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Abstract.

Recently, a method for removing shadows from colour images waslapee [Finlayson, Hordley, Lu, and Drew,
PAMI2006] that relies upon nding a special direction in a 2D chromaticégtiire space. This “invariant direction” is that
for which particular colour features, when projected into 1D, producgegscale image which is approximately invariant
to intensity and colour of scene illumination. Thus shadows, which are Bnessa particular type of lighting, are greatly
attenuated. The main approach to nding this special angle is a cameraatialib a colour target is imaged under many
different lights, and the direction that best makes colour patch imaged agross illuminants is the invariant direction. Here,
we take a different approach. In this work, instead of a camera cttibhrave aim at nding the invariant direction from
evidence in the colour image itself. Speci cally, we recognize that primdpia 1D projection in the correct invariant direction
will result in a 1D distribution of pixel values that have smaller entropy thenegting in the wrong direction. The reason
is that the correct projection results in a probability distribution spike, foelgiall the same except differing by the lighting
that produced their observed RGB values and therefore lying along avitheorientation equal to the invariant direction.
Hence we seek that projection which produces a type of intrinsic, indiepeof lighting re ectance-information only image
by minimizing entropy, and from there go on to remove shadows as prgyiolo be able to develop an effective description
of the entropy-minimization task, we go over to the quadratic entropy,réfthea Shannon's de nition. Replacing the observed
pixels with a kernel density probability distribution, the quadratic entropyteawritten as a very simple formulation, and can
be evaluated using the ef cient Fast Gauss Transform. The entvajiiyen in this embodiment, has the advantage that it is
more insensitive to quantization than is the usual de nition. The resultingighgois quite reliable, and the shadow removal
step produces good shadow-free colour image results wheneveg siradow edges are present in the image. In most cases
studied, entropy has a strong minimum for the invariant direction, rexgalimew property of image formation.

Keywords: lllumination, re ectance, intrinsic images, illumination invariants, color,dhas, entropy, quadratic entropy

1. Introduction

lllumination conditions confound many computer vision algorithms. In particaladows in an image
can cause segmentation, tracking, or recognition algorithms to fail. An illuminati@miant image is
therefore of great utility in a wide range of problems in both computer visiahcamputer graphics.

An interesting feature of this problem is tteitadowsare approximately but accurately described as a
change of lightindFinlayson et al., 2002). Hence, it is possible to cast the problem of riegeladows
from images into an equivalent statement about removing (and possiblyréatering) the effects of
lighting in imagery.
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Removal of outdoor cast shadows has been addressed before inrdaeii@dout typically not based
on a photometric approach. For example, (Cho et al., 2005) uses backgsubtraction in YCbCr
colour space and gradient thresholding to extract moving blobs in colalatext cast shadows in traf ¢
surveillance video. The objective is to nd a moving blob that is not in a shaegion. In (Liu et al.,
2006), another method based on time-varying data and a Gaussian mixtueeuses the early video-
based model in (Stauder et al., 1999) to partially remove effects of lightorg Bequences (and cf.
(Weiss, 2001)) but the proposed insensitivity to illumination depends orvdysthanging penumbra
and does not work for strong shadows. In fact, a substantial améuwnbr& on shadow detection has
been concerned with moving shadows (Prati et al., 2003; Nadimi anduB2094; Martel-Brisson
and Zaccarin, 2007), whereas here we concentrate on single still imlagéés paper we focus on a
physically-based rather than image-processing approach in ordeintargderstanding of the underlying
image formation process.

A method was recently devised (Finlayson et al., 2002; Finlayson andeyp&D01; Finlayson and
Drew, 2001; Drew et al., 2003; Finlayson et al., 2006) for the regowéran invariant image from
a 3-band colour image. The invariant image, originally 1D greyscale lgesjuently derived as a 2D
chromaticity, is independent of lighting, and also has shading removednisfa type ofntrinsic image
independent of illumination conditions, that may be used as a guide in réogwaiour images that are
independent of illumination conditions. While the essential de nition of an inicimeage is one that
captures full re ectance information (Barrow and Tenenbaum, 19r8)ding albedo information, here
we claim only to capture only chromaticity information, not full re ectancevBigheless, invariance to
illuminant colour and intensity means that such images are free of shadomellaso a good degree
(Finlayson et al., 2006). Although shadow removal is not always pertee effect of shadows is so
greatly attenuated that many algorithms can easily bene t from the new methgd;a shadow-free
active contour based tracking method shows that the snake can withaultgifollow an object and
not its shadow, using the new approach to illumination colour invarianceg(diad Drew, 2003; Jiang
and Drew, 2007). In place of standard luminance images used in visiorgrifapplication the effects of
lighting would usefully be removed then arguably the greyscale versioreaftiariant image should be
used instead.

The method works in a very simple way: Suppose we form chromaticity batiasr e.g.G=R, B=G
for a colour 3-band RGB image, and suppose we further take logarithmisitéresting feature to note is
that, under simplifying assumptions set out below, the scatterplot valupss from the same surface,
but under different lighting fall on a straight line; and every such linedifferent surfaces, has the same
slope. This remarkable fact still hold true approximately even when the gyisiimplifying assumptions
are broken. Since shadowing is a result of a difference in lighting, waisa this physics-based insight
to devise a shadow-removal scheme. This paper uses evidence itbeanglparticular image, based on
an entropy measure, to nd the slope of such lines. Projection orthogoriais special direction results
in a 1D greyscale image that has shadows approximately removed. We &gisoal@D colour version
of such an invariant image.

The method devised nds an intrinsic re ectivity image motivated by the assumptid Lambertian
re ectance, approximately Planckian lighting, and fairly narrowband carsensors. Nevertheless, the
method still works well when these assumptions do not hold. A crucial pieicdosmation is the angle
for an “invariant direction” in a log-chromaticity space. Originally, this infa@tion was gleaned via a
preliminary calibration routine, using the camera involved to capture imagescofoar target under
different lights. Subsequently, it was shown in principle (Finlayson et28i04) that we can in fact
dispense with the calibration step, by recognizing a simple but important factafnect projection is
that which minimizes entrogg the resulting invariant greyscale image. In this paper, the entropy based
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method is examined in detail, and in order to carry out an ef cient seareh swmooth values that are
not subject to quantization problems, we replace the Shannon's entroggunee used previously, by
a Quadratic Entropy measure such that a Gaussian mixture model of thebpitybdensity function
(pdf) produces an analytic formula. We show that such quadratic gnadpes are much smoother and
usually produce only a single minimum, making this approach the most ef cieretqUadratic entropy
can be evaluated in linear time using a Fast Gauss Transform, leading to a siethted for nding the
invariant direction. Shadow removal in full colour, by means of compagitges in the original and in
the invariant image and then subsequent re-integration, follows.

The paper is organized as follows. ¥, we brie y recapitulate the motivation for a projection-
based de nition of an illuminant invariant, and set out the relevant equat®action 3 looks at how the
entropy minimization scheme plays out for a set of synthetic colour patchéhemne hand, and then
for a set of actual paint patches in a calibration chart. Section 4 coaditeissue of how an effective
entropy-minimization algorithm should proceed, and argues that an ef aejgmroach is possible, based
on replacing the de nition of entropy by the quadratic form of Renyi's epi:. Finally, we apply the
method devised to unsourced images, from unknown cameras undeswmkighting, with unknown
processing having been applied. Results are again strikingly good, ¢easlto conclude, in8, that the
method indeed holds great promise for developing a stand-alone appmaemoving shadows from
(and therefore conceivably re-lighting) any image, e.g. images frorsuwroar cameras.

2. The Invariant Image

2.1. LOG-CHROMATICITY PROJECTION ANDENTROPY MINIMIZATION

In order to motivate the study, we rst brie y set out the strategy for eleping an illumination invariant
image, and the rationale determining entropy minimization as the key insight fangreich an image.

Consider a calibration scheme, for a particular colour camera, whereiget Bomposed of coloured
patches (or just images of a rather colourful scene) are imaged uiffdgent illuminants — the more
illuminants the better. Then knowledge that these are registered images affrtbessene, under differing
lighting, is put to use by plotting the capture RGB values, for each of the gatiebed, as the lighting
changes. If pixels are rst transformed from 3D RGB triples into a 2Ddeatio chromaticity colour
spacef G=R; B=Rg say, and then logarithms are taken, the values across different illuminadtsote
fall on straight linesin a 2D scatter plot. And in fact all such lines gvarallel, for a given camera
(Finlayson and Hordley, 2001), as illustrated in Fig. 1(a).

So change of illumination simply amounts to movement along such a line. Thus itightkoavard
to devise a 1D, greyscale, illumination-invariant image by projecting the 2Bneaticity points into a
direction perpendicular to all such lines. The result is hence a greysgoatge that is independent of
lighting, and is, therefore, a type of intrinsic image (Barrow and Tenembdi978) that portrays only
the inherent re ectance properties in the scene. Since shadows atly thasto change in the illuminant
intensity and colour — i.e., differing lighting — such an image also has shadawsved.

Below, we discuss the restrictions on this straight-line model, but it may beliusdbok at shadows
and lighting colour in an example. Fig. 2(a) shows a typical consumeegrachera TIFF image, with a
strong shadow present. Here, the image processing software appligicalliyyaimed at a “preferred”
(i.e., pleasing) rendition, rather than photometric accuracy, and the nurhipeocessing steps in the
camera software can be substantial (Ramanath et al., 2005).

The standard de nition othromaticity i.e., colour contents without intensity, is de ned in an L
norm:r = fr;g;bg ~ f R;G;Bg=(R + G + B). Fig. 2(b) shows this colour content for the image.
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Figure 1. Intuition for nding best direction via minimizing the entropy. (a); Log-rafeature space values for paint patches
fall along parallel lines, as lighting is changed. Each patch correspmndssingle probability peak when projected in the
direction orthogonal to the direction of lighting change. (b): Projecting inmtheng direction leads to a 1D pdf which is less
peaked, and hence of larger entropy.

Notice that the colour of the shadow is basically a deep blue; since this ig@mooshot on a clear day,
this is not surprising in that the light for shadowed pixels is mostly from thedskge, whereas light for
non-shadowed pixels is comprised of both sky-light as well as diredigbiinThus shadowing is seen to
be an effect due to change of lighting colour as well as intensity.

The invariant greyscale is shown in Fig. 2(e) where we see the shadmwasger present. In (Drew
et al., 2003), a 2D-colour chromaticity version of the invariant image, asgnZtf), is recovered by
projecting orthogonal to the lighting direction and keeping the 2D colour latcé@tifmrmation, and also
putting back an appropriate amount of lighting along the lighting direction. Wi(fjddbks at and the
colours somewhat false, intrinsic images created this way are useful inutemjision: e.g. see (Jiang
and Drew, 2003; Jiang and Drew, 2007).

We can use the greyscale or the pseudo-colour invariant as a guidgltineg us to determine which
colours in the original, RGB, colour image are intrinsic to the scene or are simtjfcss of the shadows
due to lighting. Forming the gradient of the image's colour channels, weuide @ thresholding step via
the difference between edges in the original and in the invariant image ysanlaet al., 2002; Finlayson
et al., 2006). Forming a further derivative, and then integrating baekcan produce a result that is a
3-bandcolour image which contains all the original salient information in the image, exceptlipeat
shadows are removed, as in Fig. 2(g). Although this method is based orvémirt image, which has
shading removed, nonetheless its output is a colour image, including sh#tdsgvorth pointing out
that we have found that in implementing this process, a 2D-colour, chromatilcitgination-invariant
image is more well-behaved than the greyscale variant, and thus gives shigttdy shadow removal.

Of course these applications sit on top of a well calibrated imaging system. \Afsuneechow the
camera responds to light and nd the invariant direction accordingly. él@w often in vision tasks we
do not know the provenance of the images or even if we do have a catlbrateera this calibration
does change over time. Thus, the problem we consider, and solve, iraftes is the determination of
the invariant image fronunsourcedmagery — images that arise from cameras thatrarecalibrated
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Figure 2. Colour and intensity shift in shadows: (a): Original image; (b):dhromaticity image; (c): Shannon's entropy plot
(we seek the minimum); (d): quadratic entropy plot (we seek the maxiofihe quantity plotted); (e): greyscale 1D invariant;

(f): 2D invariant Ly chromaticity; (g): re-integrated 3D colour image.
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The input is a colour image with unknown provenance, one that includetosls, and the output is the
invariant chromaticity version, with shading and shadows removed.

The fundamental idea in this paper is the observation that, without having teeimagene under
more than a single illuminant, projecting in the correct direction minimizes the eninogne resulting
greyscale image. The intuition behind this statement is evident in the calibratiatic@ituwith a set of
colour patches under changing lighting. Projecting onto a line perpendiculiae set of straight lines,
we end up with a 1D pdf that is concentrated in peaks, as in Fig. 1(a).enhaf seal images of colour
patches, we indeed see a set of peaks, each well separated frothergeand corresponding to a single
colour patch. On the other hand, if we instead project in some other direasan Fig. 1(b), then instead
of pixels located in sharp peaks of occurrence we expect the distrilnftgirels along our 1D projection
line to be spread out. In terms of histograms, in the rst instance, in whichuesgthe correct direction
and then project, we see a distribution with a set of sharp peaks, with rgdoltirentropy. In the second
instance we instead see a broader histogram, with resulting higher entropy.

But does this idea apply in real images? We have found that, for almost #emage considered
that does indeed involve shadows, entropy has a strong minimum nearrtbetdovariant direction.
Changing lighting is automatically provided by the shadows in the image themselves.

Nevertheless, we have found that the method of calculating the entropy istéampd-ig. 2(c) shows
Shannon's entropy, for the projected, greyscale image when feategsojected over angles frori to
180F. This entropy is calculated by choosing a bin-width, and then quantizingfpateire values using a
histogram, normalizing the histogram, and forming the standard quantity degafie entropy (see, e.g.,
(Li and Drew, 2004)). But this calculation can sometimes be quite sensititreetbin-width, as shown
in Fig. 3(b) (for quite a pathological case). We have found that suttb@nplots can in fact have many
local minima; this is discussed furthenid.1 below. Instead, a quadratic entropy plot, discussed below, is
usually a good deal smoother since itis founded on a Gaussian kernsitydgistribution, and most often
has a single strong maximum (of the quantity that must be maximized, in this cag@)grfar a simple
optimization to nd the maximum. Further, quadratic entropy, which is the logarithenantegral, is
simply related tdnformation Potential Speci cally, information potential is the exponent of the negative
of quadratic entropy and so minimum quadratic entropy corresponds to maxinfiormation potential.
This is an important point as the majority of the results derived below are fornvation potential;
though, the reader should understand that information potential andagicaghtropy are simply related.

In Fig. 3(c), we show the information potential using a range of diffebamdwidth parameters, and
notice that the maximum is quite insensitive to the bandwidth. Consequently, inaihés we go over
to this de nition of the entropy, as shown in Fig. 2(d) for the initial image Fig)Zbere, we look for a
maximum of the quantity plotted).

In x2.2, we now brie y summarize the set of theoretical assumptions regardéng tiolem of lighting
change in imagery that lead to the straight-line hypothesis.

2.2. THEORY OFINVARIANT IMAGE FORMATION

2.2.1. Planckian Lighting, Lambertian Surfaces, Narrowband Camera

Suppose we consider a fairly narrow-band camera, with three se®eds Green, and Blue, as in
Fig. 4(a) (these are sensor curves for the Sony DXC930 camera).ifN@e image a set of coloured
Lambertian surfaces under a particular Planckian light, e.g. in a controllat bigx, then for each

pixel the log of chromaticity band-ratios, s&jog(R=G);log(B=G)g, appears as a dot in a 2D plot.
Chromaticity removes shading, for Lambertian re ectances under orédpdyr so every pixel in each
patch is approximately collapsed into the same dot (no matter if the surfaceseiur
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Figure 3. Effect of quantization on Shannon's entropy: (a): Original imagg; &hannon's entropy plot, with changing
bin-width (we seek the minimum) — the normative bin-width value given bddgveq. (15) is shown dashed, and the other
curves are for multipliers of this width from 0.1 to 2.0, mapped to equalima; (c): quadratic entropy plot with bandwidth
multiplied by factors from 0.1 to 1.9 by 0.3, with 1.0 shown dashed (n@evile seek the maximum of the quantity plotted).

For example, Fig. 5(b) illustrates the log-chromaticities for the 24 surfatelseoMacbeth Col-
orChecker Chart shown in Fig. 5(a). The plot shows 19 distinct clsistepoints — each cluster corre-
sponds to chromaticities from a single patch (there are 19 clusters rathe24tsnce the patches in the
last row of the chart are all neutral in colour and so have the same clioity)aFig. 5(c) shows the plot
of the median 2D log-chromaticities for 6 of the Macbeth surfaces undeiffbdetht Planckians — we
see a set of parallel approximately straight lines.

For narrow-band sensors (or spectrally-sharpened ones (Famatsal., 1994; Drew et al., 2002)),
and for Planckian lights — or lights such as Daylights which behave as if tlegg ®lanckian in that
their chromaticity is very close to the Planckian locus — as the correlated ctdmyeraturel that
characterizes the illuminant changes, the log-chromaticity colour 2-veots mthdeed move along an
approximately straight line which is independent of the magnitude and posttiba ighting. (Note that
the invariant direction is different for each camera.) Further, in manwfeg arti cial lights, the colour
rendering properties of lights are calculated using a CIE standard métigydIE, 1995). According
to this methodology, illuminants that are far from the Planckian locus rendemiel than those that
are close. As such most commercial lights have chromaticities close to the Rlatméus and for all
commercial lights tested we discover more or less the same intrinsic re ectange.ima

Let's recapitulate how linear behaviour with lighting change results from $saraptions of Planck-
ian lighting, Lambertian surfaces, and a narrowband camera. Consgl®GIB colourR formed at a
pixel, for illumination with spectral power distributida(, ) impinging on a surface with surface spectral
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re ectance functiors(, ). If the three camera sensor sensitivity functions form &€t ), then we have
z
Re = % E(,)S(.)Qk(,)d.; k = RiG;B; (1)

where¥is Lambertian shading: surface normal dotted into illumination direction.
If the camera sensd@y(, ) is exactly a Dirac delta functio®y(,) = &=(, i . «), then eq. (1)
becomes simply

Re = % B k)S( k) : (2)

Now suppose lighting can be approximated by Planck’s law, in Wien's aqapetion (Wyszecki and
Stiles, 1982):

EC;T) " lky, i % T 3)
with constants; andk,. Temperaturd characterizes the lighting colour ahdyives the overall light
intensity.

In this approximation, from (2) the RGB coloRy; k = 1 ::: 3, is simply given by

e K2
Ri = %lky, [ %€ TS )0 : (4)
Let us now form the band-ratio 2-vector chromaticittes
& = Rk=Rp; (5)

wherep is one of the channels akd= 1; 2 indexes over the remaining responses. For example, we could
usep = 1 (i.e., divide by Red) and so calculate = G=R andc; = B=R. We see from eq. (4) that
forming this chromaticity effectively removes intensity and shading informatfame now form the log

of (5), withsy ~ ki, {(58(, k) andex " i ko=, x we obtain

Yo © log(ck) = log(sk=sp) +(exi €)=T: (6)

Eq. (6) is a straight line parameterized Dy Notice that the 2-vector directiof@ i €p) is independent
of the surfacealthough the line for a particular surface has offset that dependg.dvery such line is
parallel, with slope dictated bie, | ep).

An invariantimage can be formed by projecting these 2D logs of band-tatmaticityYs; k = 1; 2,
into the directione ? orthogonal to the vectee ~ (ex i €p). The result of this projection is a single
scalar which we then code as a greyscale value.

We go on inx3.2.5 to generate a 2-colour chromaticity image from the greyscale verdierinfages
thus generated are “intrinsic” in the sense that they capture re ectafaeiation independent of light-
ing. However, they are not full re ectance-only images (as speci e(Biarrow and Tenenbaum, 1978)),
since they bear only chromaticity information, not albedo.

