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Abstract. In Hell et al. (2004), we have previously observed that, in a chordal graph G, the maximum
number of independent r -cliques (i.e., of vertex disjoint subgraphs of G, each isomorphic to Kr , with no
edges joining any two of the subgraphs) equals the minimum number of cliques of G that meet all the
r -cliques of G. When r = 1, this says that chordal graphs have independence number equal to the clique
covering number. When r = 2, this is equivalent to a result of Cameron (1989), and it implies a well known
forbidden subgraph characterization of split graphs. In this paper we consider a weighted version of the above
min-max optimization problem. Given a chordal graph G, with a nonnegative weight for each r -clique in
G, we seek a set of independent r -cliques with maximum total weight. We present two algorithms to solve
this problem, based on the principle of complementary slackness. The first one operates on a graph derived
from G, and is an adaptation of an algorithm of Farber (1982). The second one improves the performance by
reducing the number of constraints of the linear programs. Both results produce a min-max relation. When
the algorithms are specialized to the situation in which all the r -cliques have the same weight, we simplify
the algorithms reported in Hell et al. (2004), although these simpler algorithms are not as efficient. As a
byproduct, we also obtain new elementary proofs of the above min-max result.
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Introduction

In Hell et al. (2004) we studied the problem of partitioning a given chordal graph into
k independent sets and l cliques. Graphs which admit such a partition have been called
(k, l)-graphs, e.g., Brandstädt (1996) and Feder et al. (1999). (A clique is a complete
subgraph, not necessarily maximal.) The case of (1, 1)-graphs is best known–they are
called split graphs, a subclass of chordal graphs, and can be efficiently recognized, e.g.,
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Foldes and Hammer (1977), Golumbic (1980), and Hell et al. (2004). On the other hand,
(k, 0)-graphs are precisely the k-colourable graphs, thus they are not necessarily chordal.
The recognition of (k, 0)-graphs is NP-complete in general, but polynomial time solvable
for chordal graphs. This lead us to seek algorithms for the recognition of chordal (k, l)-
graphs. We obtained in Hell et al. (2004) an O(n(m + n)) algorithm for this problem
(O(m + n) in case k ≤ 1), and the following forbidden subgraph characterization of
chordal (k, l)-graphs:

Theorem 1 (Hell et al., 2004). A chordal graph is a (k, l)-graph if and only if it contains
no induced subgraph isomorphic to (l + 1)Kk+1.

The graph (l + 1)Kk+1 consists of l + 1 disjoint copies of Kk+1 with no edges
between the copies.

In the process of proving this theorem, we observed that to partition a graph G into
k independent sets and l cliques amounts to finding l cliques whose removal leaves a
k-colourable subgraph, which, in the case of chordal graphs, means a subgraph without
Kk+1. Thus if we let g(G, r ) denote the minimum number of cliques which meet all
r -cliques of G, then a chordal graph G is a (k, l)-graph if and only if g(G, k +1) ≤ l. Let
f (G, r ) denote the maximum number of independent r -cliques in G. Note that f (G, r )
is always at most g(G, r ), and that f (G, k + 1) ≤ l if and only if G contains no induced
(l + 1)Kk+1. Thus an equivalent way to state the above theorem is the following:

Theorem 2 (Hell et al., 2004). For any chordal graph G and positive integer r , we have
g(G, r ) = f (G, r ).

In words, in a chordal graph, the maximum number of independent r -cliques equals
the minimum number of cliques that meet all r -cliques. Our algorithms for recognizing
chordal (k, l)-graphs can also be used to find both a maximum set of independent r -
cliques, and a minimum set of cliques that meet all r -cliques.

In this paper we consider a weighted version of the above optimization problem.
Given a chordal graph G, with a nonnegative weight for each r -clique in G, we seek in
G a set of independent r -cliques with maximum total weight.

We present two algorithms based on complementary slackness, which solve the
problem (and the corresponding duals). The first one is an adaptation of an algorithm
of Farber (1982). The second one improves the efficiency by reducing the number of
constraints of the linear programs. When the algorithms are specialized to the situation
in which all the r -cliques have the same weight, we simplify the proofs and algorithms
reported in Hell et al. (2004), although these simpler algorithms are not as efficient.

