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1 Random Walks on Expanders and Error Reduction for BPP

Notation: For any vector v, the l;-norm of v is |[v||1 = >_7_; |vi| where v = (vq,...,v,).

Define P to be the projection matrix for the set B C V', where |V| =n, i.e.,

pm 0 0 0 ... 0
0 po 0 O 0
P=| 0 o0 p 0 0

0O 0 0 O Dn
where

[ 1 ifieB,

Pi=0 ifti¢n
and ¢ € [n].

Theorem 1 (Hitting Property of Expander Graphs) Let G be any d-reqular expander on n

vertices, with M\o(G) < X\. Let B C V be any subset of vertices of density [ = %. Then the
probability that a random walk on a graph G starting from uniformly random vertex, will stay
inside B for t steps of the random walk is < (A + ().

Claim 2 |[(PA)'Pul|; is the probability that a t-step random walk, starting from a uniformly ran-
dom vertex, never leaves B.

Lemma 3 For any non-negative vector, |[PAPv| < (A + 8)||v||

Proof of Theorem 1:

Using Claim 2, we need to show that |[(PA)'Pul; < (A + 8)!. We proceed to show this using
Lemma 3. We have

I(PA)' pully = |[(PAP)... (PAP)ully = [|(PAP)"ul|1.

Note that PP = P because projecting once, projecting one more time does not change anything.

By Cauchy-Schwarz, we can write
I(PAP) ully < v/nl|(PAP) ]| < V(X + B)'|lu] = (A + B)",

completing the proof of the theorem.



Proof of Lemma 3:
Idea: Projection matrix P will shrink the uniform component of a vector. Matrix A will shrink
the orthogonal to uniform component. Therefore, together they shrink the entire vector.

Let y = Pv. Write y = yll + y+, where, as usual, y/l is the component of y that is parallel to the
uniform distribution u, and y* is the component of y that is orthogonal to u. We have
IPAyI| < [PAYY| + | PAY*|

(1)
< [Pyl + 1 Ay* .

We have [|Ayt|| < M|yt < Ayl|. Now for | Pyll||, we have yll = cu, for some scalar c.

_ (y’u) _ %Zyl :Zyi‘

- 2~ 7 1
i n

Hence, yl = (3 y;)u. This implies

DY ?
Pl = (=2 = VBl
By Cauchy-Schwarz, > vy; < ||y||v/fn. Therefore,

= (S0 (< J¥IVAVE
I = (32 0i) llul <

Continuing with inequalities (1), we have

< Blyll + Ayl < (8 + Mllvll;

completing the proof of the lemma. |

How pseudorandom numbers generated by a random walk on an expander graph can be used to
simulate a BPP-type algorithm?

Let G = (V, E) be an expander graph. Pick a random vertex vy € V uniformly and at random,;
collect vertex labels vg, vy, ..., v; over a random walk with length ¢t on G starting from a uniformly
random vertex vy.

Theorem 4 Let By, By,...,B; CV be subsets of densities 3;, then

Pr [/t\ [v; € Bi]| < tl:[l (\/ BiBi+1 + )\> :
i=0

1=0

Exercise 5 For a randomized algorithm A that on input x uses random strings of length equal to
length of the vertex labels of G, show that

t
Pr [maj A(z,v;) is wrong ] < 279D,
i=0



2 Some Known Expander Constructions

(1) (Margulis '73) (Gaber & Galil ’80)

Define G = (Vp,, E), where V,,, = Zp XLy, E = {( ,0)|0 € Vi, w € {Th0, Tyv, T5v, Tyv} , Th = [{ 1],
=19, T3=17"= =[] Tu= Tyt = [ 9]. Graph G is a Cayley graph of degree 4. Its
spectral expansion is some constant less than 1. (2) (Lubotzky, Phillips & Sarnak ’88)

Define G = (V},, E') where, for a prime p, V), = Z, U {o0}, 0o is a special symbol called infinity, and
E={(z,y)|lz € V,y e {x+1,z—1, %}} Graph G is a Cayley graph of degree 3, with spectral
expansion bounded by some constant less than 1.



