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By recognizing the resemblance of the de Sitter group algebra to that of the conformal 
group, the method by which manifestly conformally covariant field equations in six- 
dimensional space are rewritten in Minkowski space is adapted to fields in flat five-dimen- 
sional space, the embedding space of de Sitter space. A quantum action principle based 
solely on rotational invariance in five-dimensional space is devised, and the resulting com- 
mutation relations are shown to correspond to the correct ones in curved four-space. As 
well as recovering the ten conservation laws associated with de Sitter group invariance, the 
five extra conservation laws present whenever conformal symmetry holds are determined 
directly in five-space. The derivation is found to be complicated by a new feature-the 
Lagrangian density does not transform as a field either for special conformal transforma- 
tions or for dilations; this is true only for the former transformations in flat space. 

INTRODUCTION 

One of the simplest curved spaces one can consider is a space of constant curvature, 
i.e., a de Sitter space [l]. Of these spaces, there are two fundamentally different 
kinds-those with either closed or open timelike geodesics. The latter will be treated 
here, and use will be made of the fact that this type of space can be embedded in a 
(4 + I)-dimensional flat space. 

Despite the fact that this embedding has been well known for a long time [2], an 
action principle and a resulting prescription for field quantization have never been 
devised in the five-dimensional space, although there have been tentative efforts in this 
direction [3], inspired by the pioneering work of Dirac [4]. This lack seems curious in 
light of the fact that relatively few spaces afford the opportunity for constructing 
quantum fields in a curved space background by using a flat-space formalism with 
dimensionality lower than ten [5]. 

Quantization of fields directly in the five-space has an interest of its own regardless 
of the fact that quantization in the de Sitter background can be carried out in the 
framework of the four-dimensional Riemannian spacetime [6-91. Not only are cal- 
culations of symmetry operators greatly simplified by using a formalism that is 
manifestly invariant under the de Sitter group, but also, presumably, one should be 
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able to carry out scattering calculations in the flat five-space after the fashion of 
Adler’s work on massless quantum electrodynamics in Euclidean space [IO]. 

In this investigation, action principles and commutation relations for free fields are 
formulated directly in the five-dimensional space. The method of descent to the curved 
four-space that is employed here, by which fields in five dimensions are written in terms 
of de Sitter space variables, is the extension off the null hyperquadric in higher- 
dimensional space of the procedure of Dirac [I I] and Mack and Salam [ 121 for 
writing conformally covariant fields in Minkowski space as rotationally covariant 
fields in a flat (4 + 2)-dimensional space. By tailoring their method to the five- 
dimensional situation, this procedure allows one to recover, after descent to the 
de Sitter space, the ten quantum field theory generators associated with the de Sitter 
group as well as the five additional quantities that are conserved in the case of 
vanishing mass. These extra conservation laws result from the generalization to curved 
spacetime of the conformal group of transformations on Minkowski space. It is found 
that, just as in the case of massless fields in Minkowski space, the variation of the 
Lagrangian density is not necessarily that of a field variable for special conformal 
transformations (see [13]). However, because dilations and special conformal trans- 
formations are unified here, this feature is carried over to dilations as well, in contra- 
distinction to the situation in Minkowski space. This makes constructing the genera- 
tors of these transformations for arbitrary spin a more difficult matter than in the flat 
space limit, although it is still possible to determine the conserved currents for each 
free field separately. 

In Section 1 the various coordinate systems needed to study the de Sitter space are 
outlined. In terms of the parameter R, Minkowski space results from passage to the 
limit R + co. In Section 2, the descent to four-dimensional space is treated, By 
recognizing that the de Sitter group algebra can be rearranged so as to resemble that 
of the conformal group in Minkowski space, it is possible to find a transformation T 
in the index space of a field x in five dimensions such that the representation of the 
de Sitter group acting on TX contains only Lorentz group spin matrices. Field equa- 
tions in five-space can thus be compared directly with equations derived from those in 
Minkowski space by replacement of ordinary derivatives by covariant ones. 

It is found in Section 3 that in order to be able to construct a real Lagrangian 
density for a spinor field without introducing a coordinate-dependent definition of an 
adjoint spinor in five-dimensional space, the original form of Dirac’s equation [4] in 
five-space must be modified. Minimal coupling in five-dimensional space introduces a 
five-vector field; the form of the interaction in curved four-space is shown not to 
contain the fifth component of the vector potential, notwithstanding the fact that here 
this component is not automatically eliminated by the imposition of a transversality 
condition in five-space. The five-space vector equations analogous to the equation for 
scalars are shown to reduce to the covariant version of the Proca equations in the 
Lorentz gauge, when these equations are written in terms of the components of the 
vector with respect to the local orthonormal tetrad. 

In Section 4, an action principle in five-dimensional space is devised which is 
appropriate to situations in which rotational invariance is the sole guiding physical 



DE SITTER SPACE CONSERVATION LAWS 471 

principle. This is accomplished by means of replacing Gauss’ theorem by Stokes’ 
theorem in five-space. By interpreting the conserved quantities derived by varying the 
boundary of the action integral as quantum field theory generators, the (anti-)commu- 
tation relations satisfied by fields in five-space are established as consistency conditions. 
These reduce to the correct (anti-)commutation relations for equal timelike variables 
when the descent to curved four-space is carried out. The ten conservation laws 
derived from rotational invariance in five-space become the conservation laws 
associated with invariance under the de Sitter group in four-space. 

The procedure is extended in Section 5 to include conformal transformations in 
de Sitter space. It is demonstrated that the additional conservation laws due to con- 
formal symmetry can be grasped in a unified manner by considering the transforma- 
tion behavior of fields in five-space. The complications associated with formulating 
conservation laws for fields of arbitrary spin for the special conformal transformations 
in flat space are shown to persist in curved space, and as well these difficulties are 
shown to extend also to the analog of dilations in de Sitter space. 

1. COORDINATE SYSTEMS 

In terms of “conformal” coordinates xU (cl = 1, 2, 3, 4), the de Sitter line element 
takes the form [14] 

ds2 = cp2 6,” dxu dxv, (1.1) 

where 8,” is the Minkowski metric a,, = diag(- 1, - 1, -I, + 1) and 

y = 1 - x2/4R2, x2 = SU”.PX~, 

R being the radius of the universe. This form of the metric shows clearly that the de 
Sitter space is conformally flat. The Minkowski space limit is given by R --f co. The 
five-space formulation is achieved by embedding the above space in a pseudo- 
Euclidean space endowed with the metric SAB = diag(-1, -1, --I, +l, -1) in 
terms of Cartesian coordinates qA (A = 1, 2, 3, 4, 5) by means of the mapping 

7“ = CpX”, y5 = R(1 - 29~). (1.2a) 

This takes the five variables (xU, R) into the single-sheet hyperboloid of revolution 

7jAqA = -R2. 