Since the method stems from a Planckian illumination model, it is worth asking whéeéhneom-
bination of lights when not in shadow — sunlight plus skylight — breaks theeimdal fact, the sum
of two Planckian lights is not Planckian. However, since the Planckian liscusfact a very shallow
curve (Wyszecki and Stiles, 1982), the combination is almost Planckiamvéstigate the effect of
this combining of lights on the theoretical underpinnings of the method, canidesynthetic scene
in Fig. 6(a). This depicts two hemispheres on a plane viewed {fo; 1), shaded via a full-spectrum
raycaster (cf. (Bergner et al., 2009)). Here the left sphere cainfiaaterial is Macbeth chart patch #4,
“olive green”, the right sphere is #6, “bluish green”, and the plane2is“fight skin”. Lighting is a
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Planckian with temperature T=10,580in the shade (blue lighting), and a combination of that light
plus a Planckian with T=2,56& (red lighting) outside the shadows. The camera sensors used are delta-
functions at,  =f 650nm, 540nm, 450nga This image illustrates the different colours in shadow and
non-shadow regions. Using a projection of log band-ratio chromatié¢®#®s; B=G, Fig. 6(c) shows the
greyscale invariant delivered by the proposed method, and Fig. B@lyssthe corresponding derived
L, chromaticity, invariant imagéR; G; B g=(R + G + B). We notice that while the greyscale image is
approximately independent of the lighting, it is not perfect. This is, as wpased, due to the fact that
a combination of Plankians is not itself perfectly Planckian. So in fact eveirdnmstances in which
the theoretical model is perfectly obeyed, the method will likely not deliveeréept result. Moreover
the chromaticity invariant delivered is not precisely as we expect in thed tire gradual colour changes
across each sphere (although these would disappear if had only aiiingieaant impinging on each
of shadow and non-shadow pixels). However, indeed both attachibedamt shadows are essentially
removed. This example serves to show that an invariant image can beiofagablishing which edges
correspond to material changes and which to lighting, at least well enasighvehicle for shadow
removal.

Before light is added back to such images (below), they are a type of iotiimage bearing re-
ectivity information only. In x3.2 we recover an approximate intrinsic RGB re ectivity, akin to that in
(Tappen et al., 2003; Tappen et al., 2005) but with a considerably &aartling algorithm: (Tappen
et al., 2005) classi ed image gradients as illumination or re ectance edgesmiitng on their direction
and magnitude and, in cases of ambiguity, on other edges in the neighbdukiVork on recovering
the intrinsic re ectance and illumination of a scene ows in part from earlyrkvon Retinex (Land
and McCann, 1971), and (Tappen et al., 2005) is a sophisticated gdevahd in this stream. Note that
an important quali cation of the domain of the present method is that whereasiéthod in (Tappen
et al., 2005) works on either greyscale images or colour ones, the methodt$iere depends on colour.
Allied efforts, especially in the domain of Computational Photography, hamsidered light mixtures
(e.g., (Hsu et al., 2008)) or colour- ltered images (e.g., (Finlayson e2@0y)).

Clearly, if we have the opportunity to calibrate our camera, then we canndietthe invariant 2-
vector directione . However, if we have only a single image, then we do not have the opjpyrton
calibrate. Nevertheless we would still like to be able to remove shadows fgnmeage. We show in the
next Section that the automatic determination of the invariant direction is indessibye, with entropy
minimization being the correct mechanism.

3. Intrinsic Images by Entropy Minimization

Here, we would like to do away with the necessity of a calibration step to gaékriowledge of the
invariant direction. We begin ir3.1 by creating a synthetic “image” that consists of a great many colour
patches. Since the image is synthetic, we in fact do know the ground trutieimvdirection. Examining
the question of how toecoverthis direction from a single image, with no prior information, we show
that minimizing the entropy provides a very strong indicator for determiningahect projection. This
result provides a proof in principle for the entropy-minimizing method.

The idea being examined in this section is thus as follows: Suppose that inla isivage various
illuminants impinge on several paint patches. Here we use synthetic Plafigkiemin order to see that
the underlying theory behaves as expected. The question examined istibtrer we can remove the
effects of lighting from this single, synthetic image.

But how do we fare with a real camera?X8.2 we consider a set of captured colour-patch images,
taken with a known camera. Since we control the camera, and the targeyvesiablish the invariant
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direction. Then comparing to the direction recovered using entropy minimizatiennd that not only
is the direction of projection recovered correct (within 3 degrees)alaat the minimum is global and is
a very strong signal.

3.1. ENTROPY MINIMIZATION

If we wished to nd the minimum-variance direction for lines that are formed inrdbgomaticity space
as the light changes, we would need to know which points fall on which IBeswhat if we did not
have that information?

To test the idea that entropy minimization gives an intrinsic image, suppose niveisitea theoretical
Dirac-delta sensor camera, as in Fig. 4(b). Now let us synthesize an éintlagt consists of many
measured natural surface re ectance functions interacting with many Jightisrn, and then imaged by
our theoretical camera. As a test, we use the re ectance 8igta for 170 natural objects, measured
by Vrhel et al. (Vrhel et al., 1994). For lights, we use the 9 Planckian illamisE (, ) with T from
2,500 to 10,506 Kelvin with interval of 1,006. Thus we have an image composed of 1,530 different
illuminant-re ectance colour signal spectral products. This image is shiowfig. 4(c). From left to
right we have the 170 different re ectances. And, top to bottom the illuntmatarting from the reddish
2500K light to the bluish 10,500K. We clearly see a colour shift from rddthsbluish. A close-up of
the last 7 re ectance patches is shown in Fig. 4(d).

If we form chromaticities (actually we use geometric mean chromaticities de nexjir{7) below
instead of simple band ratios, in order to not favour one particular colmammel), then taking logarithms
and plotting we have 9 points (for our 9 lights) for every colour patch.ti@ghing the mean from each
9-point set, all lines go through the origin. Then it is trivial to nd the besécdtion describing all 170
lines via applying the Singular Value Decomposition method to this data. Theibesiah line is found
at angle68:89*. And in fact we know from the theoretical de nition ¢é j e,) that this angle is correct,
for this camera. This veri es the straight-line equation (6), in this situationrestiee camera and surfaces
exactly obey our assumptions. This exercise amounts to a calibration ofemretital camera in terms
of the invariant direction.

But now suppose we do not know that the best angle at which to projgctheoretical data is
orthogonal to aboud9* — how can we recover this information? Clearly, in this theoretical situation, the
intuition displayed in Fig. 1 can be brought into play by simply traversing alsiiaées projection angles
that produce a projection directian” : the direction that generates an invariant image with minimum
entropy is the correct angle

To carry out such a comparison, we simply rotate froht®180 and project the log-chromaticity
image 2-vecto#: into that direction. To utilize Shannon's de nition of entropy, we can forfiistogram
as a quantization mechanism. We must decide on a bin size, and for now we sga@l$ equally-spaced
bins. And nally the entropy is calculated: the histogram is divided by the sum of the bin counts to
form probabilitiesp; and, for bins that are occupied, the surs %2, i p; log, pi is formed.

Fig. 4(e) shows a plot of angle versus this particular entropy measurhe synthetic image. As can
be seen, the correct angle 169 = 90 + 69* is accurately determined (within a degree). When we go
over to a quadratic entropy, explained belowt) we see from Fig. 4(f) that this de nition of entropy
also gives the correct answer (with zero error, for this case).

Fig. 4(g) shows the actual invariant greyscale “image” for these ttieateolour patches, given
by exponentiating the projected log-image, with a close-up of the last 7 tanee patches shown in
Fig. 4(h). As we go from left to right across Fig. 4(f) we change mance. From top to bottom we have
pixels calculated with respect to different lights. Recall that Fig. 4(cjvshime 170 re ectances (left
to right) under the 9 Planckians (top to bottom). As opposed to the invariantimagig. 4(g), notice
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how all colours become progressively bluer top to bottom. The gure Kig). ghows the invariantimage
coded as greyscale, and there is zero variation from top to bottom. Yetdiiscgle value does change
from left to right, along our 170 surfaces. So, in summary, Fig. 4(g) telthat the same surface has
the same invariant across lights but different surfaces have diffeneariants (and so the intrinsic image
conveys useful re ectance information).

Next, we consider an image formed frammeasured/alues of a colour target.

3.2. CALIBRATION IMAGES VS. ENTROPY MINIMIZATION

Now let us investigate how this theoretical method can be used for reagyrahetic values. We acquired
calibration images of a Macbeth ColorChecker over 14 phases of dawigthtresults displayed in
Fig. 7. (These images were taken with an experimental HP 912 digital canitbréneznormal nonlinear
processing software disabled, but in fact the entropy minimum phenonearsists regardless of the
processing.)

3.2.1. Geometric Mean Invariant Image
From (4), we can remov&and| via division by any colour channel: but which channel should we use?
If we divide by red, but red happens to be everywhere small, as in to gigreenery, Sa?é’ outliers can
occur. A better solution is to divide by the geometric mean (Finlayson and,[2@®1), ° R ¢G ¢B.
Then we still retain our straight line in log space, but do not favour omécpigar channel.

Thus we amend our de nitions (5, 6) of chromaticity as follows:

q
& = Re=%! 3, Ri; ~ R¢=Rwm; (7)

and log version (Finlayson and Drew, 2001)

% = log(ck) = log(sk=sm) + (e i em)=T; k=1:3;
(8)

; i 5 q|3 Pp
with sk = ka, } °SG k)% ism = ° 1 =1 S & = i ko= k; ew = i ke=8 jop L3

and for the moment we carry all three (thus nonindependent) componfectisomnaticity. (Broadband
camera versions of eq. (8) are stated in (Finlayson and Drew, 2001).)

3.2.2. Geometric Mean 2-D Chromaticity Space
We should use a 2D representation tht is appropriate for this log chromatietez. We note that,
in log space¥is orthogonal tau = 1= 3(1;1;1)". That is,%lives on a plane orthogonal to, as in
Fig. 8 (see (Finlayson et al., 2004%:¢u =0.

To characterize the 2D space, we can consider the projecfpronto the plane. This project®
has two non-zero eigenvalues, and its decomposition reads
P’ =1juu'’ =UTu; (9)

u

whereU is a2 £ 3 orthogonal matrixlJ rotates 3-vectorzinto a coordinate systein the plane

A~ UY%; A is2f£ 1 (10)

Straight jines jp¥eare gfill straight inA . For example, we could take; = (1 P 2:i 1=p 2:0),

Vo=(1l= 6;1= 6;j 2= 6)7),andU =[vyi;Vo]".
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In thef A;; A>g plane, we are now back to a situation similar to that in Fig. 1: we must nd thescorr
directionp in which to project, in the plane, such that the entropy for the marginal disoibalong a
1D projection line orthogonal to the lighting direction is minimized. The greyscalgémhaalong this
line is formed via

| = Apcosp+ Aysinp (11)

and Shannon's entropy is given by

X
=i pi(l)log(pi(l)): (12)
i
We shall see below, ir5, how instead the quadratic entropy allows us to inherit the marginal puff fro
the 2D pdf, as a function qf

3.2.3. Test of Main Idea
Thus the heart of this test of the entropy-minimization idea using real, mebpanet-patch data, is as
follows:

(a) Form a 2D log-chromaticity representation of the image.
(b) forp = 1::180

() Form greyscale imagk: the projection onto 1D direction.
(i) Calculate entropy.
(iii) Min-entropy direction is correct projection for shadow removal.

We would like an actual algorithm to proceed faster than this type of brute fegarch, of course, and
that issue is addressedxa.

3.2.4. 3-Vector Representation

After we nd p, we can go back to a 3-vector representation of points on the projectiom@roject

2D points onto a Iipe via at 2 projegtorP w if £ = (cos y;sin W', thenP =E£ T We form the
projected 2-vectoA 111Avia A, = P yA and then go back to an estimate (indicated by a tilde) of 3D
Yeandcvia¥ = U "A,, e = exp(%). For display, we would like to move from an intrinsic image,
governed by re ectivity, to one that includes illumination (cf. (Drew et aD03)). So before applying

U T we add back enough so that the median of the brightest 1% of the pixels has the 2D chromaticity
of the original imageA ;! A+ A oiaignt -

3.2.5. Stable Chromaticity Image
Once we have an estimate of the geometric-mean chromaticity (7), we can also go over to the usual
L,-based chromaticityr; g; bg, de ned as

r = fr,g;bg = fR;G;Bg=(R+ G+ B); r+g+b” 1: (13)

This is the most familiar representation of colour independent of magnitudenfo 2 of Fig. 8 shows
the Ly chromaticity for colour images). To obtain Ichromaticityr from our estimate o€ , we simply

take
X3
e = e= &: (14)
k=1
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Sincer is bounded® [0; 1], invariant images im are better-behaved thanlis The greyscale image
for this test using images of a colour target is shown in Fig. 7(d), and thehtomaticity versione, as
per eq. (14), is shown in Fig. 7(e). We note that both greyscale andrcimleariant images are stable
across illuminants. The colour range for the 2D colour invariant is ofssweduced compared to that of
an unprojected colour target.

3.2.6. Entropy Minimization — Strong Indicator

From the calibration technique described in section 3.1 we in fact alreawly #frecorrectcharacteristic
direction in which to project to attenuate illumination effects: for the HP-912 cantleis angle turns
out to be 158.5.

We nd that entropy minimization gives a close approximation of this result* #6dboth Shannon's
de nition of entropy and the quadratic entropy variant. First, transforniarzD chromaticity coordinates
A, the colour patches of the target do form a scatterplot with approximatedjigldines, in Fig. 7(a).
We compose an image consisting of a montage of median pixels for all 24 caltmvgs and 14 lights.
The calculation of entropy carried out for this image gives a very stratrgmum, shown in Figs. 7(b,c),
and excellent greyscaleinvariant to lighting, and chromaticity invariant,in Figs. 7(d,e).

This completes both the theoretical and a controlled-experiment justi catictheoimain idea —
nding the invariant projection direction by entropy minimization. In the nexttsm, we examine the
issues involved when we extend this laboratory success to the realmindigrchon-calibration images.
To dispense with a brute-force search over all angles, we also nestiplided search mechanism,
and we see that this is provided by the quadratic entropy measure, with impéioeroy Fast Gauss
Transform.



14 Finlayson et al.

4. Intrinsic Image Recovery Algorithm

4.1. SHANNON'S ENTROPY AND QUANTIZATION

Real images are noisy and might not provide such a clean picture as ireonetical and testing images
above. As well, we must decide on a quantization procedure if we wish to Uitiaanon's de nition of
entropy.

4.1.1. Quantization Problem
Consider the colour image in Fig. 3(a): a colourful ball on a wooden d@eitka shadow cast by strong
sunlight. To nd the minimum entropy, we again examine projectibnever angles 9to 180, for
log-chromaticitiesA formed according to egs. (7), (8), and (10). For each angle, wiegirthe log-
chromaticity, and then determine the entropy (12). However, the natureeaddta, for real images,
presents an inherent problem. Since we are considering ratios, wexpaat @oise to possibly be en-
hanced (although this is mitigated by the sum in eq. (13)). To begin with, tretefe apply Gaussian
smoothing to the original image colour channels. But even so, we expéciime ratios may be large.
So the question remains as to what we should use as the range, and nditnibst i a histogram of
a projected greyscale imagde Using the usual, Shannon, de nition of entropy, we cannot escape this
guantization issue. However, the alternative Quadratic Entropy meas@e pelow, largely circumvents
this issue by utilizing a different, kernel density driven non-paramettimese of the pdf that automati-
cally incorporates smoothness. We still have to choose a bandwidth pardooétle resulting quantity
is relatively independent of this choice.

We calculate Shannon's entropy by approximating the pdf with a histogram pregected 1D
greyscale values. To form an appropriate bin width, we utilize Scott's Radetf, 1992):

bin.width = 3:5std(projected datpN i =3 (15)

whereN is the size of the invariant image data, for the current angle. Since therdenawtlier ratios,
we use the middle values only, i.e., the middle 90% of the data, to form a histogmntha scale of
the entropy for each projection is the same, since the number of bins is thigcgame: if we draw the
samples from a Gaussian population then the rst 3 standard deviatignfma the mean plus overload
at the boundaries describe all the data, and the number of bins is thengpsttpnal toN =3, which is
the same for every projection.

The entropy calculated is shown in Fig. 3(b); but we nd from varying e width in Fig. 3(b)
around the value in eg. (15) that this entropy may be sensitive to the binvéezeould like to develop
a smoother version of the entropy, with a clearer indication of the minimum. As wellyould like to
dispense with an exhaustive search over angles and go over to a snmotreethat facilitates ef cient
search for the minimum. We shall see next that the Quadratic Entropy cust®isth and also generally
has a single extremum. And a Fast Gauss Transform can producergsmpyeevaluation in linear time.

Fig. 3(c) shows the Information Potential, derived in the next Section fhenQuadratic Entropy. We
see that in this case there is a much simpler curve shape, and local quantéftgiis are eliminated.
The result for the resulting chromaticity invariant, and reconstructedastdicte colour image is shown
in Fig. 8.
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5. Quadratic Entropy and Gauss Transform

Firstly we replace our pdf over 2D chromaticity coordinates by a Gaussamek density mixture to
ensure that entropy is calculated over smooth values. If we go over t@drgtic Entropy measure (a
special case of Renyi's entropy (Renyi, 1987)), then the entrop talkex very simple form.

In 1D, Renyi's entropy reads

1 z
‘® = log p®(x)dx; ®, 0; ®61 (16)
1; ®

wherep(x) is the pdf. This measure is known to approach Shannon's entropygass to 1.

For the special case &= 2 we have

Z,
“quacraic = i log - pAO)dx (17)
I
Notice that the log is outside the integral, making for a much simpler evaluation.
For the purposes of optimization, we can simply drop the log, giving the Bedcaformation
potential 7

V = p?(x)dx (18)

To see how the information potential is indeed related to minimizing the entropsid=arthe parallel
lines in(Ar; Ay)-space formed for two paint patches as illumination changes, in Fig. Q(ppcSe data
points are uniformly distributed along each line, so that the projected, mamih& proportional tol
except when the line projections overlap, when the pdf is proportioral@early, there is a singularity
when the lines project to zero length along the projection axis, at the minimummpgrdangle. Fig. 9(b)
shows the theoretical value df, as the projection angle changes. The information potential for real
data usually also has a similar strong, single-maximum structure: the curve.if (E)gshowing the
information potential for the measured patch data in Fig. 7(a) has a maximu60& lwhereas the
correct angle is 158% Compared to Fig. 7(b), the quadratic entropy has a much cleaner serdicair
facilitates a fast search by successive evaluation of the quadratipgioiver a few angles.

The quadratic entropy is explicitly evaluated using the Parzen window taadniglow.

PARzZEN WINDOW

The quadratic-entropy approach approximates theppdf from its N samplesy; by a Parzen window
estimator (Parzen, 1962), using Gaussian ker@ealgth meana; and variance?:

1 X 5
)= Glas) (19)
i=1
Since a convolution of two Gaussians is a Gaussian with variance equal $arthef variances of the

constituent Gaussians and mean given by the difference of individuahsnéhe information potential
V becomes simply (Xu and Principe, 1998)

v 1 X s 0e2 1 1 X X i (aii a)? 20
ve Gl A s e T @ e (20)

Notice that now we can evaluate the entropy directly from the data, withouteth@ to create a pdf rst.
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Now let us show how the 1D model above comes out of pArojecting(éD,Az) chromaticity-space
data in a directionu. For convenience let us write = Az; y = Ay. whereX;;Y; is the 2D data and
indexes the image treating indices as a vector. If the 2D pdf is approximated as

) PR 4
1 1 X Xi Xi)? i Yi)?
PGY) = = eXP | (i ) 5 0 exp | Lz MDAy (21)
(2¥92s%s3 i=1 S1 S2

then to nd the marginal probability density for this function along an axiprojected in thei direction,
we substitutex = 1 cosp+ ° sinp; y = j tsinp+ © cosp Also de ning M; = Xjcospi Y;siny,
after some algebra the projected marginal probability comes out to be

Z " #
) = pxEoyiymo e = Lpt X exp LM (22)
M o= 11 ’ ’ ’ N 21/52 I 252
with
s(W)? = s? cosp + S5 sinp (23)

We then use value that minimizes the asymptotic mean integrated squared error (AMISE) (Scott,
1992), given by

s = 1:06s(m Ni ° (24)
Thus the information potential is
Y, o f)fd = et "7 L 25
= = — exp j —————
1=11 u(*)g N2" 2v(2s2) i i 482 (25)

Therefore, the information potential is given by a simple sum, along the pegjexis.

The information potential/ can be regarded as the total potential energy of the data set, with the
Gaussians in the role of potential energy of data pMntin the potential eld of data poinM;. To
minimize the entropy, we maximize this potential energy (Xu and Principe, 1898)e context of data
points that are free to move, the derivative of this potential is a force tiagsddata points into an
equilibrium state such that the information potential takes on an extremum. Thieka used for deter-
mining neural network parameter values that produce such optimized rkebwriputs: the derivative of
V with respect to the network parameters become derivatives of the outipui$ pvia the chain rule (Xu
and Principe, 1998). In our application, the data is xed, so we simply eteleq. (25).

In the Appendix, we show that the sivncan be calculated in linear time, using the Fast Gauss Trans-
form. Quadratic entropy curves found are simple and smooth, and wefdave that a maximum o¥
for real image data can be generated in just a few search steps. V/kthation average the most critical
and time-consuming step of the algorithm, namely the linear-time FGT, took aboutrdsedonds per
pixel (in Matlab on a single-core 3.0 Ghz P4 running Windows), or in ottede/some 0.5 seconds for
a300£ 400image.

