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ABSTRACT

A coterie is a family of subsets such that every pair of sub-
sets in it has at least one element in common but neither is
a subset of the other. We introduce an operator o, which
transforms a ND (non-dominated; see the Introduction for
definition) coterie to another ND coterie. A “regular” co-
terie is a natural generalization of a “vote-assignable” co-
terie, which is used in some practical applications. We show
that any regular ND coterie C' can be transformed to any
other regular ND coterie D by judiciously applying o oper-
ations to C' at most |C| 4+ |D| — 2 times.

As another application of the o operation, we present an
incrementally-polynomial-time algorithm for generating all
regular ND coteries. We then introduce the concept of a
“g-regular” function, as a generalization of availability. We
show how to construct an optimum coterie C' with respect
to a g-regular function in O(n®|C|) time.

1. INTRODUCTION

A coterie C under an underlying set U = {1,2,...,n} is a
family of subsets (called quorums) of U satisfying the in-
tersection property (i.e., for any pair S,R € C, SN R # 0
holds), and minimality (i.e., no quorum in C contains any
other quorum in C) [8, 12]. The concept of a coterie has
applications in diverse areas (see e.g., [6, 8, 12, 15]).

For example, to achieve mutual exclusion in a distributed
system, let the elements in U represent the sites in the dis-
tributed system. A task is allowed to enter a critical section
only if it can get permissions from all the members of a
quorum ) € C, where each site is allowed to issue at most
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one permission at a time. By the intersection property, it
is guaranteed that at most one task can enter the critical
section at any time.

A coterie D is said to dominate another coterie C' if, for
VQ € C, there exists a quorum Q' € D satisfying Q" C Q
[8]. A coterie C' is non-dominated (ND) if no other coterie
dominates it. ND coteries are important in practical appli-
cations, since they have maximal “efficiency” in some sense
[3, 8].

Given a family C of subsets of U, which is not necessarily a
coterie, we define a positive (i.e., monotone) Boolean func-
tion fe such that fo(x) = 1if the Boolean vector z € {0,1}"
is greater than or equal to the characteristic vector of some
subset' in C, and 0 otherwise. It was shown in [10] that
C' is a coterie (resp., ND coterie) if and only if fc is dual-
minor (resp., self-dual) [14]. Based on this characterization,
Boolean algebra can be exploited to derive various proper-
ties of (ND) coteries.

A coterie C is said to be wvote-assignable if there exist a
vote assignment w : U — R and a threshold t € RT such
that w(S) > ¢ if and only if S O @ for some Q € C [8, 9,
18], where R is the set of nonnegative real numbers and
w(S) = > ,cgw(i). Tt is easy to see that there is a one-to-
one correspondence between vote-assignable coteries (resp.,
ND coteries) C and dual-minor (resp., self-dual) threshold
Boolean functions fc (see Section 2). The vote-assignable
coteries are important and have been used in many practi-
cal applications, since they can be handled efficiently (see
e.g., [8, 9, 18, 19]). We assume in this paper that a vote
assignment w satisfies w(i) > w(j) for all 4 < j, since we
are interested in coteries which are non-equivalent under
permutation on U. A coterie C is equivalent to a coterie
C' under permutation, if C can be transformed into C’ by
permuting the elements of U. A coterie C is said to be
regular if, for every Q € C and every pair (i,5) € U x U
with i < 7, i € Q and j € Q, there exists quorum Q' € C
such that Q" C (Q\ {j}) U {i}.? By definition, a vote-

!The ith component of the characteristic vector is 1 (0) if
1 € U is (not) contained in the subset.

2This definition was motivated by the definition of regular
Boolean functions. See Section 2.3.



assignable coterie C' is always regular, though the converse
is not true in general. It is known that most regular co-
teries are vote-assignable [14], in particular, all regular ND
coteries for n < 9 are vote-assignable.

Among the important problems regarding coteries are:

(i) construct “optimal” ND coteries according to a cer-
tain criterion, such as availability and load (equiva-
lently, construct an “optimal” positive self-dual func-
tion), and

(ii) generate all ND coteries (equivalently, all positive self-
dual functions) systematically.

As for (i), let us consider the availability of a coterie. As-
sume that element ¢ is operational with probability p;, where
the probabilities for different components are independent.
Given the operational probabilities p;, i € U, where we as-
sume without loss of generality that

1 >2p1 2p2 2 ... 2 pn 2

(1)

0
(if not, we permute the elements so that (1) holds), the
availability of a coterie C' is the probability that the set
of operational elements contains at least one quorum in C.
Availability is clearly an important concept in practical ap-
plications, and it is desirable to construct a coterie with the
maximum availability.

The availability of coteries has been studied extensively. It
is known [1, 17] that the elements ¢ € U with p; < 1/2 can be
ignored, i.e., there exists a maximum-availability coterie C
such that no quorum in C' contains i. (In the case where p; <
1/2 holds for all ¢, C = {{1}} has the maximum availability
[1, 7, 16]). Thus, we shall assume that

pr > p2 > ... > pp > 12

It is also known that, if either p1 = 1 or p1 < 1/2, then C =
{{1}} has the maximum availability. If 1 # p1 > 1/2, on the
other hand, it is demonstrated in [17, 19] that the coterie
Chnaz, given below, maximizes availability. First define the
weight for ¢ € U by

w (i) = logy(pi/(1—pi)),

and introduce the notation w*(S) = >, g w"(i) for S C U.
NOW7 Q S Cmaz if

(a) w(Q) (=w (U\Q)) =w"(U)/2and 1 € Q (1 is an
element of U), or

(b) @ is a minimal subset of U with w*(Q) > w*(U)/2,
and @ does not contain any quorum of type (a).

Since this coterie Cmar is vote-assignable, [1, 17, 19] pro-
posed algorithms to compute a vote assignment w from w*,
called tie-breaking, in order to remove case (a). An expo-
nential algorithm is proposed in [19] to find the “optimal”
tie-breaking rule, while [1, 17] present polynomial-time ap-
proximation algorithms for it. The main problem with the
above definition of C),,,; is that there may exist a subset
S C U such that w*(S) = w*(U \ S) (case (a)), because
of which a simple vote assignment w (showing that Crmag is

vote-assignable) is not easily obtainable, and that the weight
w™(4) is, in general, not a rational number, hence we cannot
compute w*(S) = ), g w* (i) in polynomial time. For the
above reasons, no polynomial algorithm for constructing a
maximum-availability coterie was known. In this paper, we
present a polynomial-time algorithm for it. More precisely,
we define a “g-regular” function as a generalization of avail-
ability (see Section 5), and then show that, given a g-regular
function ®, we can compute a coterie C which maximizes ®
in O(n*|C|) time, where |C| is the number of quorums in C.