Then for constant R the line element has the form 

(1.2b) 

ds2 = a,, dvA dqB. (1.3) 
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An alternative coordinate system with three spacelike variables y” (k = 1, 2, 3) and 
a timelike variable h is defined in terms of the rlA by [6] 

rlk = h-lYk> rj* + 75 = -R/h, q4 - 7jj =z (R2h2 - y2)/Rh, (1.4a) 

yL = x77;, 
h = -R/(r1* + q’), R = (-rlArlA)V, h # 0, (1:4b) 

with the metric 

g,, = diag(--X-“, -h-2, -A-“, l&-2), 

&2 = R2h-2 d/\" - h-2 &r", 

(-g)W = Rh-4, 
(1.5) 

By inserting the definitions of the xU in terms of the yA, one finds [8] that in the 
Minkowski space limit R -+ co, one has X + 1, y ---f x, and 7 = R(X - 1) -+ x4. The 
property of conformal flatness can be displayed by writing (1.3) as 

ds” = (1 -+ T/R)~ (dam - dy2). 

Some care must be used in taking the limit R 4 co, since one also finds 

R(h” - 1) 4 2x4, R-t 03. (1.6) 

2. DE SITTER GROUP GENERATORS 

The group of isometries on the surface (1.2b) is the pseudorotation group O(4, 1). 
The infinitesimal rotations are 

6 A=EA rl BrlB, 
EAB = -EBA 

7 (2.1) 

with ten parameters EAB . In any representation, with generators MAR, the rotation 
group commutation relations are satisfied, 

L”AB ) M~~l = @A&B, + sBc”A~ - 6A~MB~ - 6B~MAc). (2.2) 

Then defining P, = MJR, the algebra of the generators MAB can be written in a 
form which becomes that of the generators of the Poincare group when R -+ co, 

PC, , P,l = it&J, - k,PA [P, , P,] = iMJR2. (2.3) 

However, there is also the possibility of interpreting the algebra (2.2) in another way, 
by defining 

M;‘, = Mjk , P.+’ = (M5j - Mdj)/‘R, @’ = MS4 7 Kj’ = -R(Msj + M4.j). (2.4) 
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Then in terms of MjIC, Pi’, @‘, Kj’ (2.2) can be written 

[M:, , Mm1 = +$,,M~, -t- w4:,,, -- 8jJG - LJkqJ; 

[M&” ) P,‘] = i(6,,Pj’ - 6,,P/,‘), [M;k , CD’] = 0. [Pi’3 Pn’l = 0; ~2.~1 
[A&, K,‘] = i(6,,Kj’ - 6j,K,‘), [Pj’p CD’] = iPj’, [K,‘, K,‘] = 0; 

[P,‘, K,‘] = 2i(6j,@’ + fbfg, 

with 6j, = diag(- 1, - 1, - 1). Now the algebra (2.5) is that of the restriction to three- 
dimensional Euclidean space of the conformal group on Minkowski space. In fact, a 
similar rearrangement of generators is possible for any group SO(p, 4) [ 1.51. 

The differential generators of the rotations (2.1) are given by 

and spelled out in the ( y”, A) coordinates they become [8] 

mjk = -i( yj& - ykPj), aj &; a/+j; 

mjq = i( ~~2~ + M,), m,j - mjj = -iRai ; 

t?Idj $- nIgj = i[(RX2 - y2/R) 2j + 2R-lyj~~~2~ + 2R-lh~~ja~], 3, = a/ah. (2.7) 

Therefore, in terms of the ( y”, A) coordinates, the operator p4 = m,,/R is the genera- 
tor of dilations. Nevertheless, in the limit R ---f co, the operators m,, and m,,/R 
become the differential generators of the Poincart group in Minkowski space. 

Suppose now that x(r)) is a scalar field in five-space that transforms under the 
representation of the rotations with generators (2.6); i.e., the infinitesimal transforma- 
tion (2.1) induces on x the variation 

ax = X’(T) - x(rl) = (-44 EABnlABX(7)). (2.8) 

This definition, and identification of the parameters EAB with the Lorentz transforma- 
tion parameters cLL” = Eu” and the parameters of generalized translations (Lo = REp5, 
yield the transformation behavior of a scalar field in ( y’, h) space. In the limit R + co, 
this reduces to the transformation of a scalar field under the Poincare group. 

The problem occurring at this point is how to generalize (2.8) to fields with spin. 
Borner and Diirr [8] have found a representation by assuming that under ordinary 
three-dimensional rotations, fields with spin transform with the same spin matrices 
Sjk as in Lorentz invariant field theory; they then make an ansatz for the complete 
representation involving only Lorentz spin matrices s,, and narrow down the represen- 
tation uniquely by using the group commutation relations. 

However, by this method there is lost the connection between fields and field 
equations in five-dimensional space and their counterparts in four-dimensional space 
which is present in the case of scalars. This defect can be repaired if one keeps in mind 
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the fact that, according to (2.3, fields transforming according to a representation of 
the rotations (2.1) also transform according to a representation of a group isomorphic 
to the restriction of conformal transformations in Minkowski space to three-dimen- 
sional Euclidean space. Because this is the case, it is possible to construct a “descent” 
operator to take fields with spin in five-space into their four-space versions, after the 
fashion of the procedure of Mack and Salam for writing fields in flat six-space in terms 
of Minkowski space variables. 

To do this one assumes that if ~(7) is a field with spin in five-space, the transforma- 
tion (2.1) induces on x(q) the variation 

6X = X1(‘?) - X(T) = (--i/2) EABjABX (2.9a) 

with 

jAB = mAB + SAB , (2.9b) 

where sAB = --sBA are ten spin matrices in five-space. Then the representation on x 
of Pj’, defined by (2.4), has the form 

pi1 = ia, + (sgj - Sqj)/R. (2.10) 

Now in the similar problem of fields on the null surface in (4 + 2)-dimensional space 
[I 1,121, one eliminates the spin part in the operator analogous to (2.10) by means of a 
similarity transformation with a space-time-dependent matrix U, because then the 
resulting operator can be identified with the momentum operator in Minkowski space. 
The same idea can be put to use here, since by applying U to wave equations in five- 
space, the resulting equations in four-space will be manifestly translationally invariant 
in y” on account of the conformal invariance implied by (2.5). 

