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The spinoreq~~ation of Barut and Haugen is shown to admit no solutions havingadefinite scale dimension 
in Minkowski space. 

On montre que l'equation spinorielle de Barut et H a ~ ~ g e n  n'admet auc~lne solution possedant ~ l n e  dimen- 
sion d'Cchelle dCtinie dans I'espace de Minkowski. [Traduit par le journal] 

Can. J .  Phys.. 51. 1278 (1973) 

In an earlier paper (Drew 1972), the isomorph- 
ism between the conforn~al group on Minkowski 
space and the group of rotations O(4, 2) was 
used to investigate conformally covariant spinor 
field equations by considering rotationally in- 
variant action principles in a six-dimensional flat 
space. As has been pointed O L I ~  in a helpful 
criticism by Barut and Haugen (1973), the author 
used a line of reasoning which was, in part, in- 
correct, in eliminating certain terms from a 
Lagrangian density comprising all rotationally 
invariant expressions bilinear in an eight- 
component spinor field x and its first derivatives. 
The field x was defined on the manifold of co- 
ordinates qA, A = 1-6, with metric 6AB = diag 
(-1, -1 ,  - 1, f l ,  -1, f 1). The purpose of 
this paper is to demonstrate that the spinor equa- 
tion proposed by Barut and Haugen (1972a, 
1973) 

responding to two distinct types of two-com- 
ponent fields $ in Minkowski space, each 
governed by the Weyl equation 

and each having the physically required scale 
dimension I = - 312 (Drew 1972). 

The coordinates q A  are defined in terms of the 
Minkowski coordinates y j  and two auxiliary 
variables K and L by the relations 

so that yj, K, and L form a set of six independent 
variables. As is clear from the work of Mack and 
Salam (1969), on the hyperquadric L = 0 the 
scale dimension operator I can be identified as 

[71 12 = ( ~ a ,  + i0,,)2, aK = a l a ~  
where 

[gl 2 = Ux, U =  exp [ - - i y j ( ~ ~ ~  + G , ~ ) ]  
with This result arises when one considers the action 
[2] { p A , p B } = 2 6 A B ,  a A = a / a q A  on x of the differential generator of rotations 

m6,, where 
does not satisfy the essential requirement that it 
admit solutions having a definite scale dimension [9] m65 = i(q6a5 - ~ 5 ~ 6 )  = i(Yiai - Ka,) 
I, with I defined to be the intrinsic part of the 
generator oE dilations in Minkowski space. This 
property of [ l ]  is in contradistinction to that of 
the equation of Dirac (1936) and Hepner (1962), 

[3 1 oABqAaBx + i h ~  = 0 

with 

[dl = - OBA = . 114 [PA, PBl 
which has been shown to have solutions cor- 

'Revision received March 19, 1973. 

By considering O(4, 2) symmetry with L # 0, 
one deals with a group of transformations on 
space-time which properly contains the group of 
conformal transformations. This group maps 
"spheres" in four dimensions into other spheres 
such that the angle between neighboring spheres 
is preserved; the mappings of null spheres (L = 
0) constitute the conformal transformation group 
on Minkowski space (Ingraham 1971). However, 
because rotations in the 6-5 plane in six dimen- 
sions for L # 0 induce the same action on the 
Minkowski variables y j  as for the case L = 0, 



DREW: SCALE DIMENSION OF CONFORMALLY C O V A R I A N T  SPINOR FIELDS 1279 

L does not appear explicitly in the operator 
(m,, + o,,), which contains both extrinsic and 
intrinsic parts of the generator of dilations in 
Minkowski space; the action of the dilation sub- 
group induced on fields is the same whether or 
not L is zero. For this reason, the identification 
[7] holds for all L. 

If one works in a representation in which 06, 

is diagonal, then the requirement that be an 
eigenfunction of I amounts, on account of 171, 
to the requirement that it be an eigenfunction of 
the operator ~ a , .  Since this operator commutes 
with U ,  one can write this requirement in terms 
of the field x as 

case L # 0, however, it is not necessary to 
assume that x is homogeneous in order to have 
definite values for I, and one may use the 
identities 

1171 ~ a ,  = qAaA - 2 ~ a , ,  a, = a l a ~  

[l81 2KaL -- + a6 
to determine whether or not [lo] can be satis- 
fied. 

