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Abstract

A colouring of the vertices of a graph (or hypergraph) G is adapted to a given colouring
of the edges of G if no edge has the same colour as both (or all) its vertices. The adaptable
chromatic number of G is the smallest integer k such that each edge-colouring of G by colours
1,2,...,k admits an adapted vertex-colouring of G by the same colours 1,2, ..., k. (The adaptable
chromatic number is just one more than a previously investigated notion of chromatic capacity.)
The adaptable chromatic number of a graph G is smaller than or equal to the ordinary chromatic
number of G. While the ordinary chromatic number of all powers G* of G remains the same as
that of G, the adaptable chromatic number of G* may increase with k. We conjecture that for
all sufficiently large k the adaptable chromatic number of G* equals the chromatic number of G.
When G is complete, we prove this conjecture with k > 4, and offer additional evidence suggesting
it may hold with k£ > 2. We also discuss other products and propose several open problems.
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1 Introduction

The notion of adaptable chromatic number seems to have naturally arisen in several unrelated contexts.
Our own interest [13] was motivated by considerations in the area of matrix partitions of graphs,
trigraph homomorphisms, and full constraint satisfaction problems [7, 9, 10]. Another motivation in
the context of hypergraph list colourings, with a possible application in job scheduling, is described in
[14]. The same concept is also proposed, for the special case of complete graphs (and under a different
name), in [5, 4], where it arose as a natural generalization of split graphs. (In this sense, it is similar
to the motivation from [7], where a generalization of split graphs is also proposed.) In [1], the concept
arose from colouring problems in metric spaces. Finally, in [2, 3] it was motivated by generalizations
in Ramsey theory [2, 3, 18], cf. also [11].
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Several of these sources were unaware of each other (and we have ourselves only recently discovered
most), so many results were proved in multiple places. Moreover, the definitions not only differ by
names, but are also slightly mismatched - while in some one computes the largest number of colours
that ensure a ‘monochromatic edge’ must occur, in others one computes the smallest number of colours
in which this can be avoided, resulting in a mismatch of one.

To be specific, we define a vertex colouring of a graph G to be adapted to an edge colouring of G
(with the same set of colours), if no edge has the same colour as both its vertices. (Neither the edge nor
the vertex colouring have to be proper.) This generalizes in the obvious way when G is a multigraph
or a hypergraph. The adaptable chromatic number of G, denoted xq4(G), is the smallest integer k
such that every edge colouring of G with colours 1,2, ..., k, admits an adapted vertex colouring with
the same colours. The adaptable choice number ch,q(G) is the smallest integer k, such that for any
edge colouring F' of G and any lists L(v),v € V(G), with |L(v)| > k,v € V(G), there exists a list
colouring of G adapted to F. (This means the colour of each vertex v is from the list L(v).)

Note that if G is a subgraph of G’, we have x4(G) < Xad(G'). It also follows from these definitions
that x.a(G) < x(G). There exist graphs (uniform hypergraphs of any edge size) G with x.4(G) = x(G)
and x(QG) arbitrarily high [11]. For graphs G, [13] shows that we can additionally require that G has
arbitrarily high girth. (This solves Problem 1 from [11].) This is generalized to uniform hypergraphs
(with any edge size) in [14], where one obtains hypergraphs G with arbitrarily high girth and arbitrarily
high ch(G) = xad(G) = x(G). Graphs G with x,4(G) = 2 have been characterized in [11, 13], and
with cheq(G) = 2 in [14]. Graphs with x.q4(G) = ¢ for ¢ > 2 are NP-complete to recognize [13].
The adaptable chromatic and choice numbers of complete graphs have attracted much attention
[5, 1, 2, 3, 4, 14, 13], since they tend to be far from their chromatic and choice numbers. The best
current lower and upper bounds for x,q(K,) are both of the order of v/n [5]. For ch,q(K,,), the results
are similar [14]. Concrete values of x.q4(K,) for small n are computed in [13]. For a general graph
(multigraph) G with n vertices, the order of x,q4(G) is at least x(G)/y/nlog x(G) [11] and at most

A(G) [3, 13, 14]. Adaptable choice numbers of graphs on surfaces and for other graph classes have
been investigated in [6, 16]. Let mad(G) = maxpycg 2|E(H)|/|V (H)| be the mazimum average degree
of G. Tt is proved in [16] that for any graph G, chq(G) < [mad(G)/2] + 1. This implies that the
adaptable choice number of any planar graph is at most four, while it is shown in [13] that there exist
planar graphs with adaptable chromatic number equal to four. It also provides a proof of the fact
that the adaptable chromatic number of a planar graph is at most four without using the four-colour
theorem, answering a question from [13].

There are graphs G for which x,q4(G) = x(G), and there are also graphs G for which x,q4(G)
and x(G) are far apart [13]. We consider some constructions that maintain the chromatic number
but increase the adaptable chromatic number. Even if x,4(G) and x(G) are far apart originally, we
may end up with x.q4(G’) = x(G’) after a few steps in the construction. Take the following example
construction. Let G[n] be the graph obtained from G by replacing each vertex v with an independent
set I, of size n, joining a vertex in I, to a vertex in I, if and only if v is adjacent to w. Note that
X(G[n]) = x(G) for all integers n. Also note that x.qi(G[n]) < Xaa(G[n']) if n < n', since G[n] is a
subgraph of G[n/].

Theorem 1 For any graph G, there is an integer n(G) such that if n = n(G), then xaa(Gln]) =
X(Gln]) = x(G).

Proof. Assume x(G) = x(G[n]) = k. It suffices to show that if n is sufficiently large, then there is
a (k — 1)-edge colouring F' of G[n| such that any (k — 1)-vertex colouring of G[n] is not adapted to
F. The edge colouring F of G[n] is defined as follows: randomly colour the edges of G[n] by k — 1
colours. It is well-known [5] that (when n is large) with high probability the following holds:



(*) For any edge vv’ of G, for any colour ¢, if X C I, and Y C I, and | X|,|Y| > n/(k — 1) then
there is an edge between X and Y are coloured with colour 1.

So there is an edge colouring F' of G[n] for which (*) holds. Assume c is a (k — 1)-vertex colouring
of G[n]. We shall show that c¢ is not adapted to F. For each vertex v of G, let ¢(v) be a colour ¢
such that |¢71(i) N I,| = n/(k — 1) (by pigeonhole principle, such a colour exists). Since x(G) = k,
there is an edge vv’ of G such that ¢(v) = ¢(v') =i. Let X = ¢ 1(i)N 1, and Y = ¢~ (i) N I,,. Then
|X|[,1Y] > n/(k—1). Hence there is an edge of colour ¢ connecting a vertex of X and a vertex of Y.
So ¢ is not adapted to F. |

2 Categorical power of graphs

The graph G[n] is the lezicographic product [15] of G and K,. As we have seen, this product does
not change the chromatic number of the graph, but, as n becomes larger, the adaptable chromatic
number may increase until it reaches the chromatic number of G.

One naturally asks about other graph products. The categorical product G x H of two graphs
G and H has vertex set V(G) x V(H) and in which (z,y) ~ (2/,3/) if and only if z2’ € E(G) and
yy € E(H).

The graph G x K,, can be obtained from the graph G[n] by removing, for each edge uv of G, a
perfect matching from the complete bipartite subgraph induced by I, U I,,. By a proof analogous to
that of Theorem 1, we can show the following fact.

Theorem 2 For any graph G, there is an integer n(G) such that if n = n(G), then xq.qa(G x K,) =
X(G X Kn) - X(G)

As a consequence of Theorem 2, if H is a graph with sufficiently large clique number w(H), then
Xad(G X H) = x(G x H) = x(G). Are there graphs H with w(H) = w(G) for which we also have
X(Gx H) = x(G) and x44(G x H) = x(G)? A natural candidate is that H be the product of copies of
G. The categorical power G™ of G is recursively defined a G' = G,G"*! = G™ x G. Tt is well-known
and easy to see that G™ has the same clique number and the same chromatic number as G. If n < n’
then G™ is a subgraph of G, so we again have xoq(G™) < Xaa(G™). We conjecture that if n is large
enough, then x,q4(G™) also reaches x(G).

Conjecture 1 For any graph G, there is an integer n(G) such that if n = n(G), then xq.q(G™) =
xX(G") = x(G).

