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Abstract
Spectral methods for mesh processing and analysis rely on the eigenvalues, eigenvectors, or eigenspace projec-
tions derived from appropriately defined mesh operators to carry out desired tasks. Early works in this area can
be traced back to the seminal paper by Taubin in 1995, where spectral analysis of mesh geometry based on a
combinatorial Laplacian aids our understanding of the low-pass filtering approach for mesh smoothing. Over the
past ten years or so, the list of applications in the area of geometry processing which utilize the eigenstructures of
a variety of mesh operators in different manners have been growing steadily. Many works presented so far draw
parallels from developments in fields such as graph theory, computer vision, machine learning, graph drawing,
numerical linear algebra, and high-performance computing. This state-of-the-art report aims to provide a com-
prehensive survey on the spectral approach, focusing on itspower and versatility in solving geometry processing
problems and attempting to bridge the gap between relevant research in computer graphics and other fields. Nec-
essary theoretical background will be provided and existing works will be classified according to different criteria
— the operators or eigenstructures employed, application domains, or the dimensionality of the spectral embed-
dings used — and described in adequate length. Finally, despite much empirical success, there still remain many
open questions pertaining to the spectral approach, which will be discussed in the report as well.

Categories and Subject Descriptors(according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling

1. Introduction

A great number of spectral methods have been proposed in
the computing science literature in recent years, appearing in
the fields of graph theory, computer vision, machine learn-
ing, visualization, graph drawing, high performance com-
puting, and computer graphics. More specifically to the area
of geometry processing and analysis, spectral methods have
been developed with the intention of solving a diversity of
problems including mesh compression, correspondence, pa-
rameterization, segmentation, sequencing, smoothing, wa-
termarking, surface reconstruction, and remeshing.

As a consequence of this development, researchers are
now faced with an extensive literature related to spectral
methods and it might be a laborious task for those new to
the field to obtain an overview of the different methods, as
well as an understanding of their similarities and differences.
Furthermore, this is a topic that still instigates much interest,
and there are still many open problems related to this ap-
proach, which provide numerous potential possibilities for
further investigation. Although introductory and short sur-

veys which cover particular aspects of the spectral methods
have been given before, e.g., by Gotsman [Got03] on spec-
tral partitioning, layout, and geometry coding, and more re-
cently by Levy [Lev06] on a study of Laplacian-Beltrami
eigenfunctions, we believe a comprehensive survey is still
called for. In presenting this report, our goal would be to pro-
vide a theoretical background and a thorough and up-to-date
reference on the topic so as to draw interested researchers
into this area and facilitate future research.

2. Overview of spectral methods

The motivation for using spectral methods for geometry pro-
cessing is two-fold. On one hand, eigenstructures can re-
veal meaningful global information about a shape. For in-
stance, it can be shown [SFYD04] that pairwise distances be-
tween points in the spectral domain (obtained by a selected
set ofk eigenvectors, forming ak-dimensionalspectral em-
bedding) derived from the graph Laplacian model the so-
called commute-time distances, a global measure related to
the behavior of random walks on a graph. At the same time,
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spectral techniques can provide high-quality results for sev-
eral NP-hard global optimization problems, including nor-
malized cuts [SM97] and linear arrangement [DPS02]. On
the other hand, the spectral approach allows to incorporate
any intrinsic measure on a shape to obtain useful invariance
properties, e.g., with respect to part articulation, of theshape
in the spectral domain. Although the shape structures can
be nonlinear, the spectral approach can “unfold” the nonlin-
earity in a high-dimensional feature space. By properly se-
lecting a few eigenvectors to construct an embedding, the
dimensionality of the problem is effectively reduced with
characteristics of the nonlinear structures still retained.

Most spectral methods have a basic framework in com-
mon, which can be roughly divided into three steps.

1. A matrix M that represents a discrete operator based on
the structure of the input mesh is defined. This matrix
can be seen as incorporating pairwise relations between
mesh elements. That is, each entryMi j possesses a value
that represents the relation between the vertices (faces or
other primitives)i and j of the mesh. The pairwise rela-
tions can take into account only the connectivity of the
mesh or combine topology and geometry information.

2. An eigendecomposition of the matrixM is performed,
that is, its eigenvalues and eigenvectors are computed.

3. The eigendecomposition is further employed in a prob-
lem dependent manner to obtain the desired solution.

3. A historical perspective

Long before spectral methods came about in the graphics
community, a great deal of knowledge from the field of spec-
tral graph theory had been accumulated [Chu97, Moh97],
following the pioneering work of Fielder [Fie73]. The focus
in spectral graph theory is to derive relationships between
the eigenvalues of a graph Laplacian and various fundamen-
tal properties of the graph, e.g., its diameter and connectiv-
ity [Chu97]. It has long been known that the graph Lapla-
cian can be seen as a combinatorial version of the Laplacian-
Beltrami operator from differential geometry [Moh97].

Treating the mesh vertex coordinates as a 3D signal de-
fined over the underlying mesh graph, Taubin [Tau95] first
introduced the use of mesh Laplacian operators for discrete
geometry processing, from the perspective of filtering op-
erations. Specifically, projections of a mesh signal into the
eigenspaces of the mesh Laplacian operator are manipu-
lated in different ways, e.g., for mesh smoothing, compres-
sion [KG00,SCOT03], or watermarking [OTMM01]. What
had motivated this development was not results from spec-
tral graph theory but its analogy to discrete Fourier analysis,
which is now applied to the irregular grids characterizing
general meshes. Mesh Laplacians also allow us to definedif-
ferential coordinatesto represent mesh geometry, which is
useful in applications such as mesh editing and shape in-
terpolation. These works have been nicely covered in two
previous STARs, by Taubin [Tau00] and Sorkine [Sor05].

In our report, we focus on the use of eigenvalues or eigen-
vectors of mesh operators, including variants of the mesh
Laplacian, as well as other types of operators, for geome-
try processing. Many papers surveyed here have drawn in-
spiration from developments in other fields. One major de-
velopment is the use of theFielder vector, the eigenvector
of a mesh Laplacian corresponding to the smallest non-zero
eigenvalue, in a variety of applications, e.g., graph or mesh
layout [DPS02, YLPM05], image segmentation [SM97] in
computer vision and graph partitioning for parallel comput-
ing, as well as sparse matrix reordering [BPS93] in numer-
ical linear algebra. Anther important study is on spectral
clustering [NJW02] in machine learning, which may be in-
terpreted differently, e.g., via random walk or as a kernel-
based method. Finally, the use of spectral embeddings for
graph matching [SB92] and graph spectra for shape index-
ing [SMD∗05] have long been known in computer vision.

4. Outline of the report

Following the previous three sections, we shall structure the
main body of our report as described below.

4.1. Theoretical background

We list a few theorems from linear algebra on eigenproper-
ties of general linear operators; these include the Courant-
Fisher Theorem, the Spectral Theorem, and the Ky-Fan the-
orem [Bha97]. We then focus on theoretical results specific
to the Laplacian operators, particularly Courant’s nodal do-
main theorems [JNT01], their discrete analogue [DGLS01],
as well as optimality results related to the Fiedler vector for
the continuous version of the normalized cut [SM97] and
linear arrangement problems [Hal70]. These results reveal
important properties of the eigenstructures we study and mo-
tivate their use in relevant applications.

4.2. A taxonomy of operators for spectral analysis

We define the graph Laplacian (a.k.a. the Kirchhoff opera-
tor [OTMM01]), normalized graph Laplacian [Chu97], Tutte
Laplacian [Got03], and the discretized Laplacian-Beltrami
(a.k.a. the cotangent operator [MDSB02]). Relationship be-
tween the operators will be described, e.g., showing that the
graph Laplacian is a combinatorial version of the Laplacian-
Beltrami [Moh97]. Algebraic properties of the operators and
their strengths and weakness in different applications, e.g.,
related to energy compaction [BCG05] or sensitivity to ver-
tex valences [Zha04], will be compared.

We also examine generalizations of the Laplacians to dis-
crete Schrödinger operators [DGLS01], higher-order Lapla-
cians [Zha04], or non-sparse affinity operators [NJW02] de-
rived from different kernel functions. The flexibility of the
generalized operators for spectral processing and analysis
will be highlighted by looking at a few applications [GGS03,
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JZ07,KSO04,LZ04]. For example, by using affinities based
on geodesic distances, we can obtain bending invariance for
3D shape matching [JZ06] and retrieval [EK03,JZ06].