Problem (ii) is known to be useful to solve (i) [5, 8]. To
solve (i), one might first enumerate all (or some) ND coteries
efficiently, and select the best one under a certain criterion,
which may not be easily computable. This procedure is
useful when n is small, or when we have enough time to
compute it.

The generation of all ND coteries in a certain subclass of
vote-assignable ND coteries was discussed in [14], which
is used to give a lower bound on the number of all vote-
assignable ND coteries. However, the procedure is not poly-
nomial and computes a proper subclass of vote-assignable
ND coteries. H. Garcia-Molina and D. Barbara [8] proposed
an algorithm to generate all ND coteries in a certain super-
class of regular ND coteries. However, it is also not poly-
nomial. J. C. Bioch and T. Ibaraki [5] later came up with
a polynomial time algorithm to generate all ND coteries,
and compiled a list containing all ND coteries under up to 7
elements, which are non-equivalent under permutation. We
remark here that their algorithm is not polynomial, if equiv-
alent duplicates are to be deleted from the output. In fact,
they compiled a list of all ND coteries under up to 7 ele-
ments by first running their algorithm and then selecting
non-equivalent representatives from among them. In this
paper, we present a polynomial algorithm to generate all
regular ND coteries. Since no regular ND coterie C' is equiv-
alent to any other regular ND coterie C’ (# C) under per-
mutation, our algorithm does not output ND coteries which
are equivalent under permutation. Although our algorithm
outputs only regular ND coteries, it is practically useful,
because all ND coteries under up to n = 5 elements are all
regular (if we consider their representatives), and when n is
relatively is small, a large fraction of ND coteries are regu-
lar [14]. Moreover, if the objective function of problem (i)
is g-regular (e.g., the availability of a coterie), then we can
restrict our attention to regular coteries.

After defining necessary terminologies in Section 2 we dis-
cuss in Section 3 two operations, called p and o, which trans-
form a positive self-dual function f (representing a ND co-
terie) into another positive self-dual function (representing
another ND coterie), by making a minimal change in the set
of minimal true vectors of f.

Section 4 shows that any regular self-dual function f (rep-
resenting a regular ND coterie) can be transformed into any
other regular self-dual function g (representing any other
regular ND coterie) by judiciously applying o operations to
f at most |minT'(f)| 4+ |min7'(g)| — 2 times. In Sections 5
and 6, we consider the problems of computing an optimal
self-dual function with respect to a g-regular functional ®
and generating all regular self-dual functions, as applications



of the above transformation.

In addition to the theory of coteries, the concepts of self-
duality and regularity play important roles in diverse areas
such as learning theory, operations research and set theory.
The results of this paper are relevant to all these areas.

Due to the space limitation, the proofs of some results are
omitted (see [13]).

2. PRELIMINARIES

A Boolean function (a function in short) is a mapping f :
{0,1}" — {0,1}, where v € {0,1}" is called a Boolean vec-
tor (a wector in short). If f(v) = 1 (resp., 0), then v is
called a true (resp., false) vector of f. The set of all true
vectors (resp., false vectors) of f is denoted by T'(f) (resp.,
F(f)). For any two functions f and g, we say that f is
covered by g (written f < g) if T'(f) C T'(g). For a vector
v = (v1,vV2,...,0n), we define ON(v) = {j | v; = 1} and
OFF(v) = {j | v; = 0}.

The argument z of function f is represented as a vector
z = (x1,22,...,%n), where each z; is a Boolean variable. A
variable z; is said to be relevant if there exist two vectors
v and w such that f(v) # f(w), vi # w;, and v; = w;
for all j # i; otherwise, it is said to be irrelevant. The
set of all relevant variables of a function f is denoted by
Vi CV ={z1,x2,...,2n}. A literal is either a variable z;
or its complement T;. A term t is a conjunction /\iEP(t) x; A\
Njene T of literals such that P(t), N(t) € {1,2,...,n}
and P(t) N N(t) = 0; E.g., t1 = 2124T5x6 is a term, while
to = xax4T2 is not. A disjunctive normal form (DNF) is
a disjunction of distinct terms. It is easy to see that any
function f can be represented in DNF, whose variable set is
V.

We sometimes do not distinguish a formula (e.g., DNF) from
the function it represents, if no confusion arises.

2.1 Positive functions

For a pair of vectors v,w € {0,1}", we write v < w if
v; < w; holds for all j € V, and v < w if v < w and v # w,
where we define 0 < 1. For a set of vectors S C {0,1}",
min> S (resp., max> S) denotes the set of all minimal (resp.,
maximal) vectors in S with respect to >; For example, for
a function f, min> T'(f) (resp., max> F(f)) denotes the set
of all minimal true vectors (resp., maximal false vectors)
of f. We sometimes use min S (resp., max S) instead of
min> S (resp., max> S), if no confusion arises. A function
f is said to be positive or monotone if v < w always implies
f) < f(w). A prime implicant of a function f is a term ¢
that implies f but no proper subterm of ¢ implies f. There is
a one-to-one correspondence between min7(f) and the set
of all prime implicants of f, such that a vector v corresponds
to the term ¢, defined by ¢, = xi, @i, - - x4, if v, = 1,5 =
1,2,...,k and v; = 0 otherwise. For example, the vector
v = (1010) corresponds to the term ¢, = z1z3. We also
use the notation tz to denote the term x;, j, - - - =, where
{1,792, -0} ={1,2,...,n}\{i1,42,...,ix}. For the above
v = (1010), we have tz = zax4.

It is known that a positive function f has the unique mini-

mal disjunctive normal form (MDNF), consisting of all the
prime implicants of f, where N(t) = @ for each prime im-
plicant ¢. In this paper, we sometimes represent the MDNF
of a positive function such as f = xi1x2 + x2xs + xsx1 by a
simplified form f = 12423+ 31, by using only the subscripts
of the literals. The set of minimal true vectors of this func-
tion is min T'(f) = {(110), (011), (101)}, if f is a 3-variable
function. Coteries can be conveniently modeled by positive
Boolean functions, based on the fact that min 7'(f) can rep-
resent a family of subsets, none of which includes the other
[10]. For example, the above min7'(f) represents a coterie

C ={{1,2},{2,3},{3,1}}.

2.2 Dual-comparable functions
The dual of a function f, denoted f¢, is defined by

(@) = f@),

where f and T denote the complement of f and , respec-
tively. As is well-known, f? is obtained from f by inter-
changing + (OR) and - (AND), as well as the constants 0
and 1. It is easy to see that (f+¢)% = g%, (f9)* = f¢+g<,
and so on. A function is called dual-minor if f < f%, dual-
magor if f > f% and self-dual if f = f% For example,
f = 123 is dual-minor since f? = 1 + 2 + 3 satisfies f < f°.

If f is positive, then f¢ is also positive. In this case, an
alternative definition of f? is given by the condition that
v € T(f?) if and only if v is a transversal of min T'(f); i.e.,
it satisfies ON(v) N ON(w) # 0 for all w € minT'(f).

Let Csp(n) (resp., Cpapra(n) and Cpprr(n)) denote the class
of all positive self-dual (resp., dual-major and dual-minor)
functions of n variables. Note that in these definitions func-
tions may have some irrelevant variables.

2.3 Regular, 2-monotonic and threshold func-
tions

A positive function f is said to be regular if, for every v €
{0,1}™ and every pair (4,j) with ¢ < j, v; = 0 and v; = 1,
the following condition holds:

fw) < flot+e? —eW, ()

where e*) denotes the unit vector which has a 1 in its k-th
position and 0’s in all other positions.

In order to define an important partial order on {0,1}", we
first define the concept of the profile of a vector v € {0,1}"
as follows:

prof (k) =) v;,

Jj<k

where k =1,2,...,n. Ifv,w € {0,1}", where v # w, satisfy
prof ,(k) < prof, (k) for all k, then we write v < w (or
w > v), and we say that v supports w. If v < w or v = w,
then we write v < w (or w = v).

It is clear from the above definition that v < w if and only
if v > w, since prof;(k) = k — prof (k). Note that v <
w implies v < w but the converse is not always true. A
function f is said to be profile-monotone if v < w implies
f() < f(w). The following lemma is proved in [14].



LeEMMmA 1 ([14]). A function f is reqular if and only if
f is profile-monotone.

For a set of vectors S C {0,1}", miny-S (resp., maxy S)
denotes the set of all minimal (resp., maximal) vectors in S
with respect to »=. For any set of vectors S C {0,1}", we
have minsS C min S (= min> S) and max> S C max S (=
max> S), since v > w implies v > w. It follows from
Lemma 1 that a regular function f is uniquely determined
by minyT'(f).

A positive function f is called 2-monotonic if there exists
a linear ordering on V, for which f is regular. The 2-
monotonicity was originally introduced in conjunction with
threshold functions (e.g., [14]), where a positive function f
is a threshold function if there exist n nonnegative real num-
bers (weights) w1, wa, ..., w, and a non-negative real num-
ber (threshold) ¢ such that:

f(z) = 1 ifand only if Z w;Ti > t. (3)

As this f satisfies (2) by permuting variables so that w; > w;
implies ¢ < j, a threshold function is always 2-monotonic,
although the converse is not true [14].

3. THE OPERATORS p AND o

Let f be a positive function of n variables. Throughout
this paper, we assume that f is nontrivial in the sense that
f #Z 0,1 and n > 1. Given a vector v € minT(f), the
operation p, applied to f removes v from T'(f) and then
adds T to T'(f) [5]. More precisely, while adding 7, all the
vectors larger than T are also added to T'(f). Therefore,

T(pu(f)) = (T(H\{v}H) UT>(D), (4)
where T> () = {w € {0,1}" | w > T}. An equivalent
definition is

polf) = Fottotitots, (5)

where f\, denotes the function defined by all the prime im-
plicants of f except t,, and t denotes the dual of tz. We
note that, if t, = zi, i, - - - 4, and tv = x5, 25, - - - Tj,, then

tvt% = Tiy; Tig ** 'mik(mjl +xj, + A+ mjz)
represents all the vectors larger than v. The expression (5)

is not necessarily in MDNF, even if f\, is represented by its

MDNTF, because some of the prime implicants in ty + t,t%
may cover or may be covered by some prime implicants of

f\v‘

Given a vector v € min T'(f) and a variable set I with Vy C
I C 'V, we define the operation o,.r) by

U(u;])(f) = f\'u +tm+tv[1]tl%7 (6)

where v[I] denotes the projection of v on I; e.g., if v =
(1100), I, = {1,2,3} and I» = {2,3}, then v[I;] = (110)
and v[l2] = (10). By definition, o,y = p, holds. This
operation o, ) is implicitly used in [8].

ExAMPLE 1. Consider a positive function of n = 7 vari-
ables,

f = 12413+ 145 + 234 + 235.

For this function, we have Vy = {x1,x2,x3,24,25}. For
v = (0111000), we show below how operations p and o are
applied:

po(f) = 12413 + 145 + 235 4 1567
+234(14+546+7)
12 + 13 4 1567 + 2346 + 2347 + 235,
owivy (f) 12 + 13 4 145 + 235 + 15 + 234(1 + 5)

12 413 + 15 + 235.
O

Let f be a function on the variable set V = {1,2,...,n}.
For a variable set I C V, the projection of f on I, denoted
by Proj;(f), is the function on I obtained from f by fixing
z; =0for all z, € V\ I, ie,

Proj (f)(z1,22,...,21)) = f(x1,22,...,27,0,...0),

if I = {x1,z2,...,21}. For a variable set J O V, the
expansion of f to J, denoted by Ezp ;(f), is the function on
J obtained from f by adding irrelevant variables z; € J\ V.
By definition, f and its expansion can be represented by the
same MDNF. Since I D Vy, we have

own)(f) = Erpy(pon(Proj(f)))- (7)

Thus ¢ has properties similar to those of p.

Now, for a specified class C(n) of positive functions of n vari-
ables, we say that p (resp., o) preserves C(n) if p,(f) € C(n)
holds for all f € C(n) and v € minT'(f) (resp., o) (f) €
C(n) holds for all f € C(n), v € minT(f) and I C V).