In this section we prove that the conjecture holds if G is a complete graph; in this case we show
n(G) < 4.

The resistance res(G) of a graph G is defined as the minimum number of edges of G whose removal
reduces the chromatic number.

Theorem 3 Suppose G is an n-vertex k-chromatic graph. If the resistance of G is at least (k —
1)2(nIn2 +In(k — 1)), then Xaa(G) = k. In particular, if n > In(k — 1)/(1 —In2) and the resistance
of G is at least (k — 1)?n, then X.a(G) = k.



Proof. Let F': E(G) — {1,2,---,k—1} be a random edge colouring of G, where each edge is coloured
independently and each colour is chosen with equal probability. Let s = (k — 1)(nln2 + In(k — 1))

Property x: For any subset X of V(G), if |E[X]| > s, then for any colour j € {1,2,---,k — 1},
there is an edge e € E[X] with F(e) = j.

Claim With positive probability F' has Property (*).

Let X be a subset of V(G) with |E[X]| > s. For any colour j, the probability that no edge
e € E[X] is coloured with colour j is at most (1 —1/(k—1))* < e~%/(*=1) The probability that there
is a colour j such that no edge e € F[X] is coloured with colour j is at most (k — 1)e=*/(*=1_ The
probability that there is a set X with |[E[X]| > s and a colour j such that no edge of E[X] is coloured
with colour j is strictly less than 2™(k — l)e’s/(’“’l) < 1. Therefore with positive probability F' has
Property *.

It follows from this claim that there is a (k — 1)-edge colouring F' of G which has Property *.
Now we show that for this edge colouring F' of G, there is no (k — 1)-vertex colouring of G which
is adapted to F. Assume to the contrary that there is an (k — 1)-vertex colouring ¢ of G which is
adapted to . Let Vi, Va, -+, Vi1 be the k—1 colour classes (where V; = ¢71(i)). Consider the union
E' = E[V}]U E[Va] U --- U E[Vj_1]. By our assumption, |E’| > (k — 1)s. Hence there is an index ¢
such that |E[V;]| > s. By the claim above, there is an edge e € E[V;] with F(e) = i. This is contrary
to the assumption that c is adapted to F.

Observe that if n > In(k —1)/(1 —In2), then (k —1)%n > (k—1)2(nIn2+In(k — 1)). Hence if the
resistance of G is at least (k — 1)2n, then y,4(G) = k. |

The following theorem shows that Conjecture 1 holds for complete graphs.
Theorem 4 For any positive integer n, Xaa(Ky) = n.

Proof. By Theorem 3, it suffices to show that K} have resistance at least (n—1)?(n*In2+1In(n—1)).
Assume H is an (n — 1)-chromatic subgraph of K2. Then each n-clique of K has at least one edge
not contained in E(H). Since K is edge transitive, each edge of K is contained in the same number
of copies of n-cliques. Assume K has m n-cliques and each edge of K} is contained in s n-cliques.
Then m|E(K,)| = mn(n —1)/2 = s|E(K2)| = sn*(n — 1)*/2. So m = sn3(n — 1)3. Since each of the
m n-cliques contains at least one edge in E(G)\ E(H), and each edge of E(G) \ E(H) is contained in
s n-cliques in K, we conclude that E(G)\ E(H) contains at least n3(n —1)3 edges. So the resistance
of G is at least n?(n —1)3 > (n — 1)2(n*In2 + In(n — 1)) (for n > 4). |

3 Squares of K,

Theorem 4 shows that K2 has its adaptable chromatic number equal to its chromatic number. It is
not known if the exponent 4 can be reduced. We do not know any n for which x4q(K2) < n. In this
section, we prove that if there is a projective plane of order n or n+ 1, then yqq(K?2) = n; and if there
is a projective plane of order n — 1, then xq(K3) = n.

For a graph G, the independence number a(G) of G is the cardinality of a maximum independent
set of G. The independence ratio i(G) of G is defined as i(G) = a(G)/|V(G)|. The following lemma
is trivial and the proof is omitted.

Lemma 1 Suppose G has a k-edge colouring F such that for each colour i, the subgraph G; =
(V(G), F~1(i)) has independence ratio less than 1/k, then xq.q4(G) =k + 1.



Theorem 5 If there is a projective plane of order n, then Xqa(K2) = n.

Proof. Since y(K2) = n, it suffices to prove that y,q(K2) = n.

The vertex set of K,, is {1,2,---,n} and the vertex of K2 is {(i,7) : 1 <i,j < n}. Assume there is
a projective plane of order n. Then there are n—1 mutually orthogonal latin squares A1, Aa, - -+, A, 1.
For each latin square Ay, for each s € {1,2,---,n}, Let X s = {(i,5) : Ar(i,7) = s}. Since Ay is
a latin square, Ak (4,5) = s = Ag(¢',j') implies that ¢ # ¢’ and j # j'. Therefore each Xy, ; induces
an n-clique in K2. Let X} be the spanning subgraph of K2 which is the vertex disjoint union of
{Xks:s=12---,n}. Then X is the vertex disjoint union of n copies of K,,, and hence has
independence ratio 1/n.

Next we show that if k # &/, then X} and X are edge disjoint. Assume this is not true. Then there
are integers s, s’ such that Xy, s and X ¢ have a common edge (7,5) ~ (¢/,j'). By definition, A(i,5) =
Ap(?',7") = s and Ap/ (i,5) = A/ (¢',5") = 8’ So (Ak(4,7), Ax (4, 7)) = (Ar(?,5"), Ar (¢, j')), contrary
to the assumption that Ay and Ay are orthogonal.

Colour the edges in X} by colour k. We obtain an (n — 1)-edge colouring F' of K2 such that
for each colour k, the subgraph Gy = (V(G), F~1(k)) has independence ratio 1/n < 1/(n —1). By
Lemma 1, we have y,q(K2) = n. |

Theorem 6 If there is a projective plane of order n + 1, then Xqaq(K?2) = n.

Proof. Again it suffices to prove that y,q(K?2) = n. Let Ay, Ag, -+, A,_1 be n—1 mutually orthogonal
latin squares of order n + 1. Let A} be obtained from Ay be deleting the last row and last column.
Observe that the element Ag(n+1,n+1) occurs n times in A}. f1 < s<n+1, s # Ag(n+1,n+1),
then s occurs (n— 1) times in A). Let Xy ¢ = {(4,7) : A}.(¢,7) = s}. If s # Ap(n+1,n+1), then X ,
induces an (n — 1)-clique in K2. If s = Ag(n + 1,n + 1), then Xj s induces an n-clique in K2. Let
X} be the spanning subgraph of K2 which is the vertex disjoint union of {Xj s:s=1,2,---,n+ 1}.
Then X}, has independence ratio (n +1)/n? < 1/(n — 1).

As in the proof of Theorem 5, if k # k’, then since Ay, Ay are orthogonal, we have that X and
Xy are edge disjoint. Colour the edges in X}, by colour k. We obtain an (n — 1)-edge colouring F
of a subgraph of K2 (some edges may remain uncoloured) such that for each colour k, the subgraph
Gr = (V(G),F~'(k)) has independence ratio less than 1/(n — 1). By Lemma 1, we have again
Xad(K’I’QL) Z n. i

Lemma 2 For any positive integers n, k, Xad(Kﬁjj) > Xaa(KE) + 1.

Proof. The vertex set of K, is V(K,) = Z, (the additions of the vertices of K, will be in Z,, i.e.,
modulo n).

First observe that for any positive integer k, K**! contains n vertex disjoint copies of K¥ induced
by Y, = {(i+j17j137j27"‘7jk) :jlija"'vjk € Zn} (Z = 0,1,"',TL— 1)

The vertex set of K1 is Z, 1. Consider the vertex v* = (n,n,---,n) of KS_H The subgraph of

Kﬁﬂ induced by the neighbourhood NKkil (v*) of v* is a copy of KE*1. By the observation above,
n+1

it contains n vertex disjoint copies of K¥. We denote these n copies of K¥ by Yy, Yy,---, Y, 1.

Assume Yqq(KF) = m. Then there is an (m—1)-edge colouring F' of K* (using colours 0,1, - - -, m—
2) such that K* has no (m—1)-vertex colouring adapted to F. Since x(K¥) = n, we know that m < n.

