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Abstract— Hamilton-Jacobi (HJ) Reachability is widely used
to compute value functions for states satisfying specific con-
trol objectives. However, it becomes intractable for high-
dimensional problems due to the curse of dimensionality. Di-
mensionality reduction approaches are essential for mitigating
this challenge, whereas they could introduce the “leaking corner
issue”, leading to inaccuracies in the results. In this paper, we
define the “leaking corner issue” in terms of value functions,
propose and prove a necessary condition for its occurrence.
We then use these theoretical contributions to introduce a
new local updating method that efficiently corrects inaccurate
value functions while maintaining the computational efficiency
of the dimensionality reduction approaches. We demonstrate
the effectiveness of our method through numerical simulations.
Although we validate our method with the self-contained
subsystem decomposition (SCSD), our approach is applicable
to other dimensionality reduction techniques that introduce the
“leaking corners”.

I. INTRODUCTION

Nonlinear systems control technologies have received
growing interest in recent years and have many impor-
tant applications [1]. The applicable fields include legged
robots [2], safe collaboration between human and robotic
systems [3], and autonomous vehicles [4], especially when
including tasks ensuring safety by avoiding a failure set
(safety task) and successfully reaching a goal set (liveness
task). We generally call the failure sets and goal sets the
target sets in our study.

Reachability analysis is generally used to ensure the safety
and liveness of nonlinear systems. Researchers have devel-
oped various methods to analyze reachability [5]–[7], among
which Hamilton-Jacobi (HJ) reachability excels at handling
general nonlinear dynamics. HJ reachability formulates an
initial value function based on the signed distance function
of a target (goal or obstacle) and updates it backward in time
using optimal control. This value function provides insights
into the robot’s capabilities for achieving tasks. However, HJ
reachability suffers from the curse of dimensionality. As the
system’s dimensionality increases, computational complex-
ity grows exponentially, making high-dimensional problems
computationally infeasible.

Various approaches have been proposed to address the
curse of dimensionality. These include linearization of non-
linear dynamics [8], [9], using hopf-lax formula [10]–[12],
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value function over- or under-approximation [13]–[15], rein-
forcement learning techniques [16]–[19], warm-starting with
specific initializations [20], and paralleling the computation
[21], [22]. Additionally, methods for decoupling or reducing
high-order dynamics have been explored [23], [24], including
the method for composition into self-contained subsystems
(SCSs) [25], [26].

High-order dynamics decoupling methods are particularly
advantageous due to their inherent parallelizability and im-
mediate reduction of dimensionality. Compared to other
computational acceleration methods, they offer significant
computational time reduction while preserving the key sys-
tem properties. It is achieved by computing the sub-value
functions in low-dimensional subspaces and reconstructing
the value function in full-dimensional space. However, in cer-
tain problem formulations, the value function reconstructed
in full-dimensional space will deviate from the value function
directly computed from the full-dimensional system. As a
result, it can fail to guarantee liveness or safety for some
states. This phenomenon is known as the “leaking corner
issue.” [26], [27]

A previous method for detecting the “leaking corners”
involves computing the admissible control set in low-
dimensional subsystems and comparing them to identify
affected states [28]. However, it is currently restricted to the
self-contained subsystem decomposition (SCSD) method and
only applies to cases with scalar control inputs.

In this paper, we provide:
• A formal definition of “leaking corners” from the per-

spective of value functions.
• A novel detection method capable of handling both

scalar and vector control inputs without additional
computation, which is also general to methods with
decomposed computations.

• A local updating procedure that ensures accurate results
even without complete knowledge of all “leaking cor-
ners,” while maintaining computational efficiency.

II. BACKGROUND

A. System Dynamics

Consider the following control-affine dynamical system:

dz

dt
= ż = f(z) + g(z)⊤u, t ≤ 0 (1)

where z ∈ Z ⊆ Rn denotes the system state within a state
space, u ∈ U ⊂ Rm denotes the control input. We assume
that the control space U is given by the constraint

c(u) = ∥α⊙ u∥β − u ≤ 0. (2)
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where the weight α ