (say, SAT) to this minimization problem Π that has the following property:
for some a, every satisfiable formula φ is mapped by R to an instance of Π whose optimum
value is at most a; and every unsatisfiable formula ψ is mapped by R to an instance of Π
whose optimal value is at least g ∗ a.

Such a reduction R is called gap-producing. The usefulness of gap-producing reductions
is shown in the following lemma.

Lemma 4. Let Π be a minimization problem. Let g, a be some values such that there is a
polytime reduction R from SAT to Π that maps satisfiable SAT-formulas to Π-instance of
optimum value at most a, and unsatisfiable SAT-formulas to Π-instances of optimum value
at least g ∗ a. Then, it is NP-hard to approximate Π to within a multiplicative factor g∗ < g.
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Proof. Suppose that A is a polytime g∗-approximation algorithm for Π. That is, given any
instance x of Π whose optimal value is v, the algorithm A(x) = w such that v ≤ w ≤ g∗ ∗ v
(i.e., w is at most g∗ factor bigger than the optimum). We can use this algorithm A together
with a reduction R to decide SAT in polytime.

Indeed, for any satisfiable φ, we have A(R(φ)) ≤ g∗ ∗a < g ∗a. But, for any unsatisfiable
ψ, we have A(R(ψ)) ≥ g ∗a. Thus, we can distinguish satisfiable formulas from unsatisfiable
ones, by testing whether A(R(φ)) is less than a ∗ g or bigger than a ∗ g.

If we have a first gap-producing reduction, we can prove other optimization problems
NP-hard to approximate, by doing gap-preserving reductions. More precisely, a reduction
T from a minimization problem Π1 to a minimization problem Π2 is called [(g, a), (g′, a′)]-
gap preserving if (1) OptΠ1

(x) ≤ a ⇒ OptΠ2
(T (x)) ≤ a′, and (2) OptΠ1

(x) > g ∗ a ⇒
OptΠ2

(T (x)) > g′ ∗ a′.
It is not hard to see that if we have a gap-producing reduction R from SAT to a min-

imization problem Π1 with parameters (g, a), and if there is a gap-preserving reduction T
from Π1 to a minimization problem Π2 with parameters [(g, a), (g′, a′)], then Π2 is NP-hard
to approximate to within a factor less than g′ (simply compose reduction S · T to obtain a
gap-producing reduction from SAT to Π2 with parameter g′).

Gap-preserving reductions are somewhat easier to find than gap-producing ones. In fact,
many of the standard NP-completeness reductions are already gap-preserving. The much
more interesting and tricky problem is to come up with a gap-producing reduction.

5 PCP theorem

The following theorem shows that gap-producing reductions exist.

Theorem 5 (Arora-Safra, Arora-Lund-Motwani-Sudan-Szegedy). For some con-
stant γ < 1, there is a polytime reduction R from SAT to 3SAT such that

1. φ ∈ SAT ⇒ R(φ) is satisfiable, and

2. φ 6∈ SAT ⇒ no assignment satisfies more than the fraction γ of all clauses of the
3-CNF R(φ).

Define MAX3SAT as follows: Given a 3-CNF φ, find the maximum value 0 ≤ α ≤ 1
such that at least α fraction of clauses of φ can be satisfied simultaneously. Then the
theorem above shows that there is a gap-producing reduction from SAT to MAX3SAT.
Thus, MAX3SAT is NP-hard to approximate to within any constant factor less than γ.

The theorem above follows from the so-called PCP theorem which gives a novel charac-
terization of the class NP in terms of probabilistically checkable proofs (PCPs). The central
role in this characterization belongs to a Verifier. A verifier V is a probabilistic polytime
Turing machine with input tape, work tapes, random tape, and random access to a read-only
proof string π.

We’ll see more details next time.
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