Let F' be an m-edge colouring of Kﬁﬂ defined as follows:



For j =0,1,---,m—1, the edges connecting v* and Y; are coloured by colour j. (Since m < n, Y;
is defined for j = 0,1,---,m —1). The edges in Y}, as a copy of KF are coloured by F (recall that F
is an (m — 1)-edge colouring of K¥), except that when j < m — 1, colour j is changed to colour m — 1.
The other edges are coloured arbitrarily. Now we shall show that K,’j_ﬂ has no m-vertex colouring
adapted to F’.

Assume c is an m-vertex colouring of Kﬁﬁ adapted to F’. Assume c(v*) = j for some j €

{0,1,---,m — 1}. Then no vertex in Yj is coloured by colour j. Thus the restriction of ¢ to Y; is an
(m—1)-vertex colouring of Y} adapted to the restriction of F’ to Y;. But this is contrary to our choice
of F. |

Corollary 1 If there is a projective plane of order n — 1, then Xqq(K2) = n.

4 Decomposition of K2 into edge disjoint copies of K,

In the previous section, we have shown that if there is a projective plane of order n, then K2 can be
edge partitioned into n — 1 subgraphs X (k=1,2,---,n—1), and each X}, is a vertex disjoint union
of n copies of K,. So K2 can be partitioned into n(n — 1) edge disjoint copies of K,,. The following
theorem shows that the converse is also true.

Theorem 7 There exist n(n — 1) edge-disjoint copies of K, in K2 if and only if there exists a
projective plane of order n.

Proof. Observe that K2 can contain at most n(n — 1) edge-disjoint copies of K, since each copy of
K, in K2 contains an edge of the form (1,7)(2,5) and there are only n(n — 1) edges between vertices
with first coordinate 1 and vertices with first coordinate 2.

Suppose that there exist n(n — 1) edge-disjoint copies of K, in K2. Since this number coincides
with the total number of edges (1,i),(2,7) in K2, we may assume that the copies are numbered
K(i,j),i # j so that each K (i,7) contains the edge (1,7)(2,7). We let Ly, s =1,2,...,n — 2, be the
idempotent latin square (have ¢ in position (4,4)) which has in position (i, j) with ¢ # j the unique v
for which (s + 2,v) is a vertex of K(i,j).

To show that L is indeed a latin square, we need to show that if Lg(i,j) = Ls(¢/,5) = v, then
i # i and j # j'. Assume to the contrary that ¢ = i’. Then the edge ((s + 2,v),(1,4)) is in both
K(i,7) and K(i',7'), contrary to the assumption that the copies of K,, are edge disjoint. Therefore
Ly is indeed a latin square.

To show that these latin squares are orthogonal, we assume to the contrary that Ly and Ly are
not orthogonal. Hence there are two indices (7,7) and (¢',5’) such that Ls(4,5) = Ls(i',j') = v and
Ly (i,j) = Lg(i',j') = u. Then ((s+2,v), (s'+2,u)) is an edge of both K (4, j) and K (¢, j), contrary
to our assumption. So these idempotent latin squares are mutually orthogonal.

It is well known [19] that any set of n — 2 (or even n — 3) mutually orthogonal latin squares can
be extended to n — 1 mutually orthogonal latin squares, and hence imply the existence of a projective
plane of order n.



5 Cartesian power of graphs

Another frequently studied graph product is the Cartesian product of graphs. The Cartesian product
GOH of two graphs G and H has vertex set V(G) x V(H) and in which (z,y) ~ (2/,3') if and only if
either 2’ € E(G) and y = ¢/ or x = 2’ and yy’ € E(H). The Cartesian power GF™ of G is recursively
defined a GP' = G, GP"! = GP"OG. Again it is well-known and easy to see that GP” has the same
chromatic number as G. We also conjecture that if n is large enough, then Xad(GD”) also increases
to reach x(G).

Conjecture 2 For any graph G, there is an integer m(G) such that if n = m(G), then xqaq(GO") =
X(G") = x(@).

In this section, we prove that the conjecture is true for graphs G whose ultimate fractional chro-
matic number is strictly larger than x(G)— 1. In particular, the conjecture holds for circular complete
graphs.

Lemma 3 Suppose G is a graph, n is an integer and i(G) < 1/(n —1). Then Xaa(GP"~V) > n. If
moreover, we have x(G) = n, then xqaq(GP=1) = n.

Proof. Suppose (z1, 22, ,Zpn—1)(Y1,Y2, -, Yn—1) is an edge of GH(n=1) By definition, there is an
index j € {1,2,---,n — 1} such that x; ~ y; and z; = y; for i # j. Colour this edge by colour j.
So we obtain an (n — 1)-colouring F' of the edges of GP("~1). Consider the subgraph G, induced by
edges of colour j. For each sequence (1,2, -+, Z;j—1,% &j41, -, Zn—1), by replacing the symbol »
with vertices of G, we obtain a copy of G, denoted by G (4, 2y,-...z; 1 %2541, 2n_1)- D0 Gj is the vertex
disjoint union of |V(G)|"~2 copies of G. By our assumption, this graph G; has independence ratio
less than 1/(n — 1). By Lemma 1, x,q(GP™~1) > n. If moreover, x(G) = n, then x(GP"~1) = n,
implying that y,q(GP™~1) < n. Hence xuq(GE"D) = n. |

Corollary 2 For any integer n, Xad(KE(”_l)) =n.

In comparison to the categorical product, one may ask if there is a constant k such that for any n,
Xad(KEk) = n. The answer is no. Indeed, the maximum degree of KEk is k(n—1), and it is proved in
[13] that for any graph G, xaa(G) < [1/e(2A(G) —1)]. So if v2ekn < n—1, then y,a(KFP*) <n—1.

For a graph G, the ultimate fractional chromatic number xp(G) is defined as xp(G) =
limg o X7 (G7F). The ultimate independence ratio 1(G) of G is defined as I(G) = limy_o i(GZF).
It is known [22] that for any G, xr(G)I(G) = 1.

Theorem 8 For any graph G, there is an integer m such that x.qa(G7™) > [xr(G)]. If x(G) <
Xr(G) + 1, then there is an integer m such that xqa(GE™) = x(G"™) = x(G).

Proof. Assume [xp(G)] = n. Then there is an integer k such that i(GP*) < 1/(n — 1). By Lemma
3, we have Xad(GDk") >n. [ |

Suppose G is a graph and p,q are positive integers. A (p,q)-colouring of G is a mapping f :
V(G) — {0,1,...,p — 1} such that for any edge uv of G, ¢ < |f(u) — f(v)] < p — ¢. The circular
chromatic number of a graph G is defined as

Xc(G) = inf{p/q : G has a (p, q)-colouring}.



It is known that for any graph G, x(G) — 1 < x.(G) < x(G) and x;(G) < xr(G) < x.(G) [22].
A graph is called star-extremal if x;(G) = x.(G) [8]. Many circulant graphs were shown to be
star-extremal in [8]. In particular, for any p > 2gq, the circular complete graph K,,, with vertex set
{0,1,...,p— 1} and edge set {ij : ¢ < |i — j| < p— q} is star-extremal.

Corollary 3 If G is star-extremal then x.q(GZ™ = x(GP™) = x(G) for sufficiently large m. In

particular, if G = K4 is a circular clique, then Xad(K,‘,:}ZL) = x(Kp/q) = [p/q] for sufficiently large
m.

6 Cartesian product of distinct graphs

For categorical product of two distinct graphs G x H, we do not have any non-trivial upper or lower
bounds on x,q¢(G x H) in terms of x4q4(G) and xqq(H). For Cartesian product, the situation is slightly
better.

Theorem 9 For any graphs G and H, Xaa(GOH) < Xad(G)Xaa(H).

Proof. Assume x,q4(G) = k and xq.q(H) = k’. Let F be an edge colouring of GOH, using colours
{(i,7) : 1 <i < k,1 <j<k'}. For each vertex x of H, let G, be the subgraph of GOH induced by
V(G) x {z}. Let F, be the edge colouring of G, defined as F,(e) =1 if F(e) = (¢,7) for some j. For
each vertex y of G, the subgraph H, and the edge colouring F,, are defined similarly.