Consider a solution x of [I]. It is permissible 
to apply the operator qAaA from the left to the 
field equation, so that one has 

1191 0 = qBaB[iPA .x + Mx] 
= ipAaA[qBaBx] + MqBaBx - iPAaAx 

denoting the eigenvalue to which x corresponds If one insists that x be honlogeneous of degree 
by no. Defining a new variable + by no on L = 0, so that 1161 is satisfied, then on 

[I11 + = K-"? 
account of 1151, [16], and [I 1, eq. 19 reduces to 

. . . - 

then if [lo] is satisfied, and if n is chosen equal 
to no, the field + does not depend upon K, and 
for this reason + is identified with the "physical" 
field in Minkowski space. Care must be taken 
not to look upon [7] as an operator identity for 
1, because when acting on a field + the scale 
dimension operator 1 must be identified as 

[I21 1+ = (n + ~ a ,  + io6,)+ 

This has the meaning that under an infinitesimal 
scale transformation 

1131 y" = (1 + olYj 

[20 1 MX = 0, for L = 0 
Taking M to be a real positive constant, the 
identities 1171 and [18] may be employed to 
show that 

121 I MX = 0, for L # O 

provided both eqs. 1 and 10 are satisfied, so that 
for M # 0 no nonvanishing solutions of [l ] exist 
which have a specific scale dimension. Introduc- 
tion of a conformally invariant mass term into 
field equations in six-dimensional space is thus 
seen to preclude the possibility of finding spinor 
fields in Minkowski space satisfying conformally 

the field + undergoes the classical transforma- covariant free field equations and having a 

tion law unique scale dimension. It is important to realize 
that for this purpose one must diagonalize both 

1141 +'(Y') = 11 + o(n + ~ a ,  + io65)l+(~)  parts of 1, and n i t  just the matrix io6, as Barut 
and Haugen (1972b) have done. Furthermore, 

In order that One can assign a definite contrary to an earlier statement (Drew 1972), 
dimension the of + 9  One must the author no longer believes it possible to intro- 
require equations governing fields dr l )  in duce a conformally invariant mass M into six- six-dimensional space to admit solutions satisfy- dimensional equations for scalars or vectors, 
ing the fo$dition [ I D 1  O n  the null hyperquadric where M is a number, provided one demands 
L = 0, one has that there exist solutions of the field eauations 
~ 1 5 1  qAaA = ~ a , ,  L = 0 having a definite scale dimension. This property 

of conformally covariant field equations is an 
so that the eigenvalue no can be identified with essential requirement, i n  a classical theory of 
the degree of homogeneity of x on L = 0, free fields, for giving solutions a physical inter- 

1161 
pretation in terms of probability currents con- 

qAaAx = n0x, L = O structed from the fields. Indeed, the fact that the 
Fields X, then, must be homogeneous functions generator of dilations commutes with the genera- 
when restricted to the null surface L = 0, in tors of Lorentz transformations means that, as a 
order that they be eigenfunctions of 1. For the result of Schur's Lemma, for any representation 
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of the conformal group which is also an irreduci- formation law 
ble representation of the Lorentz group, the 
finite dimensional part of the generator of [27 I MK' = M(1 - o ) ~  

dilations must be a constant multiple of the since in this case $ cannot satisfy both eq. 26 and 
unit matrix. the condition 

If one now applies the operator qAaA from 
the left to [3], one finds [28] (n + ~ a ,  + io,,)$ = -3/2$ 

Demanding that the condition [lo] be satisfied, 
on L = 0 the right-hand side of this equation 
vanishes identically by virtue of the field equation 
3, showing that [3] admits solutions satisfying 
[lo]. For the case L # 0, one may use the 
identities [I71 and [I81 to show that 

provided both the field equation 3 and the condi- 
tion [lo] are satisfied. 

An alternative approach (see, e.g. ,  Fulton, 
Rohrlich, and Witten 1962) is provided by 
ascribing a scale dimension I,,, = - 1 to the mass 
m, so that as a result of the dilation [13] in 
Minkowski space, one has 

This transformation law must be regarded as a 
separate postulate. Then considering four- 
component spinor fields cp, transforming under 
dilations with the scale dimension I = - 312, 

the Dirac equation in Minkowski space is con- 
formally covariant, provided [24] holds. Com- 
paring [25] with [14], one sees that this situation 
cannot prevail for the four-component projec- 
tion $ of a field derived from ~ ( q ) ,  satisfying 

[26 1 (-$aj + KM)$ = 0 
... . . 

-with the postulate [24] replaced by the trans- 

In conclusion, in the light of the useful criti- 
cism of Barut and Haugen, the claim that [3] 
is the only conformally covariant spinor equa- 
tion, which was made in the author's original 
paper, should be restated to read that the Weyl 
equation is the only conformally covariant spinor 
equation, derivable from the O(4, 2) formalism, 
having solutions which correspond to fields in 
Minkowski space having a definite scale dimen- 
sion, whereas no solution of the equation of 
Barut and Haugen has this property. 
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