The goal of the original set packing problem, see Karp (1972), is to find the max-
imum number of mutually disjoint sets of a given collection C . We remark that many
interesting packing problems may arise by considering other types of relationships in-
volving the sets (here, for instance, we replace “mutually disjoint” by “independent”,
where C is the collection of r -cliques of a chordal graph G).
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1. The derived graph

Let G be a graph, and r a positive integer. We define the derived graph Kr (G) as follows:
the vertices of Kr (G) are the r -cliques of G, and two such vertices are adjacent in Kr (G)
whenever the two r -cliques have an edge joining them. (Note that, according to this
definition, two distinct intersecting r -cliques in G are adjacent in Kr (G).) Clearly, the
size of Kr (G) is bounded by O(nr ).

In Hell et al. (2004) we proved that, if G is chordal then, for each positive integer r ,
the derived graphKr (G) is also chordal. Since we are going to solve our problem on G by
manipulating Kr (G), we will give a more effective proof of this fact, by explanining how
to obtain a perfect elimination ordering ofKr (G) from a perfect elimination ordering of G.

Thus consider a fixed chordal graph G, with a perfect elimination ordering 1,

2, . . . , n of its vertices, and fix a positive integer r . (Recall that, in a perfect elimination
ordering, the neighborhood of vertex i in the subgraph induced by i +1, . . . , n is a clique,
for every i = 1, . . . , n; see Golumbic (1980).) Let R be the vertex set of the derived
graph Kr (G), i.e., the set of all subgraphs of G isomorphic to Kr . Elements of R are
totally ordered by the following lexicographic order: for S, S′ ∈ R, we let S < S′ if
max S < max S′, or if max S = max S′ = m1 and max(S − m1) < max(S′ − m1), or if
max S = max S′ = m1 and max(S−m1) = max(S′−m1) = m2 and max(S−m1−m2) <

max(S′ − m1 − m2), etc. In other words, S < S′ if and only if s < s ′, where s is the
largest element of S − S′ and s ′ the largest element of S′ − S.

Lemma 2.1. Suppose S, S′ are two adjacent vertices of Kr (G), and S < S′. Then maxS
is adjacent to some element of S′ in G.

Proof. Assume that max S is not in S′, for otherwise there is nothing to prove. According
to the definition of Kr (G), we know that some vertex a ∈ S is adjacent to some vertex
b ∈ S′. We may assume that a < max S, for otherwise we are done. If also a < b, then
max S and b are adjacent by the properties of a perfect elimination ordering. Otherwise
we have b < a < max S ≤ max S′. It again follows from the properties of a perfect
elimination ordering that a is adjacent to max S′. If max S = max S′, then max S is
adjacent to b. Thus we may assume that max S < max S′, and hence max S is adjacent
to max S′ by a last application of the properties of a perfect elimination ordering.

Theorem 3. The total order < on R is a perfect elimination ordering on Kr (G).

Proof. Suppose that S is adjacent in Kr (G) to both S′ and S′′, and S < S′, S < S′′. We
shall prove that S′ is adjacent to S′′. Since S < S′ and S < S′′, then, by Lemma 2.1, max S
is adjacent to some vertex, say a, of S′, and adjacent to some vertex, say b, of S′′. We may
assume that max S does not belong to S′ ∪ S′′, and that S′ and S′′ are disjoint, for otherwise
we are done. In particular, max S, a and b are distinct. In the remainder of this proof, let
us denote the perfect elimination ordering on G by <G to avoid ambiguity. If max S <G a
and max S <G b then, by the usual property of a perfect elimination ordering, a and b are
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adjacent. Thus, without loss of generality, we assume that a <G max S. Therefore, max S
is adjacent to max S′ by the property of a perfect elimination ordering. If max S <G b
then, again, by the property of perfect elimination ordering, max S is adjacent to max S′′.
Otherwise, we must have max S > b, and similarly max S and max S′′ are adjacent. The
conclusion follows by a last application of the property of perfect elimination ordering
to the vertices max S, max S′ and max S′′.