The solution of the problem 

Upj’ U-l = 2, (2.11) 

is given by the analog of the usual operator U [12] for five-dimensional space, where 
one does not work on the null surface: 

U = exp[--iyj(s,, - Q)/R]. (2. I2a) 

Since the operators (sgj - sqj) commute among themselves, the inverse is 

U-l = exp[iyj(s5j - s&/R]. (2.12b) 

Using the definitions (2.7), and the fact that the s AB obey the rotation group commuta- 
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tion relations (2.2), it is a tedious but straightforward task to compute the effects of U 
on the operators jAB , with the results 

ujknu-’ = mkn t- skn , Uj,,U-’ = m54 + s54 , 

u(jsk - j4,) u-l = mjk - mqk ; (2.13) 

U(j,, + jak) u-1 = I?ljk + m,, -k 2yisjk/R + 2yksEsj4/R - x‘ys5k - SAk) + (&& f S4$). 

At this point one can in fact introduce a second similarity transformation in the 
index space of x, which has the effect of preserving (2.11) but eliminating all the 
matrices ssA from (2.13). The reason for doing this is to be able to compare field 
equations in four-space with field equations constructed from Minkowski space 
equations by replacing ordinary derivatives with covariant ones. Such equations 
contain only theilorentz matrices s,, . Accordingly, consider the matrix 

W = exp[ - i 1nX sj4], W-l = exp[i 1nX s,,], (2.14) 

where either h is restricted to X > 0, or one uses the definition of In z for complex z 
to define In X for h = - 1 h 1 by d(ln X)/dX = - j h l-l, exp(ln h) = - / h I. Denoting 
by iiiAB the results of applying the operator T = WU + UW to the operators j,, , 

iiiAB = T&T-l = WUjABU-IW--l, (2.15) 

one finds that these operators are given by 

- 
mkn = jkn = mkn + skn , %,4 = mj4 , f&k - iii41, = nlgk - !n4, ; 

i?i,l, -,- iii,, = mhk $ m4k + 2y’Sjk/R + 2&k . 
(2.16) 

This is precisely the form of the representation found by Borner and Dtirr [8]. 
Therefore the operator T = WU provides the desired connection between fields in 
five-dimensional space and their counterparts in curved four-space. The operators 
FE,, become, in the limit R --f co, the usual representation of Lorentz transformations 
for particles with spin, while f&,/R become the momentum operators iajax@. 

3. FIELD EQUATIONS IN FIVE-DIMENSIONAL SPACE 

3.1. Scalar Equation 

If the wavefunction x(r]) for a spin-0 boson in five-dimensional space is a scalar, 
then the spin-0 equation can be taken to be [8] 

KWR2) mABmAB - IJ x = 0, (3.1) 

with II a constant and natural units, # = c = 1. This form derives from the fact that 

595/103/2-15 
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the second-order differential operator in (3.1) is the first Casimir operator of the 
pseudorotation group in the representation (2.6). To rewrite the field equation in 
terms of y”, h, R the operators ntAB are replaced by their equivalents in these coor- 
dinates, given by (2.7), with the result 

(1/2R2) mABmAB = R-2hzaAa,, - 2R-2ha, - h2ajaj . (3.2a) 

In the limit R --f co, the above operator becomes the D’Alembertian, so that as far as 
the flat-space limit is concerned, it is sufficient to take [S] 

Zl = -m2, (3.2b) 

where m is the mass. However, this value of Z, is not necessary as well, since any 
constant having R2 in the denominator vanishes for R --+ co. Nevertheless, for de- 
finiteness let the scalar wave equation be (3.1) with (3.2b), since the operator (3.2a) is 
in fact the covariant generalization of the D’Alembertian to de Sitter space, in the 
coordinates ( y”, X) = y”: 

0, = (-g)-(112) (a/ayq(--g)-“/z) gya/ayy = (1/2R2) mABmAB. (3.3) 

3.2. Spinor Equation 

One need not go to a higher-dimensional matrix representation than the usual Dirac 
matrices to accomodate the additional spin matrices in five-space. With yA = (yu’, y5), 
the simplest representation of the sAB is constructed in analogy with the Minkowski 
space matrices, 

uAB = (i/4)[yA , %I. (3.4a) 

The representation used here is that with 

(?/‘e)+ = -+, (y3’ = y4, (3.4b) 

Dirac [4] postulated a wave equation for a spinor ~(7) in the form 

(l/W yAyBmABx($ = KX(?7). (3.5) 

As shown clearly by Giirsey [14], this equation can be interpreted as a Dirac equation 
in de Sitter space provided two separate procedures are followed. First, the parameter 
K must be identified with the complex number m + 2i/R, where m is the mass; and 
second, one must define a new set of Dirac matrices y’” = y5yU, so that in the limit 
R ---f co, the equation reads ip(a/lw) x - mx = 0. 

To develop conservation laws for spinors, it will be shown that it is necessary to 
find a Lagrangian density 9’ in five-space which is real up to a divergence mABFAB. 
Such an 9 for spinors is formed by multiplying the field equation matrix-differential 
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operator by x = x+,4, where A defines the Dirac adjoint. The matrix A can be taken 
equal to y4 [3], and the 9 for (3.5) is 

SC,, = (1/2R) jqyAyBmABx - m)?x -- P/R) Xx. (3.6) 

A straightforward calculation yields for the hermitian adjoint of the first expression 

(1/2R)(zyAYBmABX)+ = n~A~(~y”y~X/=) - WW zyAyBmAB% (3.7) 

whereas the second and third terms are real and imaginary, respectively. The first 
term on the right-hand side of (3.7) is in fact a divergence of the form mABFAn = 
ia(rlaFAB)/SvB, so that the first expression in (3.6) is imaginary up to a divergence. 
Thus, one has the result that (3.5) cannot be derived from a real Lagrangian density. 

There are two possible avenues open to remedy this situation-one can modify 
either the field equation or the matrix A. The latter approach amounts to defining a 
new A, 

A = -y4wAIR A-l = ?IAY~Y~/R, (3.8) 

which does define an adjoint by virtue of leaving x+Ax invariant under the replace- 
ment ~‘(7’) = ~(7) - (i/2) EAB aABx(q), provided qA is also replaced by 7’” = qA + 
EA,rlB in (3.8). With this A, SD is real up to a divergence. 

However, modifying the field equation and retaining A = y4 yields the same 
results in four-space without the necessity of replacing y” by yfU. This modification 
reads 

[-(~cyC/R)(1/2R) yAyBmAB + 24rlcyCIR2) - nil x = 0, (3.9) 

with %’ real up to a divergence 

2 = x[-(wc/R>WW yAyBmAB + 2i(wCIR2) - ml x, 2 = x+y4. (3.10) 

Equation (3.9) is the free-field equation for spinors adopted here. 
For spinors, the matrices ugj - uqj are found to be nilpotent to the power two, so 

that the matrix (2.12) is given by 

U = Z - iy’(a,j - 04j),lR, U-l = I + iyj(g,j - ~4j)/R. (3.1 la) 

The matrix u54 satisfies (u54)2 = -$, so that the matrix (2.14) is given by 

W = cosh(+ In X) + 2i sinh($ In h) $4. (3.11b) 

It is straightforward to carry out the similarity transformation T( ) T-1 on (3.9), 
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with T = WU, but the calculation is long. The task can be simplified by recalling that 
translational invariance in yk is guaranteed. Thus one finds 

and 

T(r),f/R) T-l = y5 (3.12a) 

T[(-7&-/2R2) yAyBmJ T-l = i[y4(X/R) 8, + y’M, - (3/D?) y41 

- (2i/R) y5. (3.12b) 

Hence, defining derivation operations (cf. [6]) 

Vi = hai - (1/2R) y4y’, v, = (h/R) a,, (3.13) 

the field equation for the four-space spinor field # = TX takes the form 

(iy”V, - m) + = 0. (3.14) 

This generalization of the Dirac equation to de Sitter space is in agreement with that 
found by Nachtmann [6] by the method of induced representations in the curved 
four-space, using the ( y”, A) coordinates. Bbrner and Dtirr [S] proposed a field 
equation for spinors, which was essentially the iterated version of this equation, by 
equating to a constant the first Casimir operator for the spinor representation. 
However, they used the representation (2.16) as opposed to the representation in 
five-space (2.9b), and so did not establish a connection between x and #. Gtirsey and 
Lee [3,14] introduced an operator comparable to U written in terms of the coordinates 
XJ’“, which are defined by (1.1). But one of the principal advantages of the operator T 
derives from the fact that it yields directly fields in four-space defined over the coordi- 
nates ( yk, A) for any spin, and not just for spinors; it is in terms of ( y”, A) that solutions 
of field equations have been found [6, 81 and in terms of these coordinates that calcula- 
tions can be simplified by exploitation of the translational invariance with respect to y”. 

3.3. Minimal Coupling; Vector Equation 

The Lagrangian density (3.10) can be made invariant under coordinate-dependent 
phase transformations 

x - x ev[iq 441 (3.15a) 

by replacing mAB by 

mBC-mBc + 4ffBc, 

where HBc = -HcB is a five-tensor compensating field that undergoes a gauge 
transformation 

H BC' HBc - imdJ (3.15b) 
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whenever x transforms as in (3.15a). The simplest such H,, is 

HBC = m& - d, > 

with As a five-vector having the gauge transformation 

AB + As + lJ~‘I/ii~~. (3.15c) 

To determine the form of the minimal coupling interaction in four-space, it is 
necessary to find the operator T for vectors, and define the four-space field aR by 

aB = TBcAc . 

The vector representation of the matrices sAB is given by 

b.4B)CD = a4cbD - ~A%C). (3.16) 

The matrices (9 + s4j) occurring in (2.12) are here found to be nilpotent to the power 
three, and the matrix s54 in (2.14) satisfies (s54)3 = -.s~~. Accordingly, one can deter- 
mine the matrix T = WU in closed form, with the result 

TBc = SBkSkc + (fA)(SB4 + SB5)(Sqc + 65’) + &h(SB4 - S,5)(Sdc - S,C) 

+ ( P/R) sB,(s4c - S5C) - ( y”/Rh) 4’“(SB4 + S,5) s,c 

+ (y2/2R2h)(S~4 + 6,5)(6,c - 8~~) = (T-l)B’. (3.17) 

Written out in components, this reads 

ak = A, - ( y”/R)(A, - A5), a4 - a, = h(A, - A,); 

a4 + a5 = HA4 + A5 - (2/R) ykAk + (yz/R2)(A4 - A5)]. 

From these relations, it is seen that the component a5 can be eliminated by requiring 
transversality of AB in five-space, since one has 

a5 = (l/R) qBAB . 

However, +jA, = 0 will not be insisted upon here, although this is usually assumed in 
similar formulations (cf. [lo]), since it will be shown that a5 does not enter into the 
interaction in four-space even if it is not assumed to vanish. The reason is that since 
the representation (2.16) contains no matrices s5,, , the component a5 is completely 
decoupled from au , so that the variation 

SA, = (--i/2) ECD(j& AF 
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has the effects 

6a, = (--i/2) ECD(~EcD),” a, , CD 6a, = (--i/2) E mcDa5 . 

Thus one is left with a decoupled vector and scalar in four-space. 
Using (3.17), the extra term in the spinor equation due to minimal coupling can 

now be evaluated. The equation for x can be written in the form 

[-(17.,&/2R2) ~@~~~(a/&f - iqA,) + 2ivayA/R - m] x = 0. (3.18) 

One finds that carrying out the transformation with the operator T for spinors, the 
expression involving A, becomes 

T(aBCqBA,) T-l = R(+aJ, 

so that # = TX satisfies 

[iyG(V, - iqa,) -m] + = 0. (3.19) 

From (3. I%), one finds that the gauge transformation for the field au is given by 

llj -+ aj + Xa,A, a4 - a4 + (X/R) W’.l, (3.20) 

i.e., a, undergoes 

a, - a, + D,A, (3.21) 

where D, are the versions of the operations (3.13) which act on scalars, 

Dj = hc?$ , D, = (h/R) a, . (3.22) 

Equation (3.19), together with (3.21), constitutes the form which the minimal 
coupling interaction takes in de Sitter space. The fact that a5 does not appear in the 
interaction is a feature that persists for the coupling of an intermediate vector boson 
to the weak current. The details for weak interactions are not presented here. 

A possible vector free-field equation suggested by (3.1) and (3.2) is formed by 
setting the first Casimir operator in the vector representation equal to minus the mass 
squared, 

(1/2R”)(m BC + &SC>,” (Hz”” + ~~~~~~ AF = -ITZ’AD . (3.23) 

Substituting (3.16) this reads 

[(I/UP) mBCmBC + (4/R3 + m”l AD -f- @/R2) mD,AF = 0. (3.24) 
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To determine the gauge group of this equation, one must commute the derivative 
a/i?yF through the field equation operator. Keeping in mind that R2 appearing in 
(3.23) is shorthand for -qlr$‘, one finds that the form (3.23) is preserved when AB 
undergoes the transformation (3.15~) provided the gauge function A satisfies 

(a/$9[(1/2R2) mB,mBC~ + m2A] - (qD/R4)(mBcmBCA) = 0. (3.25a) 

Thus A, is required to be massless, M 2 = 0, and A is constrained to satisfy the scalar 
field equation (3.1) with II = 0, 

U/2R2) mCDm CDL4 = &4 = 0. (3.25b) 

This indicates that (3.23) reduces in four-space to the equation for a vector field in the 
covariant generalization of the Lorentz gauge. Equation (3.25b) is the defining relation 
for this gauge, so the Lorentz gauge reads in five-space 

(i/2R2) mcD(7fAD - qDAC) = 0, (3.26a) 

since this condition is preserved under gauge transformations provided A satisfies 
(3.25b). To write (3.26a) in terms of four-space components aB , one substitutes for 
A, by means of (3.17) and carries out the indicated derivatives, and again this proce- 
dure can be greatly simplified by invoking the necessity of translational invariance in 
-vL. The result is 

0 = -Djaj + D,a, - (3/R) a, = -[[D$j” - (i/R)(Sdj)jy] a,. + D,a, , (3.26b) 

with D, given by (3.22). It is easy to show that (3.26b) is indeed the condition which 
is maintained under gauge replacements (3.21) for gauge functions satisfying q ,A = 0. 

Writing the field equation (3.24) in terms of aB amounts to replacing mBc + sEc in 
(3.23) by the operators (2.16). Consequently the equations for the first four 
components a, reduce to those considered by Biirner and Diirr [8] and given in the 
( yk, A) coordinates by BSrner [16], while the equation for a5 is (3.1) with (3.2b). One 
finds 

q caB - 2(X/R) Z,a, + (m” + 2/R2) ak = 0; 

q ,a, - 2(h/R) asa, f- m2a4 = 0, 

q ,as $- m2a5 = 0, 

(3.27) 

with 0, given by (3.3). Now the covariant version of the Proca equations, expressed 
in the ( yk, A) coordinates, can be put in a form very similar to (3.27) by making use of 
the covariant version of the Lorentz gauge. Defining the field tensor F,, by 
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withy” = (y”, A), the covariant Lorentz condition sets the covariant derivative of B, 
equal to zero: 

0 = g”“B,,y = (X2/R2) aAB4 - h2a3Bj - 2(h/R2) B4 , (3.28) 

and the Proca equations 

F.“,” + m 2B” = 0 (3.29a) 

become 

[(h2/R2) a,,aA - h2Qj + m2] B, - 2(X/R2) a,B, = 0, 

[(X2/R2) a$, - h2aJj - (2/R2) + m”] B, - 2hajBi = 0. 
(3.29b) 

To see the connection between (3.28) and (3.29) and (3.26) and (3.27), one must notice 
that the differential operators D, are the components of the gradients aj , a, written in 
the local Cartesian basis consisting of four vectors mutually orthogonal with respect 
to the Minkowski metric. The transformation between components B, and com- 
ponents ~1, is effected by means of the vierbein components e”, satisfying 

Then one has 
a, = euaBu . 

From (3.22), one has, by inspection 

so that 

euj = SjuX, 

aj = XB, , 

eu4 = 6,“(hlR), 

a4 = (h/R) B, . (3.30) 

This identification brings into coincidence the covariant version of the vector equations 
and the equations one recovers from the five-dimensional formalism by descent to 
curved four-space. The necessity of transforming the components of the vector 
potential via (3.30) seems not to have been appreciated before (cf. [S]). 

4. ACTION PRINCIPLES IN FIVE-DIMENSIONAL SPACE 

4.1. Conservation Laws on Hyperboloids 

In order to develop a method by which field equations can be derived from a 
Lagrangian density 5? in five-space by means of an action principle, it is necessary to 
determine the form that conservation laws assume when only rotational and not 
translational invariance is the required property of the action integral. 
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To this purpose one must find an analog in five dimensions of Gauss’ theorem, 
which can be applied to situations for which the variations of the coordinates + take 
points on the hyperboloid rlAqA = -R2 into points on the same hyperboloid. Then 
by studying the variations of fields on this hyperboloid, one can construct an alter- 
native to the Euler-Lagrange equations that is applicable to situations in which 
translational invariance does not obtain. 

An identity relating a four-dimensional integral over some region Q, of this hyper- 
boloid to a three-dimensional integral taken around the (closed) boundary Q3 of D, is 
provided by the generalization of Stokes’ theorem (see, e.g., [17]) to the case of five 
dimensions. Written in terms of the antisymmetric tensor density FAB, this relation is 

j 
-Qs 

FAB dSAB = 2 j (aF**/av”) dS, . 
04 

(4.1) 

A surface element dS, that brings the integrand of the four-dimensional integral into 
the form mAaFAB can be found by converting the right-hand side of (4.1) into an 
integral over a region 52, in five-dimensional space. This can be accomplished by 
defining the one-parameter family of surfacesf($ = constant, so that in terms off(v) 
the element of area dSA on the surfacef = f0 is given by (cf. [ 181) 

ds, = d5rl %.f - .h)(~@?*),=, . (4.2a) 

Then onf == R = (-~A~A)1/2 equal to a constant R, the surface element is 

dSA = --djq 6(R - R,)(qA/R), (4.2b) 

where the integration is to be carried out over Q5 . One can prove that (4.2b) is correct 
by parametrizing the surface R = R, with ( y”, h) and producing the Jacobian J(vA; 
y”, h, R) by forming 

(aTAlaR) dSA = d5r$(R - R,,) = J(qA; y”, h, R) 6(R - R,) d3y dh dR. 

Up to the factor setting R = R, , this is the same result one arrives at by explicitly 
defining dSA as the contraction of the fourth-rank antisymmetric tensor surface 
element. One finds from (1.4) that the Jabobian is just ( -g)lj2 up to a minus sign: 

J(qA; y”‘, A, R) = -R/X4. 

The surface element dSA contains the unit vector n, , defined by 

n - aRIrA = +lAIR, A- nAnA = --I. 

The element of area dS,, is found by forming an antisymmetric product with 
another vector in an orthogonal direction. i.e., 

dsAB = d5V (aw~tA)~+J,o @fla?7B1)r=f, w” - h) s(l7 - h,>, 
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where h defines another one-parameter family, and the square brackets have the 
meaning of antisymmetrization, 

rl[Arl’Bl = +,‘B - +jA. 

The obvious choice here is h(v) = A, and 

&l/a?f = (X/R) tzA’, rlA’ = -(qa/R) + A(S,4 + SA5), n.q’n’A = 1. 