THEOREM 1. The operations p and o defined above pre-
serve the classes Csp(n), Cppa(n) and Cpprr(n).

PROOF. This theorem is proved for p in [5]. Consider any
function f € Csp(n) and any set I satisfying Vy C I C V.
We have Proj;(f) € Csp(|I|), and hence p,(Proj,(f)) €
Csp(|I]) by the above-cited result in [5]. It is clear that,
for any g € Csp(|I]), we have Exp, (g9) € Csp(n). Thus
by (5), o(v;1) preserves Csp(n). Similarly for Cpya(n) and
Cpumr(n). O

Let us further note that, if f is self-dual, then p,(f), v €
minT'(f), is specified simply by

T(po(f)) = (T(H)\{v}) U{w}, (8)
i.e., by interchanging v with ¥ in T'(f) [5]. To see the effect
of o1y on T'(f), where Vy C I CV, define

o[f]x = {u € {0,1}" | u[l] = v[I]}.

It is easy to see that

Town(f) = (T(f)\vll]x)U vl]x. 9)

Now consider a sequence of transformations from a positive
self-dual function f to another positive self-dual function g,

fo(=f) — fL —
go(=f) — a1 —

I fml (: g)7
— ZGmg (: g)7



where fir1 = p,) (fi), v € min T(fi), git1 = 0p00,1,)(90),
w® e minT(g;), and I; O V,,. We can see that mi,ma >
|minT'(f)\minT(g)| and m1 > |T(f)\T(g)|- The latter im-
plies that m1 might be exponential in n and min 7'(f), while
ma might be small. In the next section, we consider p and o
operations on regular self-dual functions, and give a trans-
formation algorithm between two regular self-dual functions
f and g, which satisfies

me < |minT(f)|+|minT(g)| — 2.

4. TRANSFORMATION OF REGULAR
SELF-DUAL FUNCTIONS

The goal of this section is to present an efficient algorithm,
TRANS-REG-SD, which transforms a given regular self-
dual function f to the one-variable regular self-dual function
g = x1. It applies a sequence of o operations to f, generat-
ing a sequence of regular self-dual functions in the process.
As we will show, this algorithm can be used to transform a
given regular self-dual function of n variables to any other
regular self-dual function of n variables, some of which may
be irrelevant. We need to prove a number of lemmas to
achieve this goal.

We start with the following lemma, which shows that p,
preserves regularity if v satisfies a certain condition. (We
have already seen that p, preserves self-duality.) Recall that
po(f) is specified by (8), and therefore, we concentrate on
the vectors v and v.

LEMMA 2. Let f be a regular self-dual function, and let
v eminT(f). pu(f) is regular if and only if v € min-T'(f)
and T A v.

PROOF. By definition, p,(f) is regular (i.e., profile-mono-
tone) if

pol£) () < pu(f)(w) for any u < w. (10)

Let us first consider the only-if part. Recall that p,(f)
can be specified by (8). Thus we have p,(f)(v) = 0 and
po(f)(@) = 1, which, together with (10), implies 7 A wv.
Moreover, since v € minT'(f), if v € min-T(f) then there
exists a vector u € minyT'(f) supporting v, i.e., u < v. Now
we have p,(f)(v) = 0 and py(f)(u) = 1, which contradicts
(10) with w = v. Thus v € minyT'(f) holds.

We now turn to the proof of the if part, and show that
po(f) is profile-monotone. Eq. (10) clearly holds if u,w ¢
{v,v}, since f is profile-monotone (see (8)). If u = v in
(10), then the lefthand side becomes p.(f)(v) = 0 by (8),
and (10) holds for any w. Similarly, if w = 7 in (10), then
the righthand side becomes p,(f)(T) = 1 by (8), and (10)
holds for any w. Assume now that u = T (< w), in which
case w # v by the condition in the lemma. Then we have
v > w, and v € min.T'(f) implies f(w) = 0, hence f(w) =
pv(f)(w) = 1. Thus (10) holds. Finally, assume that w =
v (> u), in which case u # T by the condition in the lemma.
v € minyT'(f) implies f(u) = 0, hence p,(f)(u) = 0. Thus
(10) again holds. [

The following lemma shows how to choose v to be used in
pu(f) to guarantee that p,(f) is regular.

LEMMA 3. Let f be a regular self-dual function of n (>
2) wvariables. If v € minyT(f) and v, = 1, then p.(f) is
regular.

ProOF. By Lemma 2 we have only to show 7 £ v. We
have f(v —e™) = 0 from v € min-T(f). Thus, the self-
duality of f implies f(7 + e(")) = 1, which, together with
v € minyT(f), in turn implies T+ e™ £ v. Tt follows from
T+e™ Lvand v, =1 that o £v. [

Interestingly, the existence of v satisfying the condition in
Lemma 3 is equivalent the relevance of z,, to f, as proved
in the following Lemma 4.

LEMMA 4. For a regular function f, x, is relevant to f
if and only if there exists a vector v € min=T(f) such that
Un = 1.

PROOF. If such a vector v exists, then we have f(v) =1
and f(v—e™) =0 (by v € min=T(f)). Thus x, is relevant
to f.

Conversely, if z, is relevant, then there exists a vector w €
minT'(f) such that w, = 1, since, otherwise, the MDNF
of f does not contain variable x,, and hence z, is irrel-
evant. The proof is complete if we show w € minyT(f).
Assume that w € minyT'(f). Then there exists a vector u €
minyT(f) such that u < w. Note that w € minT'(f) and
u € minyT(f) imply u £ w—e™. Otherwise, by the profile-
monotonicity of f, we would have f(w — e(")) > flu) =1,
a contradiction to w € minT(f). From u 2 w — e™ and
u < w, it follows that u, = 1 (possible only if n > 2),
implying the only-if part. [

Lemma 3 deals with the case where z,, is relevant to f. To
deal with the case where x,, is irrelevant to f, note that for
any 4,j € V such that i < j, if z; is relevant to a regular
function f then so is x;. This implies that z; is relevant to f
if and only if Vy D {1,2,...,4}, in particular, z,, is relevant
to fif and only if Vy = {1,2,...,n} = V. Corollary 1 below
generalizes Lemma 3 to the case where z,, may be irrelevant

to f.