With these results, we may assume that we have access to a perfect elimination
ordering of Kr (G). The weights on the r -cliques in G induce weights on the vertices of
Kr (G), and finding a maximum weight independent set of r -cliques in G corresponds
exactly to finding a maximum weight independent set of vertices in Kr (G). The algo-
rithms of Frank (1976) and Farber (1982) can be used for this purpose. In what follows
we are going to write u ∼ v to denote that u and v are equal or adjacent, and we are
going to write u<∼ v (u>∼v) if u ∼ v and u ≤ v (u ∼ v and u ≥ v). To apply these
algorithms to Kr (G), we state the following two linear programs:

P : maximize
∑

S∈R

wSxS

subject to
∑

S<∼ S′

xS′ ≤ 1, ∀S ∈ R, (1)

xS ≥ 0, ∀S ∈ R. (2)

The dual D is stated as follows:
D : minimize

∑

S∈R

yS

subject to
∑

S′<∼ S

yS′ ≥ wS, ∀S ∈ R, (3)

yS ≥ 0, ∀S ∈ R. (4)
The algorithm proceeds as follows:

Algorithm 1

• Initialization:
For all S ∈ R do

yS := 0 and xS := 2.

• First Step:
For all S ∈ R, in the perfect elimination ordering, do

If wS >
∑

S′<∼ S

yS′ then

yS := wS − ∑
S′<∼ S

yS′ .
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• Second Step:
For S ∈ R, in the reverse perfect elimination ordering, do

If xS = 2 and yS > 0 then
xS := 1
For each S′ adjacent to S do xS′ := 0.

As explained in Farber (1982), Algorithm 1 clearly computes feasible integer so-
lutions for P and D. In addition, these solutions have the same value. By the principle
of complementary slackness, P and D have integer optima.

The r -cliques can be generated during the initialization step by traversing a perfect
elimination ordering v1, . . . , vn of G as follows. Assume that the neighborhood of each vi

is an adjacency list vi1, . . . , viki
where i < i1 < i2 < · · · < iki (note that only neighbors

with indices greater than i are stored). If v1 has at least r neighbors, let p1 < · · · < pr

be r indices (“pointers”) such that p1 = 1 and p2, . . . , pr are the indices of the first
r − 1 neighbors of v1 in its adjacency list. Clearly, vp1, . . . , vpr is an r -clique S ∈ R.
By moving the pointers to the right conveniently, one at a time, we obtain the subset of
r -cliques contaning v1, according to the ordering discussed in Theorem 3. We proceed
analogously for v2, and so on. The running time to generate all the r -cliques during the
initialization step is O(n′ +m ′), where n′ and m ′ are, respectively, the number of vertices
and edges of Kr (G).

Step 1 can be done in time O(n′ + m ′), since each pair S′, S satisfying S′<∼ S is

considered only once, when computing
∑

S′<∼ S
yS′ .

Clearly, Step 2 can also be done in time O(n′+m ′). Therefore, the overall complexity
of Algorithm 1 is O(n′ + m ′), linear on the size of Kr (G).

2. A more efficient algorithm

We can save some of the work of the above algorithm by simplifying the linear programs
P, D as follows:

P ′ : maximize
∑

S∈R

wSxS

subject to
∑

j>∼ i, j∈S

xS ≤ 1, ∀i = 1, 2, . . . , n, (5)

xS ≥ 0, ∀S ∈ R. (6)

Note that P ′ has, in general, fewer constraints than P , since we have now one
constraint for each vertex of G, rather than for each r -clique of G. Nevertheless, any
integer solution xS, S ∈ R, has the chosen r -cliques (those S ∈ R for which xS = 1)
independent, since no maximal clique of G contains vertices of more than one such S.
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Thus P ′ computes the fractional relaxation of P .
The new dual now has fewer variables:

D′ : minimize
∑

1≤i≤n

yi

subject to
∑

i<∼ j, j∈S

yi ≥ wS, ∀S ∈ R, (7)

yi ≥ 0, ∀i = 1, 2, . . . , n. (8)

Observe that constraint (2) was replaced by constraint (5), which still guarantees
that if two r -cliques are adjacent then only one of them can be chosen. In order to check

this, consider the cliques Fi = G[{ j | j >∼ i}], i = 1, . . . , n. (The notation G[X ] stands

for the subgraph induced by the subset of vertices X .) It is clear that any two adjacent
r -cliques are intersected by a same Fi . Constraint (5) therefore says that we can select at
most one r -clique from the collection of mutually adjacent r -cliques intersected by Fi .