Hence 

ds,, = dSy(h/R) n;An,] W - 4) %A - A,> 

= -d5q(A2/R2)(84rA + a5[A) TB] * 6(R - R,) 6(x - A,,). 

From the foregoing results, one has, finally, that Stokes’ theorem (4.1) reads 

-i s mABFABR-l 6(R - &) d5T 

FAB(2X2/R2) TA(8B4 + 6B5) S(R - R,) 6(h - A,,) d5T. 

Thus whenever FAB obeys the divergence condition 

mABFAB = 0 2 

(4.3) 

(4.4) 

(4.5) 

the boundary integral on the right-hand side of (4.4) vanishes and one has a conserva- 
tion law. Indeed, assuming that (4.5) holds, it is straightforward to show that 

(d/dX) J qA(FA4 + FA5)(2h2/R2) S(R - R,J 6(X - XJ d5q = 0 

by using the relation 

4 = (i/R) rlc(mc4 - mc5). 

4.2. Action Principle 

The integrand in an action integral in five-space must be constrained such that qA 
lies on 72 = -Ro2, and this can be accomplished by defining the action I as 

(4.6a) 
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The form of the Lagrangian density 2 suggested by the field equations adopted in 
Section 3 is. 

2 = -qrl, x2 rn,BX>, (4.6b) 

including 7” among the explicit arguments of 9. For an arbitrary transformation of 
the field and the coordinates, 

&f’ = $A - y, 6% = x’(d - x(7)), 

one can now calculate the variation of I. Assuming that 9 is form invariant under 
these replacements, i.e., 

Y[?j’] == Z[f] = Y{?j, x/(7/), m;Bx’(7)‘):, (4.7) 

the calculation is similar to the usual one (see, e.g., [19]). Restricting attention to only 
those transformations 6$ that preserve the value of q2, 

(7 + S# = q, 

the result is 

I’ - I = 
s 

(2(-s? s7jyzqA + (29/2x) 6x + 7TCDmcn S,} S(R 

where ncD is the conjugate momentum 

ncD = lL.T/~(m,,x). 

(4.8) 

- R,) d5rj, (4.9a) 

Now (4.8) implies transverse variations ~~67 B = 0, allowing one to write the term in 
(4.9a) containing 9 in the form of a divergence HZ AsFAB. Thus the variation of I splits 
into two parts, 

+ I~?AB 7T [ AB 6x --t (i/2R2) 7LA_% hjBl]> 6(R - R,) d5v. (4.9b) 

The first part yields the form of the Euler-Lagrange equations following from the 
action (4.6). 

(82/8x) - mAarAB = 0, (4.10) 

and the second part defines a conserved surface integral F via Stokes’ theorem, 

F =, i f {Rxc” 6,y + (i,‘2R) +%Y 6~~‘; t/S,, _ (4.11) 
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Following Schwinger, one can identify this conserved integral with the quantum 
field theory generator of rotations when 8qA and 6x are given by (2.1) and (2.9), 
respectively. From the definition 

R is formed by 

x’(v) = R-lxR, 

R-l = exp(iE’), 

so that with infinitesimal rotation parameters EAB, one has 

I; = @ABM AB > 

if MAB is the generator of rotations, 

Thus, writing 

[x, MABi = jAB% jAB = nlAB + SAB . 

MAB FE * S,BCD dS’,D, J 

the angular momentum tensor in five-dimensional space is given by 

sABcD = RncD’ .IABX - (l/W %f~~r],] - ED%&,). (4.12) 

By dropping a term with vanishing divergence, (4.12) can be made more transparent. 
The simpler form of the angular momentum tensor is 

S CD 
AB = R{rCDjABx - $~~AS;,Yip:. 

For an arbitrary 6x generated by the generic form of F (4.1 I), 

(4.13) 

ax = V’, xl, (4.14) 

accompanied by no coordinate variation, 6~ A = 0, one can establish the commuta- 
tion relations for the field as consistency conditions on (4.14). In this case, spelling out 
the implicit summation over independent field components xn , F is 

F = i Rrr,CD 6x, dScD . 

Thus, for any 7 on the surface defined by d&,(7’), one must have 

(4.15) 
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If one assumes, further, that (cf. [20]) 

[xdd, ~XS(‘7’>1~ = 0 (4.16) 

for all cy, p and all 7,~’ on the surface Sz, , then the simplest solution for (4.15) is found 
by writing 

Here the singular function FD(~ - 7’) is defined for two points on G$ by (cf. the 
function a,(.~ - x’) in [20]) 

J n, drl’) ACD(7 - 7’) &D(7)‘) = g($, 
J 

and because of (4.3) has the form 

W(Tj - q’) = (h3/2) S(y - y’) n’[“nBl. 

Thus, substituting (4.3), the relation (4.17) reads 

[xs(d, ~,c’M%?‘) + e(77011 = -wi&Y - Y'), h 

or, explicitly, 

[xdd, bs?‘> - wklm~:k(rl’) + eY~‘NIlT 
= 4X3/W &d(y - ~'1, x = h’, R 

Also, (4.16) implies that 

0 = ~[XO(173~ Xa(T& 2 

and since the variation is arbitrary, 

[x&f), Xi3(7;1)1F = 0 

A’, R = R’ 

R’. (4.18) 

(4.19) 

for q, ~7’ on Q2, . Equations (4.18) and (4.19) are the canonical commutation relations 
governing fields in five-dimensional space. 

4.3. Scalar Fields 

The Lagrangian density yielding the scalar field equation (3.1) with (3.2b) is 

2’ = -(1/4R2) mABxmABx i- 4m2x2, (4.20a) 
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so that the conjugate momentum is given in this case by 

rAB = -(1/2R2) mABX. (4.20b) 

Expressing the action integral (4.6) in terms of ( yk, h, R), one arives at the usual form 

with 

I = 
i 

(-g)“” Z4 d”Jl dh 

Y4 = (h2/2R2) a,xaAx - &vajxajx - *m2x2. 

Assuming commutation relations for bosons, the quantum conditions on x given by 
(4.18) and (4.19) read (with R = R’ implicit) 

txty, 4, X(Y’, 41 = 07 [X(Y, 4, D,X(Y’, 81 = iA”%Y - Y’), (4.21) 

where D, = (h/R) a,, . These are precisely the commutation relations arrived at by 
Nachtmann [6] by quantization in curved four-space. This result therefore verifies the 
suitability of the quantum action principle for fields in five-dimensional space 
developed above. 