COROLLARY 1. Let f be a regular self-dual function such
that |Vy| =i (> 2). If v € minyT(f) and v; = 1, then
o(w;vy) (f) is regular.

PROOF. Let I = V; in (7). Then pU(ijvf (f)) is a reg-
ular function on V¢ by Lemma 3. This completes the proof,
since Ezp, () preserves regularity. []

We now have the theoretical foundation for TRANS-REG-
SD. By Lemma 3 and Corollary 1, if z,, is relevant to a given
f, we can use transformation p,(f), with some v, to generate
a new regular self-dual function, and repeat this procedure
as long as x,, is relevant. Once x,, becomes irrelevant to the



newly generated function, f’, we use o transformations with
respect to V/, and so forth.

What remains is the discussion of data we need to keep track
of in implementing a sequence of o transformations. To rep-
resent the sequence of regular self-dual functions {f'} that
TRANS-REG-SD generates, we represent each such func-
tion f’ in terms of min T'(f') and min=T'(f’). For a vector
v, let us introduce the notation, T\ (v) = {w | w > v} and
T<(v) ={w | w < v}.

LEMMA 5. Let f be a regular self-dual function of n (> 2)
variables, and let v € minyT'(f) with v, = 1. Then we have

minT(po(f)) = minT(f)\ ({v} U{v+ ¢ | max OFF
(v) <j <n})U{v} (11)
mins T(pu(f)) = mineT(f)\ ({} Umins T (3)) U {7}
U{u € minyT (v) | u 3 z for all z € (minyT(f) \
{vh) U {v}}. (12)

PROOF. By (8), we need to consider only the influence of
(i) adding v to T'(f) and (ii) removing v from T'(f).

(11) (i): € minT(pyu(f)) clearly holds. Let us next con-
sider vectors of the form 74 ¢, j € ON(v) (= OFF (%)),
which may cease to be a minimal member as a result of
operation (i). Note that these vectors belong to T'(f), since
T € max F(f). We claim that 7+e") € min T(f) if and only
if j > max OFF (v). If j > max OFF (v), T+ € min T(f)
holds, since otherwise, there exists a vector w € minT'(f)
such that w < 7+ ). Since w # 7 and w < T + e,
w < T+ e — e holds for some i € OFF(v) (= ON (7).
Since i < j, we have w < U. Note that f(7) = 0 by the self-
duality of f. Thus it follows from Lemma 1 that f(w) =0
holds, a contradiction to w € minT'(f). This proves the if
part of our claim.

Let j € ON(v) (= OFF (7)) with j < max OFF(v), and
consider the vector w = T + el — ¢@axOFFW) Gince j €
ON (v), we have j < max OFF(v). Thus w > 7, and hence
v > W holds. If f(w) = 0, then f(w) = 1 holds by the
self-duality of f. Since v > W, we have v € min-T(f), a
contradiction. Thus f(w) = 1, implying that 7 + e ¢
min7'(f) holds in this case.

(11) (ii): It is clear that v € minT(p,(f)). Note that a
vector u (# v) € T(f) satisfying w £ wu for any vector
w € min T'(f)\{v} may be in min T'(p,(f)). Such a vector, if
any, has the form u =v+eW, j e OFF (v). Since f(v) =1,
flo+ e — e(")) =1, ie, v+eP) —eM ¢ T(f), follows
from the regularity of f. Thus no vector of the form v +
e) belongs to min T(pw(f)), since, obviously, there exists a
w € minT(f) satisfying w < v+ e —e™ < v + e a
contradiction.

(12) (i): It is easy to see that T € miny-T'(p,(f)) holds, since
otherwise, f(7) = 0 and there exists a vector w such that
w < U and f(w) = 1, a contradiction to the regularity of
f. Consider now any vector w € miny-T'(f) supported by
v, i.e., satisfying w > . Such a w must be removed from

minyT'(f) to construct minyT"(p,(f)). Clearly, each such w
is contained in miny 7% (7).

(12) (ii): As noted in (11) (ii), we have v € minT(p.(f)), a
fortiori, v & mineT(p,(f)). Let us consider the vectors in
miny T3 (v), since, besides T, only they may be contained in
minyT(po(f)) \ minsT(f). It follows from [13] that

fv+e™} U {v+ed) — et |y, =
0,001 =1,1<j<n—-1}ifv, =0

{v+e@ —eUtD |4, = 0,041 = 1,1
<j<n-1}ifv, =1,

miny T4 (v) = (13)

Note that a vector u € miny T (v) belongs to minyT'(p.(f)),
provided there is no vector z € miny7'(f) \ {v} U {v} such
that z < w. This is because minyT'(f)\ ({v}Umin: T\ (7)) U
{7} C min-T(p.(f)) (see (11) (i) above) and all vectors in
miny T3 (T) are supported by T.

From the proof of Lemma 5 (case (11)(i)), we can see that
T+e™ € minT(f). Since v, = 1 implies n > max OFF (v),
{7+ e | max OFF(v) < j < n} is non-empty, and (11)
implies Lemma 6.

LEMMA 6. Let f be a regular self-dual function of n (> 2)
variables, and let v € miny-T'(f) with v, = 1. Then

|minT(py ()] < |minT(f)] -1, (14)

minT(po(f))n U{v,5+e™} = minT(f)n, (15)
where Sy, denotes the set {v € S | v, = 1}.

We are now ready to describe the transformation algorithm.
If we repeatedly apply p, operations (with different v’s, of
course) to a regular self-dual function f, until there is no
vector v € minsT'(f) with v, = 1, then by Lemmas 3, 4
and 6, we have a regular self-dual function f’, to which z,
is irrelevant. Note that f’ may not be unique, i.e., it in
general depends on the sequence of vectors v € minyT'(f)
with v, = 1 that are used in p,.

Now Vi = {1,2,...,51} holds for some j; < n —1. If
j1 = 1, we have f' = x1 and we are done. If j1 # 1, on
the other hand, we apply T (v3Vy) operations to f’ instead of
O(w;vy) (= po), until there is no vector v € min-T'(f’) with
vj; = 1. Since all the lemmas presented in this section are
still valid for o(y;v,,) and vj; =1 in place of o(vv;) (= pv)
and v, = 1, we obtain a regular self-dual function f”, whose
relevant variable set is Vy = {1,2, ..., jo} with jo < j1. By
repeating this argument, we reach the 1-variable regular self-
dual function x1. Formally, this sequence of transformations
can be stated as follows.