A careful analysis of the previous algorithm reveals that we can replace all vari-
ables yS with the same max S by one variable yi , where i = max S, by performing the
following algorithm:

Algorithm 2

• Initialization:
For all S ∈ R do xS := 2
For all i = 1, . . . , n do yi := 0

• First Step:
For all i = 1, . . . , n do

Let Mi := max
S∈R, i=max S

{
wS −

∑

j �=i and j<∼ k, k∈S

y j

}

If Mi > 0 then yi := Mi

• Second Step:
For i = n, . . . , 1 do

If i = max S, xS = 2 and yi > 0 then
xS := 1, where S is a r -clique which caused setting yi > 0
For each S′ adjacent to S do xS′ := 0.

Again, Algorithm 2 computes feasible integer solutions for P ′ and D′, both having
the same value. Thus P ′ and D′ have integer optima.

Recall that, in Algorithm 1, we use the fact that if G is chordal, then Kr (G) is
also chordal. But Algorithm 1 also works for a graph G (possibly not chordal) such that
Kr (G) is chordal, as long as we have a perfect elimination ordering of Kr (G).
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2.1. Implications for the unweighted problem

In this section we propose a new algorithm for computing f (G, r ) and g(G, r ), based on
the programs P ′ and D′. The algorithm is not as efficient as the one given in Hell et al.
(2004), but it is simpler to describe, and yields a new proof of Theorem 2.

It is easy to see that when all the weights of the r -cliques are 1, (5) and (6) compute
the relaxation of f (G, r ), and (7) and (8) compute the relaxation of g(G, r ). Thus Theo-
rem 2 follows from the principle of complementary slackness. To make this subsection
independent (and to provide an elementary and selfcontained proof of Theorem ) we give
a direct proof.

The algorithm below computes both f (G, r ) and g(G, r ) for a fixed integer r ≥ 1
and any chordal graph G. This is accomplished by constructing a set of s cliques that
cover all r -cliques and a set of s r -cliques that are independent. Since f (G, r ) ≤ g(G, r ),
this proves the result.

The cliques that cover all r -cliques are going to be of the type Fi = G[{ j | i<∼ j}].
Thus we will be choosing a set A of vertices of G so that the collection of cliques Fi ,
i ∈ A, will cover all r -cliques. We will also be selecting a set B of r -cliques which are
independent. The algorithm is presented below.

Algorithm 3

Assume G is a chordal graph with a perfect elimination ordering 1, 2, . . . , n.
Initialize A = ∅.
In the order i = 1, 2, . . . , n,

• if i = max S for some S ∈ R such that A does not contain any vertex j<∼ k, for some

vertex k ∈ S, then

– add i to A, and

– add S to B.
(If there are several possible S we choose any one such S).

For r = 1, Algorithm 3 bears some resemblance with Gavril’s algorithm to find
both a maximum independent set and a minimum clique covering in a chordal graph.
(see Golumbic (1980), pp. 99–100).

Lemma 3.1. The cliques Fi , i ∈ A, cover all r -cliques of G, and the r -cliques in the set
B are independent. Moreover, |A| = |B|.

Proof. It is clear that |A| = |B|, and that the cliques Fi corresponding to A cover all
r -cliques in G. Thus it remains to verify only that the r -cliques in B are independent.
Suppose that some S which was selectedis adjacent to some S′ selected previously. Let
s = max S and s ′ = max S′. Thus both s and s ′ are in A, and s ′ < s. We now show,
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using the properties of perfect elimination ordering, that if any j ′ ∈ S′ is adjacent to any
j ∈ S, then Fs ′ contains a vertex of S, contradicting the fact thats was chosen for A.

We have to consider the following cases:

Case I. j > s ′.
In this case both j and s ′ are in Fj ′ and hence must be adjacent. Thus Fs ′ contains

the vertex j of S.
Case II. j ′ < j < s ′.

It is still the case that both j and s ′ are in Fj ′ and hence are adjacent. However, in
this case Fj contains s ′ instead of the situation in the above case. Nevertheless, Fj also
contains s and so Fs ′ now contains s ∈ S.
Case III. j < j ′.

Vertices j ′ and s are adjacent, since Fj contains both. Thus vertices s and s ′ are
adjacent, as Fj ′ contains both. Therefore Fs ′ contains s ∈ S.

Theorem 2 follows directly from Lemma 3.1.
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