The conservation laws flowing from de Sitter group invariance can be established in 
equally short order. The results that follow from (4.13) are 

Pj = M,,IR = s (-iD,x(nz,l/R) x - (yi/R> 6p4} k3 d3y, 
A=Ao 

P, = MJR = s (-iD,x(m,,lR) x - 61”4) k3 d3y, 
A=& 

Mjk = l_, (-iD,xmjkxj k3 d3y, 
0 

M4$ = s { -iD,xrqjx - yiLfh} xe3 d3Jl. 
,%=A@ 

(4.22) 

The terms involving LY* above can be recast by writing them in terms of the Killing 
vectors associated with the de Sitter group transformations. Denoting the components 
of the Killing vector for the P4 transformations by 

t&d” = tll~4)t~~k, 8x1 = t Y”/R VR), a4 = RE45, 

the components (f4)a are determined by the vierbein components euua , as in (3.30). 
Since one finds 

t&Y’ = tyk/Rk 11, 
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the pertinent term in P4 is -([,)” Z4 . Similarly the term in Pi is -(Ei)” 24 . In this 
form, the expressions (4.22) are in agreement with the conserved quantities obtained 
by Nachtmann [6] for the case of scalar fields in de Sitter space. In terms of the inner 
product of solutions of the field equation in five-space, which is 

(9), x> = J ww(vfABX - '7+BvX) dSAB = i s,;, (734x - D4vJx) k3 d3J4 
0 

using the field equation it is easy to show that the quantities (4.22) can be written as 
expectation values 

MAB = 4(x, mABx). 

In the limit R + co, as expected these quantities go over to the usual forms expressing 
conservation of momentum and angular momentum. 

4.4. Spinor Fields 

The field equation (3.9) follows from the Lagrangian density (3.10), so that for the 
case of spinors the action integral (4.6) reads 

I = 
s 

(-g)‘/” T4 d3y dh, % = $(iy”V, + m) *, 

where J/ = TX, as in (3.14). The conjugate momenta are given here by 

rAB = (-i/R2) x~)&u~~. (4.23) 

Assuming anticommutation relations for fermions, one arrives at the following 
conditions for # by substituting (4.23) into (4.18) and (4.19) and applying T( ) T-l to 
the results: 

[$uY, 4, h3(Y’, 41, = 03 [A(Y> 4, /JS+(Y’> 41, = &xJ3%~ - ~‘1. (4.24) 

These relations agree with the results for spinors in four-space derived by Nachtmann 
[6], with the constant c, = cl* > 0 appearing in his work being equal to unity here. 
In the limit R + cc these become the familiar canonical anticommutation relations 
in Minkowski space. 

Tn terms of the inner product 

the ten conserved quantities associated with de Sitter group invariance can be written 

MAB = (X, (mAB + GAB) X) = Lxdo bb"fiAB#) x-3 d3y, (4.25) 
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since Y = 0 for solutions of the field equations. Here, EiAB is the version of the 
representation (2.16) with rotation matrices u AB given by (3.4). Also, the charge 
operator has the simple form 

Once again, in the limit R -+ cc one finds that MUy and M,,/R become the usual 
generators of the Poincare group in the spinor representation, and Q becomes the 
customary charge operator. 

These results show that by making use of the operator T, defined in Section 3, one 
can quantize fields with spin by means of an action principle in five-dimensional space 
and arrive at the correct conservation laws in the curved four-space. In Section 5, this 
method is extended to establish the extra conservation laws that are satisfied whenever 
conformal symmetry is present in addition to invariance under the de Sitter group. 

5. CONFORMAL INVARIANCE 

5.1. Conformal Group Generators 

Recently Fronsdal, studying the rotations in (3 + 2)-dimensional space, has shown 
how to complete the algebra of the SO(4,2) conformal group [21]. In the similar 
situation here, the additional five generators, denoted j,, , are given by 

&A = (l/R)(+‘jas - iQ,J, (5.1) 
where j,, are the rotation group generators (2.9b) and e is the analog of the canonical 
scale dimension in Minkowski space (see, e.g., [12]). The operators j,, together with 
the j,, satisfy the SO(4,2) algebra for any value of the c-number 4, but it will be shown 
below that in order to actually have symmetry for field equations for massless particles, 
I must assume the same value as does the scale dimension in Minkowski space for free 
fields, viz, G = - 1 for scalars and G = -3/2 for spinors. Here the 15-parameter con- 
formal transformation group is interpreted as point transformations extending the 
de Sitter group, rather than as conformal metric transformations (see, e.g., [22]). 

In general, the action of (5.1) on fields in four-space is found by applying to j,, the 
similarity transformation T. Denoting the results obtained by EGA , one has 

=,A = T&AT-l = (l/R)(~Bm,, - i&), (5.2) 

with fiAB given by (2.16). The analog of the generator of dilations in Minkowski space 
. - is rnG5 , which is given in detail by 

- me5 = i[Aykak + (l/2R2)(R2X2 - R2 + y”) a, - c] + ( yk/R) sdk . (5.3) 
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Because of (1.6), this operator becomes the generator of dilations i(xUa/axU - L) in 
the flat space limit. The analogs of the generators of special conformal transforma- 
tions are given here by 2R@,, - fi5,,). Explicitly, these are 

2R(i& - z,k,) = - i[2J’“.?‘ja, + 2y”(h - 1) a, - y2ak + (Rh - R)2 a,] + 2yjskj 

+ 2(Rh - R) sk4 + 2ilyk/h, (5.4a) 

2R(Fi64 - &,& = i[2(RX - R) y”& + (y2/R) 3, + R-l(Rh - R)2 a,] + 2y6~,~ 

- iL(R2h2 - R2 - y2)IRk (5.4b) 

In the limit R ---f co, they go over to the generators of special conformal transforma- 
tions in Minkowski space (see [12]). The five-dimensional form (5.1) is obviously a 
good deal simpler than the corresponding generators in de Sitter space. The coordinate 
transformation corresponding to (5.1) is 

677’ = -@6AIR)(~A~C + R2aAc), (5.5a) 

with infinitesimal parameters E 6A. The corresponding transformations in terms of 
( yk, A, R) are q ui ‘t e complicated, but just as for the rotations, the infinitesimal trans- 
formations (5.5a) leave R invariant, since, to first order, 

(rlA + a17A)(Q + &a) = yA$j = -R2. 

Whenever conformal symmetry is present, the algebra of the de Sitter group (2.3) 
can be rewritten with the aid of the general representation MeA . For if one has 
avaiable the five MGA , then defining the momentum operators by P, = (1/2R)(M,, + 
M5,J, the algebra of the fifteen operators MUy, P, , @ = Ms5, K, = 2R(M,, - Mbu) 
is exactZy that of the conformal group in Minkowski space. Indeed, the operators 
(1/2R)(iC,, + Znj,) do go over to the gradients ia/axU in the limit R + CO. 