Algorithm TRANS-REG-SD

Input: minT'(f), where f is a regular self-dual function.

Output: Regular self-dual functions fo (= f), f1, f2,.-.,
Jm (= 21).

Step 0: Let i =0 and f = fo.
Step 1: Output f;. If fi = z1, then halt.



Step 2: fit1 = U(U(i);vf_)(fi), where v € min, T(f;) and
e =1.4:=7+ 1. Return to Step 1. O

max sz‘

By (14), the number m in the output from TRANS-REG-SD
satisfies m < |minT'(f)| — 1. Since every self-dual function
f satisfies pz(po(f)) = f (see (8)), we can transform x into
any regular self-dual function g by repeatedly applying o
operations to 1 at most |min7(g)] — 1 times. Thus we
have the following theorem.

THEOREM 2. Let f and g be any two reqular self-dual
functions. Then f can be transformed into g by repeatedly
applying o operations to f at most | min T'(f)|+| min T (g)|—
2 times.

In the subsequent sections, we study some applications of
algorithm TRANS-REG-SD.

5. OPTIMUM SELF-DUAL FUNCTIONFOR
REGULAR FUNCTIONAL &

Let ¢ be a pseudo Boolean function, i.e., ¢ is a mapping
from {0,1}" to the set of real numbers R. ¢ is said to be
g-regular if it is profile-monotone, i.e., p(v) > ¢(w) holds for
all pairs of vectors v and w with v > w. Define a functional
®() of Boolean functions f as follows:

o(f) = Y ), (16)

veT(f)

where ¢ is a pseudo Boolean function. ® is also said to be g-
reqular if o is g-regular. As an example of a g-regular pseudo
Boolean functional of interest, we cite the availability A(f)
of a Boolean function f. Assume that each element ¢ € V
has the operational probability p; (0 < p; < 1), i.e., the i-th
element is operational with probability p;. We also assume
that the probabilities for different elements are independent.
Then the availability of a Boolean function f is defined by

Ay = DS (T » II a-»)). a7

veT(f) i€ON(v) i€ OFF(v)

If we interpret T'(f) as the set of states in which the n-
element system defined by the Boolean function f is work-
ing, then A(f) represents the probability that the system
represented by f is working. Availability has been studied
extensively, especially, in the case where f represents a ND
coterie (i.e., f is positive self-dual) [1, 4, 7, 16, 17, 19]. As
commented in the Introduction, we can assume without loss
of generality that

p1 > p2 > ... 2> pa > 1/2.

Now, let ¢(v) = HiEON(v) piHieOFF(v)(l — pi). Then we
have ®(f) = A(f). It follows from the assumption on the
order of probabilities that A(f) is g-regular.

In this section, we consider the functions f that maximize
g-regular functional ® among all self-dual functions.

LEMMA 7. Given a g-regular function o, let ® be a g-
regular functional defined by (16). Then the following state-
ments regarding f are equivalent.

(i) ®(f) is mazimum among all self-dual functions.
(i) All vectors v € T(f) satisfy p(v) > (V).
(#i3) All vectors v € minyT(f) satisfy ¢(v) > (7).

PROOF. Let us prove (i) = (ii) = (iii) = (i). Since
(if) = (iii) is obvious, we show (i) = (ii) and (iii) = (i).

(i) = (ii): If there exists a vector v € T(f) such that
»(v) < (), then the function g defined by T'(g) = (T'(f) \
{v}) U {v} satisfies ®(g) > ®(f). Since g is self-dual, ®(f)
is not maximum among all self-dual functions.

(iii) = (i): Assume that ®(f) is not maximum among all
self-dual functions. Then there exists a self-dual function g
such that ®(g) > ®(f). Since ®(g) > P(f), some vector
v € T(f)\ T(g) satisfies p(v) < ¢(T). For this v, let w be
a vector in minyT'(f) such that w < v. By the g-regularity
of ¢, p(w) < ¢(v) holds. Moreover, since W = T by w = v,
»(w) > (V) holds. Thus, we have

p(w) < p(v) < p®) < ().

This means that this w satisfies w € minyT'(f) and p(w) <
p(w). O

THEOREM 3. Let ®(f) be a g-regular functional defined
by (16). Then there exists a regular self-dual function f
which mazimizes ©(f) among all self-dual functions.

PROOF. Let f be a regular self-dual function that maxi-
mizes ® among all regular self-dual functions. We claim that
f in fact maximizes ¢ among all self-dual functions. If not,
by Lemma 7, there exists a vector v € minyT'(f) such that
o(v) < ¢(v). Note that v # T holds, since, otherwise (i.e.,
v =), (v) > ¢(V), a contradiction. Thus, it follows from
Lemma 2 that p,(f) is regular and self-dual. Moreover, by
Eq. (8), we have ®(p,(f)) > ®(f), which contradicts the
assumption. [

However, there may be non-regular functions f that also
maximize ®(f).

Based on Theorem 3, the following algorithm computes an
optimum regular self-dual function.

Algorithm OPT-REG-SD
Input: A membership oracle of g-regular function .

Output: A regular self-dual function f that maximizes ®(f)
among all self-dual functions.

Step 0: Let i :=1 and f := z;.

Step 1: While 3v € minyT(f) such that v; = 0, v[Vi] #
BlVi] and @(v') < (@) for v/ = v+ X7y, €@, do f =
Oy (f), where Vi = {1,2,...,i}.

Step 2: If i = n, output f and halt. Otherwise, let ¢ :=i+1
and return to Step 1. [



Note that the set minyT'(f) in the while statement of Step
2 is updated as a result of applying the o transformation to
f in Step 2.

EXAMPLE 2. Let us consider the availability of the func-
tion on 6 variables, when p1 = 9/10, p2 = 6/7, ps = 4/5,
pa = T7/10 and ps = 3/5. Recall that ®(f) = A(f) is given by
Eq. (17). We apply Algorithm OPT-REG-SD to this ®(f).

Step 0: Leti:=1, f:= z (thus, min-T(f) = {(10000)}),

and u = (10000).

First iteration of Steps 1-2: Since u1 = 1, skip Step 1.
Step 2 sets i := 2.