6. Re-Integrated Image Results
Using the re-integration method in (Finlayson et al., 2006), we can go on &nar invariant image

to recover a full-colour shadow-free image. The method introduced ida§&on et al., 2002) uses a
shadow-edge map, derived from comparing the original edges to thdise greyscale invariant image.
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In (Finlayson et al., 2006) we use edges from the invar@dmbmaticityimage and compare to edges
from a Mean-Shift (Comaniciu and Meer, 2002) processed original @nag well, rather than simply
zeroing edges across the shadow edge, we use simple edge inpaintiog/tedyes into shadow-edge
regions.

Regaining a full-colour image has two components: nding a shadow-edgsk,mend then
re-integrating. The rst step is carried out by comparing edges in thenV&daft processed original
image with the corresponding recovered invariant chromaticity image. We flmogixels that have
edge values higher than a threshold for any channel in the original, aret than another threshold
in the invariant, shadow-free chromaticity. We identify these as shadoesedad then thicken them
using a morphological operator. For the second stage, for each logratiannel, we rst grow simple
gradient-based edges across the shadow-edge mask using iteratioa dilahe mask and replacement
of unknown derivative values by the mean of known ones. Then wa foisecond derivative, go to
Fourier space, divide by the Laplacian operator transform, and dotbacy space. Neumann boundary
conditions leave an additive constant unknown in each recovered logrceo we regress on the top
brightness quatrtile of pixel values to arrive at the nal resulting coldanps.

In our experiments, images show behaviour similar to that displayed in Figv@(h strong entropy
minima (information potential maxima), and results quite free of shadows. Siecenhriant image
is basically shadow free and the re-integrated image is quite good, our intthiminimization of
entropy would lead to correct results is indeed justi ed.

Fig. 8 shows results from various images, from both calibrated and urai@ibcameras, including
consumer cameras. For all experiments we carried out, quadratic entiojgization provided a strong
guiding principle for removing shadows. Note that in some actual camemasntaopy-minimization
approach rather than a calibration is ideal for nding the invariant directsince it is possible that even
a change of camera settings or heating over the day in a surveillance sitcatigroduce effectively
different camera sensors. We point out to the reader that there iglecaisle variance in the recovered
invariant angle direction over the set of images and cameras (150 dg@ussor minus 20 degrees) and
so a single xed calibration direction will not remove the effect of illumination in gaa.

While the results are not perfect, we believe they are pretty good. Inssdbdhe shadows are removed
or attenuated and the main look and feel of the image is retained. And, wevedthifes performance
without any calibration or prior learning.
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Figure 4. Synthetic values. (a): Typical RGB camera sensors — Sony DXC98@ea (b): Theoretical narrowband RGB
camera sensors. (c): An image showing all lights and surfacesta efjht there are 170 re ectances and top to bottom the
9 Planckian lights. (d): Close-up showing the last 7 patches, under thé&t8.lig): Minimum Shannon's entropy invariant
direction gives same angle as calibration test. (f): The same angleWeeneed a curve maximum) is produced by quadratic
entropy. (9): Invariant image for theoretical synthetic image — sareglevels across illuminants. (h): Close-up of last 7
re ectance patches for invariant image.
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Figure 5. (a): Macbeth ColorChecker Chartimage under a Planckian light imagkén HP912 Digital Still Camera, modi ed
to generate linear output. (b): Log-chromaticities of the 24 patches of thgdthchart. (c): Chromaticities for 6 different

patches, imaged under a set of different Planckian illuminants.

@ (b) (© (d)

Figure 6. (a): Two hemispheres composed of Macbeth ColorChecker Chiztigm#4 and #6, on a plane composed of patch
#2. lllumination is by two Planckians, and image formation is by using dehatfon sensors. (b):1-norm chromaticity for

this scene. (c): Greyscale invariant image. (d): Invariant imagésraticity.
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Figure 8. Additional invariant images, for minimum entropy: columns show origimage, Lu chromaticity image, information potential plot, invariant thromaticity,

and re-integrated RGB colour image.
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7. Are Invariant Images Intrinsic?

A question that remains is whether the invariant images produced are ifit@usic” in the sense
of yielding identical re ectivity results regardless of lighting conditions. tést this capability of the
algorithm, we used time-lapse imaging to show shading and shadow removiiystabr lighting. Fig. 9
shows a subset of several images taken outdoors over time on a vatiahlyday at 20-minute intervals.
For each individual image, we ran the algorithm presented here. If tlagiamt images produced are
indeed intrinsic, then we expect to nd that all invariant images are apprately equal, or at least
much closer to each other than are each of the original sequence sipeedthid consist of re ectance-
only images independent of the lighting change between frames. The cassstavas an inexpensive
commodity camera, but with the software modi ed such that both preferrddam renditions are both
stored: for raw images, only demosaicing using bilinear interpolation is applied

We nd that in most of the results, the attached shadows are still somewparteaq, although the cast
shadows have been mostly removed. Nevertheless the output imagesesa dhaker to each other than
are the originals. Since we produce chromaticity images as the invariant owgotmpare closeness
for the Ly chromaticity amongst the input set across daylight conditions versusothiief output set. A
simple but effective measure of the quality of image nearness is the Pealt Ridwoise ratio (PSNR)
(Daly, 1992), and in fact perception-based image quality metrics havefberd to offer little advantage
over PSNR as a measure to evaluate the quality of image nearness. Foutreeitgf Ly chromaticities,
if we compute the PSNR between all input images the median value is 38.70 dBorBhe output
set, the median is 50.06 dB, showing a much stronger correlation: i.e., théaimvienages are indeed
considerably closer to generating an intrinsic representation.



Figure 9. Invariant images using time-lapse imaging: columns show original indifference from
potential plot, invariant greyscale, and invariant¢dhromaticity.
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8. Conclusions

We have presented a method based on entropy minimization for nding theéanvalirection, and thus
a greyscale and thence ap-thromaticity intrinsic image that is independent of lighting and hence free
of shadows, without any need for a calibration step or special knowlatgut an image. The method
appears to work quite well, and leads to good re-integrated full-colour il shadows greatly
attenuated. We found that going over to a quadratic entropy de nitionigeesva stable and ef cient
vehicle for calculating the minimum-entropy lighting invariant direction.

Future work would involve a careful assessment of how onboard rearliprocessing in cameras
affects results. Cameras ordinarily supply images and videos that areressad, as well as greatly
processed away from being linear images. Although the method does iwddednder such processing
(see Fig. 8) it would be well to understand how JPEG artifacts impact the thét have found that
JPEG images do indeed exhibit a strong entropy minimum, just as do uncoepigsgyes. However,
the extra edges introduced due to blocking effects make re-integrationdificret.

For the re-integration step, it may be the case that consideration of aatseghiadow-edge map
for x andy could be useful, since in principle these are different. A variational injpegralgorithm
would likely work better than our present simple morphological edge-ddfusnethod for traversing
shadow-edges, but would be slower.

