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1 Two Notions of Spectral Expansion

Let G be a d-regular graph on n vertices with normalized adjacency matrix A. Let 1 = Ay > Ay >
... > A\, eigenvalues of G.

a ) Xo(G) = mazi>o{| N}

b ) A2(G) = mawi>2{ A}

If A2 < 1 we have an expander. We prove this next.

Definition 1 Let G = (V,E). For B,C C V, let e(B,C) be the number of ordered pairs (u,v)
where uw € B and v € C, and (u,v) € E. If B,C are disjoint then e(B,C) is the number of edges
between B and C.

Theorem 2 Let G = (V, E) be a d-regular graph on n vertices, with normalized adjacency matriz
A. Let )\ be the second largest eigenvalue of A. Then for every partition of V into two disjoint sets
B,C

B,C B
B > (1 - Nu(B)u(C), where u(B) =21 and p(C) =

n

IC]

P

Remark Here is an interpretation of Theorem 2. Consider the following two random experiments.
EXPERIMENT 1: pick a random vertex u € V of the graph G, and then pick one of its d neighbors
v, uniformly at random. EXPERIMENT 2: pick a random vertex u € V and then pick a random
vertex v € V. What is the probability of picking an ordered pair (u,v) such that u € B and v € C?
For Experiment 1, it is %; for experiment 2, it is u(B)u(C). So, Theorem 2 says that, for an
expander graph G, Experiment 1 results in a pair from B x C' with a probability that is a constant
fraction (depending on A) of the probability of picking such a pair in Experiment 2. For expander
graphs where we have a bound on \2(G) rather than just Ay, we can prove that the probability of
getting a pair from B x C' in Experiment 1 is close to that in Experiment 2 — see the Expander
Mixing Lemma below (Lemma 5).

Claim 3 For any real vector x = (x1, 22, ...,2,) and any graph G of order n (without self-loops'),
(I = Az, z) = %Z(i,j)eE(xi - z;)°.

IThe result is true for arbitrary graph. However, for the sake of simplicity, we prove it only for the case of loopless
graphs.




Proof:
(I —Azx,z) = (x,z) — (Azx,x) ZJE — = Z (wizj) =

(J)EE
= Z (2 —i—ac Z Tty = Z (zi — x;)?).

(i,§)EE (i,))eE (z,j)eE

;_\

Proof of Theorem 2: Let n=|V|,b=|B|,c=|C|=n—b.
Define = = (21, x2,...,2y) by
o _{ —c ifieB

b ifieC

Observe that the eigenvalues of the matrix I —Aare 0 =1—XA;,1—XAg,..., 1 —X,;. So1— \is the
second smallest eigenvalue of I — A. By Rayleigh’s Theorem we have

(I -A)y,y)
[yl

where for the last inequality we used the fact that x L u by the definition of x. By Claim 3, we
have ((I — A)z,z) = %ze(B,C'). Hence

(I — A)zx,x)
=2

1 —A=miny, <

(I = Az, 2) > (1= Nzlf* = (1 = Mben.

Therefore e(B,C) > (1 — ) bf;d ie. (n Q) > > (1= XN)p(B)u(C). |

Corollary 4 If A is the second largest eigenvalue of a d-reqular graph G on n vertices, then VS C V
where |S| <, we have |N(S) — S| > @|S|

Proof: By Theorem 2, ¢(S,S) > (1 — )‘5”51%7 (1-— )\)\S\%% = %. Also number of

vertices in S that have neighbor in S is at least (S;l . |

—

By adding self-loops, we can get a (d+1)-regular graph such that VS, |S| < 2, [N(S)| > (1+152)[S].

Lemma 5 (Expander-Mixing Lemma) Let G be a d-reqular graph with Ao(G) < A. Then

VS, T C V, [KEE — w($)u(T)| < \/ulS)u(T).

Proof: Let o = (01,...,0,) be the characteristic vector for S, where
_J 1 ifiesS
7TV 0 ifigS

Similarly, let 7 be the characteristic vector for T. Let A be the normalized adjacency matrix of
G. Observe that e(S,T) = > dered pairs (i,j)ep 0iTj = 0(dA)T. Let a = pu(S) and 8 = u(T).



Write 0 = oll + o+, where ¢ is parallel to u and o+ is orthogonal to u. So ¢ = c.u where

1
c= mg = Bl — |9 = an. Similarly for 7/l = gn.u. Now,
e(S,T) 1
= —[0A
dn n[a 7l
1

=~ + o)A + 7]

—3

= —[a”AT” +ollArt + oL A7l + O'J'ATJ‘]
n

Note that ot A7l = ol A7+ = 0. Therefore

e(S,T) Loy by Lo Ly Lyl < A A

22 af =~ <= <= <2 _2 _ ,

=g, —afl=—orArm < —flo|llAT] < oM < Cllollirl = S v/enfn = Avap
So we have |% —af| < MWap. |

Remark The Expander Mixing Lemma shows that a d-regular expander graph G = (V, E) on n
vertices, with a bound on Ay(G) < A, can be used to sample from the direct product V x V in a
way that is more randomness efficient than the obvious sampling from V' two times independently.
Namely, it says that, for any sets S,T C V, if we take a random vertex u € V and then take
its random neighbor v, we get (u,v) € S x T with about the same probability as we would when
sampling v € V and v € V independently. Thus, instead of spending 2log n random bits, we can
spend only logn + log d random bits.

2 Random Walks on Expanders

Suppose A is a randomized algorithms with error probability € using m random bits. By running
A t times, we can reduce the error exponentially, but we should use mt¢ random bits. By walking
randomly on an expander graph G with parameters (2™,d,\) (here 2™ is number of vertices, d
is degree, A is spectral expansion factor), we can reduce the number of random bits to m + O(t).
We start in a uniformly chosen vertex v and walk randomly in G for t steps, using the labels of
the vertices encountered in the walk as a random strings for A. Note that for finding a random
neighbor we need to use log d bits, which is a constant. The following table summarize the above
observation.

Random Algorithm 1-sided error probability random bits
A % m

Repeat A, t times <27t tm
Random walk on (2™,d, 5) <27 m + O(t)