For each x of H, let f; be a k-colouring of G, adapted to F;. For each vertex y of G, let g, be a
k'-colouring of H, adapted to Fj,. Then ¢(y,z) = (f2(y), gy(x)) is a kk'-colouring of GOH adapted
to F. |

Theorem 10 For any graphs G, H,
Xad(GOH) < chqq(GOH) < min{chqq(G) + [mad(H)/2], chqea(H) + [mad(G)/2]}.

Proof. Assume chqq(G) = k and [mad(H)/2] = k. It suffices to show that ch,q(GOH) < k + k'
Let F' be an edge colouring of G. Let L be a list assignment which assigns to each vertex (y,z) of
GUOH a set L(y,z) of k + k' permissible colours. For each vertex y of G, H, is a copy of H. By a
result of Hakimi [12], H, has an orientation in which each vertex (y, ) of H, has outdegree at most
k. Let L/ (y) be obtained from L(y,z) by removing all the colours of the outgoing edges of (y,z) in
H,. Then L (y) contains at least k permissible colours. For each vertex x of H, G, is a copy of G
has adaptable choosability k. So there is an L/, colouring ¢, of G, adapted to F. It is obvious that
¢ defined as ¢(y,z) = ¢, (y) is an L-colouring of GOH. |

7 Open questions

There are many papers on the relation between a colouring parameter of a product graph and that
of its factor graphs. Let f(n) = min{x(G x H) : x(G) = x(H) = n}. It is easy to see that for
any graph G,H, x(G x H) < min{x(G),x(H)}. Hence f(n) < n. The well-known Hedetniemi’s
conjecture asserts that f(n) = n. However, whether or not lim,,_,~, f(n) = oo is also a longstanding
open problem [17, 20, 21]. For adaptable chromatic number, the same question is also interesting. Let

Y(n) = min{xw(G X H) : Xad(G) = xaa(H) = n}.



Question 1 Is it true that lim,, o, ¥ (n) = co?

For chromatic number, it is obvious that max{x(G x H) : x(G) = x(H)} = n} = n. However, for
adaptable chromatic number, the situation is more complicated. Let

U(n) = max{xaa(G X H) : Xad(G) = Xaa(H) = n}.

We do not know if the function ¥ is well-defined.
Question 2 Is it true that for each n, there is a finite ¥(n)?

The functions f(n) and ¥ (n) may have some connection. We believe that function ¢ (n) is related
to the function f(n) defined above. Let g(n) = min{x.q(G) : x(G) = n}. We expect the following
question has a positive answer.

Question 3 Is it true that lim,,_,, g(n) = c0?

If lim,, o g(n) = oo, then there is a function ¢ : N — N such that x(G) < o(xad(G)). So if
min{Xad(G)7Xad(H)} =n, then

Xad(G x H) < x(G x H) < min{x(G), x(H)} < o(n).

Thus Question 2 has a positive answer (indeed, even the function ¥'(n) = max{xw.«(G x H) :
min{xai(G), Xad(H)} = n} is well-defined). Moreover, if lim,_,~, g(n) = oo, and one could prove
lim;, o0 ¥(n) = 00, then we would also obtain lim,, ., f(n) = cc.

We have proved (Theorem 9) that xaid(GOH) < Xad(G)Xad(H). If x0d(G) = Xaa(H) = 2, then
X(G), x(H) < 3. Hence x.q(GOH) < x(GOH) < 3. So in this case, the upper bound in Theorem 9
can be reduced by 1. We do not known if there are cases that this bound is sharp.

Question 4 Are there graphs with Xaa(GOH) = Xaa(G)Xaa(H)?

We have proved that for any graph G, there is an integer m such that x,q(G"™) > x(G). This
should also be true (and hopefully not too difficult to prove) for the categorical power.

For Conjecture 1, we do not really have much evidence that x,q(G™) = x(G) (for sufficiently large
n) beyond the case of complete graphs. On the other hand, we also do not know any graph G for
which x.q4(G?) < x(G). In particular, for the complete graphs, we wonder whether the fourth power
in Theorem 4 can be lowered, and, in particular, whether or not already the square of each K, satisfies
Xad (K’?L) =n.

Question 5 Is there an integer n such that x.qa(K2) <n?

If such an n exists, then there is no projective plane of order n or n 4+ 1. The smallest integer n
for which there is no projective plane of order n or n + 1 is 14. The next two such integers are 20, 21.
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