In general, the model does perform best when the underlying assumpfidding the approach are
indeed obeyed. For example, if a spectral sharpening transform yBoneet al., 1994) is available for a
camera (or even using a generic such transform (Drew et al., 20@f)»be can expect to obtain better
shadow removal from the lighting invariant. And Lambertian surfaces mhgeeduce the best results.
A simple test of whether a surface is in fact Lambertian is that the chromatictgwes shading. The
Lambertian assumption is often broken, but real images typically contain ordif specular areas and
these do not much affect the results. However, if we were to use sathdarge areas of non-dielectrics,
this would indeed affect performance. In general, we expect the méshwalve limited applicability to
a degree for scenes that image surfaces with BRDFs that deviate faopeltean, such as glass, metal,
etc., and likely also skin, which is complex to model (Weyrich et al., 2006).

As well, dynamic range plays an important part in consumer imaging. Undgrtlighting, shadows
are typically driven down to very small pixel values — say, to 2% of the maxinchannel value —
that may be unusable by the method presented. Also, when strong intgioamg are present, in shadow
regions that are very close to an object with attached shadow, the methadsoanot correctly remove
this effect. Nonetheless, generally the method does remove, or at leasistiithia presence of shadows
in imagery.

Appendix: Fast Gauss Transform applied to Quadratic Entropy

In practice, computation of the information potential can be expensivenWtimputed naively, compu-
tation ofV has complexityO(N 2), whereN is the number of pixels. This cost may be prohibitive when
the image is large.

The Fast Gauss Transform (FGT) was introduced by Greengar&taih (Greengard and Strain,
1991) for ef cient evaluation of a weighted sum of Gaussians. It hawvgu to be a very ef cient
algorithm in a variety of applications (Yang et al., 2003; Elgammal et al., 2B8&tson and Greengard,
1997). The discrete Gauss transform, here discussed in terms of ttoximpation of a 1D pdf, is to be
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evaluated on a grid of points:

XN . XiiSj’2
G(x)= we % i=1;00T (26)
j=1

Here,w; are weight coef cientsfs;jg; j = 1:::N are the data point centers of the sum of Gaussians
(the source¥; and%.is a bandwidth parameter. The sum of Gaussians is evaluated only atfagsiet o
pointsfx;g; i =1 :::T (thetargety. A direct computation evaluating the sumMfsource points at
targets require®(T N ) exponential evaluation operations.

The FGT algorithm speeds up the computation by approximation of the Gafigsaion to achieve
a desired precision. The basis of the fast algorithm is the expansion @dhssian in terms of the
Hermite functiond, (x):

.
G0 = € ®197 =" Zonix)+ 2(p); (27)
n=1 ""°

whereh, (x) is de ned by
d" 2
—(: n i X°.

andz is the error introduced by truncating the Hermite series gftearms. This is a rephrasing of the
Taylor series aboug = 0.

The FGT starts by dividing the feature space (the sources) into unifosasbwith side lengtia
Then the Hermite expansion is applied such that the in uence of sourckemagets separates. For each
sources, the Gaussian can be expanded using a shifted and scaled versionmife-Henctions which
are located at the centsg of the box in which the source lies.

3

iy g% [ Xissi(sise) 2
el 3/ o e Ya
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nt 3 n 3
nep N Va Va

1

(28)

This is a so-called far- eld expansion, in that it is an approximation notedepnt on the distance
between source and target being small.
In a similar manner, the target Gaussian eld can be approximated by a Henxpaasion about the
center of the target boxg :
3

iy & . X'X'(S'x)2
o SE _ XiXei (siXs)
1 1
N X ih HsixB LlxixB n (29)
T 2 Ya

The two expansions are identical, except that the role of sources ayadstare interchanged. Eq. (29)
is a so-called near- eld expansion, in that it expresses a function wifetaras a Taylor series about a
nearbytarget box centexg .

The FGT rst calculates the expansion coef cients in eq. (28) (the monlenies) and adds them
for each source box, yielding a single expansion for each sourceTbmse series are then shifted to
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the centers of target boxes using eq. (29), for the Hermite series in@aeh box and its nearby source
box. Thus each target point has only one Taylor expansion with mono(tiajs xg )=%". In this way,
a sum of Gaussians can be compute®{T + N) operations.

The FGT is typically applied to Gaussian kernel evaluations where the tangatst well-behaved
near the sources, making it necessary to use the far eld Hermite expegnsibthe translation to a local
Taylor expansion. However, here we wish to use the FGT speci callycédeulating the information
potential, as in eq. (25). Here, sources and targets are identiddj are sources, with the term for eaich
of the form (26) withx; © M. In this case, the Hermite expansion is equivalent to the Taylor expansion,
with no need to perform the conversion from the Hermite expansion to thETagkor series. Therefore,
a simplerevaluation is possible for eq. (25): all points are transformed into a Hermjitension about
the centers of the boxes, and these expansions are directly evaluatazhatoint.

Formally, the kernel in/ can be expressed as a Hermite series:

_(MiiM')2 X H L. ﬂn H L. ﬂ
¢ —mr—a s LoMii Me T, TMii Me (30)
n<p N 2s 2s

where pointM; is located in a boBB with centerM g and side lengtls. The Fast Gauss Transform for
computing the information potential (25) thus consists of the following steps:

Step 1. Assign theN data points into uniform boxes with lengsh

Step 2. Choosep suf ciently large to enforce a desired error precision. The error tuthe truncation
of the series eq. (28) after terms satis es the following bound in this 1D case (Greengard and
Strain, 1991; Baxter and Roussos, 2002; Beatson and Green§8i); 1

B - Ap_!
I T e n  oa I .

- e (31)
n<p N 2s 2s p! 4

Iy ! 11

Step 3. For each boxB, with centerM g, sum the Hermite polynomials, i.e. add corresponding coef -

cients:
1 X Mmiomg T
An(B) = nl 25
'MjZB

(32)

Step 4. For each poinM;, compute the in uence of all point¥l; by adding the Hermite expansion for

each boxB.
3 3
X MiizMj 2 X X : MiizMj 2
e : = e ’
j B M;2B
M 1
Mii M
2 An(B)h, —L =B (33)
25
B n-p

Because of the exponential decay of the Gaussian, points in a giverilbhtvave no effect (given

a particular accuracy) on far-away targets. Thus it is reasonablentpute the in uence of only

a range of nearby boxes for each target point, where the range isniletel by the desired error
bound. If we take only the closest boxes for a point in each direction (i.e., a neighbourhood of
2r + 1 boxes centered at the point), it can be shown (Greengard and Sté&ih) that we incur
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an error bounded bg r2=4, Denoting thezr + 1 nearby boxes byR (B), the summation can be
approximated by

X X M X X
e : 2 An(B)hp
B M;2B IR(B)n- p

MMii Mg
2s
(34)

Step 5. Finally, the information potential can be calculated by adding all the Gauspanxmations

obtained in step 4.
X X X Mii Mg
= An(B)hn  ——— (35)

i IR(B)n-p

In step 3, each point contributes to exactly one expansion, so that theaofi@work required to calculate
the coef cients for all boxes i©(Np). The amount of work required in step 4{p(2r + 1)) for each
point, andO(N p(2r + 1)) in total for all points. The desired precisiérdictates our choice af andp.
For calculating the information potential, the precision required is moderatbasave can have small

r andp. In this paper we use = 6 andp = 6. Overall, the FGT algorithm achieves linear running time
O(N).
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