5.2. Conformal Cooariance of Massless Fields 

In analogy with the representation of rotations (2.9), the variation induced on a 
field ~(7) is 

ax = X’(T) - X(T) = - jEsAjsAx. (5.6) 

For the spinor equation (3.9), one finds that the generators (5.1) are symmetry 
operators on the space of solutions, provided the mass is zero and L = -312; if 0 
denotes the matrix differential operator for the massless spinor equation, then 

However, one finds that if the scalar field equation is given by (3.1) with (3.2b), 
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then it is not conformally covariant if the parameter m is simply set equal to zero. 
There are two possible ways to remedy this flaw: either the form of the field equation 
can be modified so as to ensure covariance when m = 0 [23,24], or one can work with 
the field equation (3.1) with the Casimir operator I1 taking on the discrete value 
-2/R2 [8]. Using either interpretation, the conformally covariant scalar equation is 
given by 

(1/2R2) mABmABX + (2/R2) x = 0, (5.8) 

so thatj,, for scalars is a symmetry operator on the space of solutions of (5.8). 

[-bj,Al = &a/R) ‘% 

where L is the differential operator in (5.8). The net effect of this modification is the 
addition of an extra term x2/R2 to the Lagrangian density (4.20a), while in the flat- 
space limit one still recovers the massless scalar field. Since the conjugate momentum 
(4.20b) is unaffected the commutation relations remain the same, while in the conser- 
vation laws (4.22) the extra term -x2/R2 must be added to g* . 

5.3. Conformal Group Conservation Laws 

For the case of spinors, the general form (4.11) of the quantum field theory generator 
F yields five additional conservation laws from the substitution of the field variation 
(5.6). The extra conserved quantities can be written 

K-R = j GA’” dScD , (5.10a) 

with the divergenceless integrand 

s 6A CD = (vB/R) SABCD - hcD8~&. (5.10b) 

In terms of the inner product for spinors, with .Z = 0 for solutions x, the quantities 
(5.10) are 

&A = (X,j,Ax) = j- ($ydfi6A#) k3 d3j', (5.11) 
A=A, 

where jjTcA are the generators (5.2). In keeping with the discussion following (5.5), 
these can be combined with the MZu to form the analogs in de Sitter space of the 
quantum field theory generators of dilations and special conformal transformations: 

@ = M35 9 K,, = 2R(M,, - A&). 

These have as limits for R - 0~) the usual forms of the conformal generators for 
spinor fields in Minkowski space. 

The fact that the generator F given by (4.11) yields conserved quantities for spinors 



DE SITTER SPACE CONSERVATION LAWS 493 

is a reflection of the form invariance (4.7) of 2. Equivalently, this means that the 
variation of the Lagrangian density is identically a divergence, without the help of the 
field equations, or in other words that 2 transforms as a field (see [ 131). This property 
of 2 turns out not to be the case for scalar fields. 

Jnstead, for scalars, with Y given by 

9 = -(1/4R’) rncDxmCDx + x2/R”, (5.12) 

one finds that inserting the rule (5.6) with / = - 1 leads to the variation 

62’ .= -iEGA([(qE/R) rnAB + 4i~,/R] c.Y - (1/2R3) “I.~&~$); (5.13) 

without the help of the field equations. The first term above is a divergence, since 

Equation (5.13) means that 2 transforms in part as a scalar field with C = -4. But 
because of the extra term in (5.13) the version of (5.lOb) for scalars reads 

s 6A cD = ($/R) SABCD - hcD~qA~ + ( 1/4R3) 8y$‘$, (5.14) 

and it is this object whose divergence vanishes by virtue of the field equation (5.8). 
The conserved quantities formed by integrating (5.14) are 

@ = MS:, = 
s 

[ - iD,xiii6,x 
A=A, 

- (l/2RX)(R2h2 - R2 + y”)(P, + x2/2 R2)] h-3 d3r, 

Kj = 2 R(Mej - /Lfsi) = J [ -iD,x 2R(Fi,3 - iE,j) x 
A=& 

+ 2( R/h)(X - 1) Y~=!Z’~ - (l/Rh) yjx2] h-3 n3j2, (5.15) 

Ka = 2 R(M,, - M,,) = s [-iD,x 2R(Ei,, - iE,,) x - A-l((RX - R)2 + y”) L$ 
A=&) 

- (l/2R2h)(R2A2 + R2 + y”) x2] X-3 c13y. 

It is only in the last quantity above that the extra term in (5.14) gives a contribution 
that survives when R ---z co. In this limit, the quantities (5.15) go over to the usual 
expressions for massless scalar particles in Minkowski space [12], including the term 
in K4 due to the Lagrangian density in Minkowski space not transforming as a field 
for special conformal transformations. The new feature in curved space that comes 
to light in (5.15) is that now 2a does not transform as a field either for special con- 
formal transformations or dilations. 
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The presence of extra terms due to the lack of form invariance of 9’ in Minkowski 
space under special conformal transformations was put in a more general setting than 
that of just scalar fields by Callan, Coleman, and Jackiw [13]. By examining the 
variation of 2’ for general spin and invoking Poincari invariance, they showed that 
if dilation invariance also held, the construction of a divergenceless special conformal 
current is contingent upon the field virial (~~/~~,$)(8,,~~ + isL(,,#) equalling a 
divergence identically. 

The analogous procedure here is to assume rotational invariance, which from (4.13) 
has the form 

mAB2 = w/ax)jABx + +%&ABX). 

Using this relation, the variation of .Z induced by (5.6) is, in general, 

6L? = mAB(qB2/R) - (4i~/R) 2’ - (ifq,JR)(kY/~~) 

- (i&/R) nCDnzcDx + (2&/R) nCBmABx 

+ C&/R) 7~ cBS~~X + WfIR) =CAX. (5.16) 

Now in the analogous expression in Minkowski space, all the terms except the 
divergence and the field virial can be set equal to zero by dilation invariance alone. 
However, here the analogs of dilations and special conformal transformations are 
unified, in that their conservation depends on the conservation of the five-vector MGA . 
In fact, it is easy to see that what would be the field virial in this case is not a divergence 
for scalars, so that the situation is more complicated in de Sitter space than in 
Minkowski space. Nevertheless, by using the particular Lagrangian density for each 
field, one is still able to calculate 89 explicitly in each case, and so determine the 
correct form of the conserved current in five-space. 
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