4.3. Use of different eigenstructures

We shall only briefly mention how the eigenprojections,
e.g., of a mesh signal with respect to the graph Lapla-
cian, can be used for mesh compression [KG00], water-
marking [OTMM01], and other tasks since previous sur-
veys [Tau00,Sor05] have provided adequate coverage. In this
section, we will speak in general terms how the eigenvalues
and eigenvectors of mesh operators can be utilized.

Drawing analogies from discrete Fourier analysis, one
would treat the eigenvalues of a mesh Laplacian as mea-
suring the frequencies of their corresponding eigenfunc-
tions [Tau95]. However, it is not easily seen what the term
frequency means exactly in the context of eigenfunctions
that oscillate irregularly over a manifold. Furthermore, since
different meshes would generally possess different operators
and thus different eigenbases, using the magnitude of the
eigenvalues to pair up corresponding eigenvectors between
the two meshes for shape analysis, e.g., correspondence, is
unreliable [JZ06]. Despite of these issues, much empirical
success has been obtained using eigenvalues as global shape
descriptors for graph [SMD∗05] and shape matching [JZ07].

Eigenvectors are typically used to obtain an embedding
of the input shape in the spectral domain, in which the task
at hand is more easily carried out or the embedding itself
possesses certain desirable properties. With the aid of a few
examples, most notably one of spectral clustering based on
normalized affinities [NJW02], we provide an explanation.

4.4. Efficient computations

Since spectral methods all require the construction of a mesh
operator, which may be non-sparse [LZ04], as well as eigen-
decomposition, efficiency is a concern for large meshes.
To this end, we survey several speed-up techniques. The
first [KCH02], referred to as the ACE method, exploits spar-
sity of the mesh Laplacians and applies algebraic multi-
grids to compute a few leading eigenvectors. Thespectral
shiftmethod [DBG∗06], which allows to extract any selected
eigenvector, is also described. In the absence of sparsity,e.g.,
when affinity operators are used, an effective alternative is
Nyström approximation [FBCM04, JZ06, JZ07], which re-
lies on subsampling and extrapolation. The success of this
method depends on the sampling quality and so far random
and farthest point sampling are most often applied.

4.5. Applications

In this section, we survey applications that use spectral meth-
ods in more detail. First, the use of eigenvalues for spectral
shape indexing and retrieval is discussed [SMD∗05, JZ07].

Next, we classify eigenvector-based methods according to
the dimensionality of the spectral embeddings used.

For 1D embedding, we first describe sequencing schemes
using Fiedler vector [BPS93,YLPM05] or via eigendecom-
position of filtered graph distances [LZvK06] and compare
them in terms of the widths and spans of the sequences ob-
tained. 1D spectral embeddings have also been applied to
perceptual mesh segmentation [ZL05] and mesh charting
for surface quadrangulation [DBG∗06]. 2D and 3D embed-
ding methods include texture mapping via multidimensional
scaling [ZKK02, ZSGS04], graph drawing [KCH02], and
spherical mesh parameterization [GGS03] using Collin de
Verdiere matrices. Higher dimensional spectral embeddings
have been employed for mesh segmentation [KLT05,LZ04],
surface reconstruction [KSO04] (via spectral clustering),
and mesh correspondence [JZ06] and retrieval [EK03,JZ07].

4.6. Open questions

As Levy [Lev06] has eloquently put, Laplacian-Beltrami
eigenfunctions (or eigenfunctions of any other geometric
mesh operator) appear to “understand” geometry. However,
it is not necessarily easy to interpret what the eigenfunctions
are presenting to us. For example, it is difficult to locate the
right eigenvector for deriving a high-quality surface quad-
rangulation automatically and finding a proper ordering of
eigenvectors for robust correspondence analysis [JZ06] is
still an unresolved issue. From a theoretical standpoint, anal-
yses on the sensitivity of eigenstructures against shape or
connectivity variations and the effect of sampling on Nys-
tröm approximation or the result of structural analysis, e.g.,
clustering, in the spectral domain are still lacking. We shall
elaborate on these issues among others in the full report.

References

[BCG05] BEN-CHEN M., GOTSMAN C.: On the optimality of
spectral compression of mesh data.ACM Trans. Graph. 24, 1
(2005), 60–80.

[Bha97] BHATIA R.: Matrix Analysis. Springer-Verlag, 1997.

[BPS93] BARNARD S. T., POTHEN A., SIMON H. D.: A spectral
algorithm for envelope reduction of sparse matrices. InProc. of
ACM Conference on Supercomputing(1993), pp. 493–502.

[Chu97] CHUNG F. R. K.: Spectral Graph Theory. AMS, 1997.

[DBG∗06] DONG S., BREMERP.-T., GARLAND M., PASCUCCI

V., HART J. C.: Spectral surface quadrangulation. InProc. of
ACM SIGGRAPH(2006). To appear.

[DGLS01] DAVIES E. B., GLADWELL G. M. L., LEYDOLD J.,
STADLER P. F.: Discrete nodal domain theorems.Lin. Alg. Appl.
336 (2001), 51–60.

[DPS02] DÍAZ J., PETIT J., SERNA M.: A survey of graph layout
problems.ACM Computing Survey 34, 3 (2002), 313–356.

[EK03] ELAD A., K IMMEL R.: On bending invariant signatures
for surfaces. IEEE Trans. Pattern Anal. Mach. Intell. 25, 10
(2003), 1285–1295.

c© The Eurographics Association 2007.



Hao Zhang & Oliver van Kaick / Spectral Methods for Mesh Processing and Analysis

[FBCM04] FOWLKES C., BELONGIE S., CHUNG F., MALIK J.:
Spectral grouping using the Nyström method.IEEE Trans. Pat-
tern Anal. Mach. Intell. 26, 2 (2004), 214–225.

[Fie73] FIEDLER M.: Algebraic connectivity of graph.Czech.
Math. J. 23(1973), 298–305.

[GGS03] GOTSMAN C., GU X., SHEFFERA.: Fundamentals of
spherical parameterization for 3d meshes.ACM Trans. Graph.
22, 3 (2003), 358–363.

[Got03] GOTSMAN C.: On graph partitioning, spectral analysis,
and digital mesh processing. InProc. of Shape Modeling Inter-
national (SMI)(2003), pp. 165–171.

[Hal70] HALL K. M.: An r-dimensional quadratic placement al-
gorithm. Manage. Sci. 17, 8 (1970), 219–229.

[JNT01] JAKOBSON D., NADIRASHVILI N., TOTH J.: Geomet-
ric properties of eigenfunctions.Russian Mathematical Surveys
56, 6 (2001), 1085–1105.

[JZ06] JAIN V., ZHANG H.: Robust 3d shape correspondence in
the spectral domain. InProc. of Shape Modeling International
(SMI) (2006), pp. 118–129.

[JZ07] JAIN V., ZHANG H.: A spectral approach to shape-based
retrieval of articulated 3D models.Computer Aided Design, Spe-
cial Issue of GMP 2006, in press(2007).

[KCH02] KOREN Y., CARMEL L., HAREL D.: ACE: A fast
multiscale eigenvector computation for drawing huge graphs. In
Proc. of the IEEE Symposium on Information Visualization (In-
foVis)(2002), pp. 137–144.

[KG00] KARNI Z., GOTSMAN C.: Spectral compression of mesh
geometry. InProc. of ACM SIGGRAPH(2000), pp. 279–286.

[KLT05] K ATZ S., LEIFMAN G., TAL A.: Mesh segmentation
using feature point and core extraction. InThe Visual Computer
(Pacific Graphics)(2005), vol. 21, pp. 649–658.

[KSO04] KOLLURI R., SHEWCHUK J. R., O’BRIEN J. F.: Spec-
tral surface reconstruction from noisy point clouds. InProc. of
Symposium on Geometry Processing(2004), pp. 11–21.

[Lev06] LEVY B.: Laplace-beltrami eigenfunctions: Towards an
algorithm that understands geometry. InProc. of Shape Modeling
International (SMI)(2006).

[LZ04] L IU R., ZHANG H.: Segmentation of 3D meshes through
spectral clustering. InPacific Graphics(2004), pp. 298–305.

[LZvK06] L IU R., ZHANG H., VAN KAICK O.: An Investigation
into Spectral Sequencing using Graph Distance. Tech. Rep. TR
2006-08, School of Computing Science, SFU, May 2006.

[MDSB02] MEYER M., DESBRUN M., SCHRÖDER P., BARR

A. H.: Discrete differential-geometry operators for triangulated
2-manifolds. InProc. of VisMath(2002).

[Moh97] MOHAR B.: Some applications of Laplacian eigenval-
ues of graphs. InGraph Symmetry: Algebraic Methods Applica-
tions, Hahn G., Sabidussi G., (Eds.). 1997, pp. 225–275.

[NJW02] NG A. Y., JORDAN M. I., WEISSY.: On spectral clus-
tering: analysis and an algorithm. InNeural Information Pro-
cessing Systems(2002), vol. 14.

[OTMM01] OHBUCHI R., TAKAHASHI S., MIYAZAWA T.,
MUKAIYAMA A.: Watermarking 3D polygonal meshes in the
mesh spectral domain. InProc. of Graphics Interface(2001),
pp. 9–18.

[SB92] SHAPIRO L. S., BRADY J. M.: Feature-based correspon-
dence: an eigenvector approach.Image and Vision Computing
10, 5 (1992), 283–288.

[SCOT03] SORKINE O., COHEN-OR D., TOLEDO S.: High-pass
quantization for mesh encoding. InProc. of Symposium on Ge-
ometry Processing(2003), pp. 42–51.

[SFYD04] SAERENS M., FOUSSF., YEN L., DUPONT P.: The
Principal Components Analysis of a Graph, and its Relationship
to Spectral Clustering. No. 3201 in Lecture Notes in Artificial
Intelligence. 2004, pp. 371–383.

[SM97] SHI J., MALIK J.: Normalized cuts and image segmen-
tation. In Proc. of IEEE Conference on Computer Vision and
Pattern Recognition(1997), pp. 731–737.

[SMD∗05] SHOKOUFHANDEH A., MACRINI D., DICKINSON

S., SIDDIQI K., ZUCKER S.: Indexing hierarchical structures
using graph spectra.IEEE Trans. Pattern Anal. Mach. Intell. 27,
7 (2005), 1125–1140.

[Sor05] SORKINE O.: Laplacian mesh processing. InEurograph-
ics State-of-the-Art Report(2005).

[Tau95] TAUBIN G.: A signal processing approach to fair surface
design. InProc. of ACM SIGGRAPH(1995), pp. 351–358.

[Tau00] TAUBIN G.: Geometric signal processing on polygonal
meshes. InEurographics State-of-the-Art Report(2000).

[YLPM05] Y OON S.-E., LINDSTROM P., PASCUCCI V.,
MANOCHA D.: Cache-oblivious mesh layouts.ACM Trans.
Graph. 24, 3 (2005), 886–893.

[Zha04] ZHANG H.: Discrete combinatorial Laplacian operators
for digital geometry processing. InProc. SIAM Conf. on Geom.
Design and Comp.(2004), pp. 575–592.

[ZKK02] Z IGELMAN G., KIMMEL R., KIRYATI N.: Texture
mapping using surface flattening via multidimensional scaling.
IEEE Trans. on Vis. and Comp. Graph. 8, 2 (2002), 198–207.

[ZL05] ZHANG H., LIU R.: Mesh segmentation via recursive and
visually salient spectral cuts. InProc. of Vision, Modeling, and
Visualization(2005).

[ZSGS04] ZHOU K., SNYDER J., GUO B., SHUM H.-Y.: Iso-
charts: Stretch-driven mesh parameterization using spectral anal-
ysis. InProc. of Symposium on Geometry Processing(2004).

About the authors:

Hao Zhang is an assistant professor and co-director of the Graph-
ics, Usability, and Visualization Lab, at the School of Computing
Science, Simon Fraser University (SFU), since 2003. He received
his BMath and MMath degrees from the University of Waterloo in
1995 and 1997, respectively, and a Ph.D. in computer sciencefrom
the University of Toronto in 2003. His research in computer graphics
focuses on geometric modeling, processing and 3D shape analysis.

Oliver van Kaick received the BSc and MSc degrees in comput-
ing science from Universidade Federal do Parana, Curitiba,Brazil,
in 2003 and 2005, respectively. Currently, he is a PhD student at
SFU, Canada. His research interests include shape characterization
and analysis, shape correspondence and retrieval, geometric model-
ing, processing, and visualization, as well as general problems in the
areas of machine learning, computer graphics, and computervision.

c© The Eurographics Association 2007.