Second iteration of Steps 1-2: Since u[Va] = (10) =
u[Va] = (01) for the only vector w in minyT(f), skip
Step 1. Step 2 sets i := 3.

Third iteration of Steps 1-2: Vector u € minyT'(f) sat-
isfies us = 0, u[Va] = (100) # u[Vs] = (011), but
©(10011) = 9/10x1/7x1/5x7/10x3/5 = 189/17500 >
©(01100) = 1/10x6/7x4/5x3/10x2/5 = 144/17500.
(If we were to apply o (yu;vy) to f, we would have ®(o (yvy) (f
®(f).) Thus skip Step 1. Step 2 sets i := 4.

Fourth iteration of Steps 1-2: Vector w satisfies us =
0, u [Va] = (1000) # w[V4] = (0111). Moreover, we
have ¢(10001) < ¢(01110), since ¢(10001) = 9/10 x
1/7 x 1/5 x 3/10 x 3/5 = 81/17500 and (01110) =
1/10 x 6/7 x 4/5 x 7/10 x 2/5 = 336/17500. Thus f
is transformed to

[ = o (f) =12+ 13+ 14 + 234,

For this new f, we have minyT'(f) = {u = (10010),v =
(01110)}. Since ua = va = 1, we skip Step 1. Step 2
sets ¢ := 5.

Fifth iteration of Steps 1-2: Vector u satisfies us = 0,
u[Vs] = (10010) # m[Vs] = (01101). Moreover, we
have ¢(10010) < (01101), since ¢(10010) = 9/10 x
1/7 x 1/5 x 7/10 x 2/5 = 126/17500 and (01101) =
1/10 x 6/7 x 4/5 x 3/10 x 3/5 = 216/17500. Thus f
is transformed to

fi=0(f) = 12+13+14(2+3+5)
+234 + 235

= 12+13+145+234+235.  (18)

As a result, we have mineT'(f) = {u = (10100),v =
(10011),w = (01101)}. Since vs = ws = 1, we need
to consider only uw = (10100). Since us = 0, u[Vs] =
(10100) 3 @[Vs] = (01011), but ©(10100) = 216/17500
> ¢(01011) = 126/17500, skip Step 1. Since i =n =
5, output function f given by (18) and halt. [

Let fi, i =1,2,...,n, be the function f after the i-th itera-
tion of Step 1 of OPT-REG-SD has been completed. Then
clearly Vy, C Vi (= {1,2,...,4}) holds. Moreover, we have
the following lemma:

LEMMA 8. Let fi, i = 1,2,...
For each i = 1,2,...
v[Vi] 2 v[Vi] satisfy

p(v")
€8

,n, be as defined above.
,m, all vectors v € min-T(f;) with

> o), (19)

r_ n
where v' =v+ 377 . e

Proor. If i = 1, then fi = z1, and the lemma holds in
this case, since minx=T'(f1) = {v = (100---0)} and v[Vi]
o[Vi].

Y

Assuming it holds for i = k, consider the case where i =
k + 1. Let us consider the vector v € minyT'(fr+1) with

0[Vit1] Z O[Viqa]. If kg1 = 0, then v satisfies o) >
(v"), where v’ =v+3 k+26(3)
have been removed from T'(fx+1) in Step 1 by applying the
operation o (v, ;) t0 fr+1. This contradicts the definition
of fk+1-

since, otherwise, v would

If vg41 = 1, on the other hand, there are two possibilities:
(1) fu(v) = 0 and (2) fi(v) = 1. In case (1), since v €
T(fis1) \T(fi), f was updated by f == 0,7y, (f) in the
(k + 1)-st iteration of Step 1. Therefore, we have ¢(v') >
(V")

In case (2), assuming ¢(v') < (v’), we derive a contradic-
tion. Vj, C Vi implies fi(v — e**Y) = 1. Since v[Vi41] #

T[Vig1], we have (v — e® ) [Vi] # (v — e +D)[Vi]. Note
<hat (v —eFTDY =4 — e+ 4 > ki1 e =o', Thus, if

—eFtD) ¢ minyT'(fx), by assumption, fr would have been
updated by fr = U(U,E(Hl);vk)(fk). This contradicts the
definition of fi. Now, since v — "™ & minyT'(fz), there
exists a vector w € minyT(fx) such that w < v — e,
We can easily see that this w satisfies w[Vx] # wW[Vk] and
p(w') < p@’), where w' = w+ 377, e, This implies
that fr would have been updated by fr := o(w;v,)(fx), again
a contradiction. [

LEMMA 9. Let f, be as defined above.
mizes ® among all self-dual functions.

Then fn maxi-

PROOF. Lemma 8 asserts (when ¢ = n) that all vectors
v € miny-T(fr) with v % T satisfy ¢(v) > ¢(v). As for vec-
tors v € minysT'(fn) with v > T, the g-regularity of ¢ implies
p(v) > p(v). Together with Lemma 7, this completes the
proof. [

Therefore, OPT-REG-SD computes an optimum function
f (= fn). Moreover, it requires polynomial time in n and
the size of f. (Due to the space limitation, we omit the
proof. See [13]).

THEOREM 4. Algorithm OPT-REG-SD correctly outputs
a reqular self-dual function f that maximizes ® among all
self-dual functions in O(n®| minT(f)|) time.

6. GENERATION OF ALL REGULAR ND
COTERIES

Let Cr.sp(n) denote the class of all regular self-dual func-
tions of m variables. We present in this section an algo-
rithm to generate all functions in Cr_gp(n) by applying
the operator o. The algorithm is incrementally polynomial
[11] in the sense that the i-th function ¢; € Cr.gp(n) is
output in polynomial time in n and Z;;%) | min T'(¢;)|, for
1=1,2,...,|Cr-sp|-



To visualize the algorithm, we first define an undirected
graph G, = (Cr.sp(n), E), where (g, f) € E, if there ex-
ists a vector v € minyT'(g) such that o(,;)(g) = f for some
I D V,. Figure 1 shows the graph Gs. (Ignore the arrows
on some edges).

f3 =12+ 13 + 14 + 15 + 2345

A
=12+ 13423 fo =124 13+ 14 4 234

fa =124 13 + 145 + 234 + 235
A

f5 =12+ 134 + 135 + 145 4 234

1 1235 + 245

O fe =123+ 124 4+ 125+ 134 + 135
4145 + 234 + 235 + 245 + 345

Figure 1: The graph Gs.

Theorem 2 implies that G, is connected. Moreover, the
condition (g, f) € E holds if and only if (f,g) € E, ie.,
G, is undirected. Let fo = x1 be the designated function
in Cr.gp(n), and consider the problem of transforming an
arbitrary function g € Cr_sp(n) to fo by repeatedly apply-
ing operation ¢ in Algorithm TRANS-REG-SD. Note that
the transformation path from a given g to fo is not unique.
Thus, to make the path unique, we choose for each o op-
eration the lexicographically smallest vector ¥ € minyT(g)
such that Umax Ve = 1.2 Let 1 be such an operation, i.e.,

wlg) = U(ﬁ;vg)(g)- (20)

In this way, we define a directed spanning tree of G,,, RT =
(Cr-sp(n), Arr), such that (g, f) is a directed arc in Agrr if
and only if u(g) = f. Clearly, this RT is an in-tree rooted
at fo = z1. In Figure 1, Agrr is indicated by the thick arcs.

Our algorithm will traverse RT from fo in a depth-first man-
ner, outputting each regular function f when it first visits
f. This type of enumeration is called reverse search in [2].
When RT is traversed from fo, for each arc (g, f) € Arr,
the end node f is visited first, i.e., before g. Unfortunately,
at f we cannot distinguish between the arcs in Arr and the
edges in E of G,,. In other words, knowing f, we cannot find
g such that (g, f) € Arr. Note that (20) computes f given
g, not the other way around. In Lemma 10 below, we find
the “inverse” of (20) in the sense that we find the conditions
on the choice of w € minyT'(f) such that g = o(w;v,)(f)-

For a vector v € {0,1}" and I C V, let v[I]0 denote the
vector u defined by ON(u) = OFF(v) N I, i.e., u[l] = v[I]
and the remaining components of u, if any, are all set to 0’s.

LeEmMMA 10. Let f € Cr.sp(n) and g = o(wv,)(f) for
w € minyT(f) such that W[Vy] A w[Vy] and Vi O Vy. Then

3For example, the lexicographic order of all vectors in {0, 1}3
is (000), (001), (010), (011), (100), (101), (110), (111).

[ =ulg) (= owv,(9)) if and only if
(CL) Wmax Vy, = 0;
(b) w1 =1, and

(c) W[Vy4]0 is lexicographically the smallest among all vectors
u € minyT'(f) with Umaxv, = 1.

PROOF. Let us first consider the only-if part, assuming
f_: @v,)(9). Then g = o(uv,)(f) implies that w =

(0)[Vg]0. Since Umax v, = 1 by definition, we have wmax v, =
0, hence (a) holds. Thus, it follows from (12) and (13) that

min,-T'(g)

xmaxvgzl

(MinyeT(f) e, =1 \ {7+ €9 = 9TV | 55 = 0,841
=1,1<j<maxV, —1}) U {8} U {w 4 em>Va)},

if w+ e™>Va) £ 5 for all z € (min=T(f) \ {w}) U {0}
(i T Yoy =1\ {5+ €0 — €T+ | 55 = 0, 5541
=1,1<j<maxVy—1}) U {0}, otherwise. (21)

where S;,—1 denotes the set {v € S | v; = 1}. Now,
by definition, ¢ is the lexicographically smallest vector in
miny:1'(g)a,axy, =1- Moreover, since & = w[V4]0 is clearly
lexicographically smaller than v = v + e — Ut with
0; =0 and 941 = 1, (21) implies (c).

Let us finally consider (b). If w+e™*Ve) ¢ minyT(g), then
w1 = 1 holds by (21), since ¥ is lexicographically smaller
than w + e™>Ve), On the other hand, if w + e™®Ve) ¢
minyT(g), there exists a vector v € minyT(g) such that
uw < w4+ emaxVe) and Umaxv, = 1 (the proof is similar to
that of Lemma 4). If w; = 0, then we have u1 = 0 (by
u < w+ e™>Va)) and 4, = 1 (by & = W[V,]0). However,
this implies that u is lexicographically smaller than v, con-
tradicting p(g) = o(s,v,)(g)- Therefore, (b) must hold.

The if part is implied by (21). O

Note that, if V, # V; (i.e.,, Vg D Vy), Lemma 10 implies
that f = p(g) if and only if wy; =1, since Vy D Vy and w €
minyT'(f) imply (a). Thus, for an index set I D Vy, every
vector w € minyT'(f) which satisfies wi; = 1 and W[I] £ w[I]
always produces g = () (f) such that f = u(g).

Let
Msum - Z |m1nT(f)|7
feCr gpn)
Mnax max min 7T’ .
me = e |minT ()|

Although the details are omitted due to the space limitation,
we have the following results [13].

THEOREM 5. All functions in Cr.gp(n) can be generated
in incrementally polynomial time. It requires O(n3|CR_SD
(n)| + nMsum) time and O(nMmax) space.

COROLLARY 2. All functions in Cr.gp(n) can be scanned
in O(n®|Cr.sp(n)|) time.



We reiterate here that regular functions are all represen-
tatives of a permutation class, i.e., no regular function f is
equivalent to another regular function g (# f) under permu-
tation. Therefore, our algorithm generates non-equivalent
functions. Let us remark that the algorithms in [5, 8] are
not polynomial, if we try to output only non-equivalent func-
tions.

It is known that the positive self-dual functions of up to n =
5 variables are all threshold functions (and hence regular, if
we consider the representatives), but there are many non-
regular self-dual functions for n > 6, even if we consider the
representatives. Moreover, it is known [14] that all regular
self-dual functions for n < 9 are threshold functions.

7. CONCLUSION

We have introduced a new operator o, which is similar to
the p operator used by Bioch and Ibaraki [5]. It transforms
a non-dominated (ND) coterie to another ND coterie. We
showed that any regular ND coterie can be transformed to
any other regular ND by a sequence of o operations, and
tried to find the shortest such sequence. As another appli-
cation of the o operation, we presented an incrementally-
polynomial-time algorithm for generating all regular ND co-
teries, and showed that we can construct an optimum coterie
C with respect to a “g-regular” function in polynomial time.

The challenging problem of deciding whether a given coterie
is ND is still open.
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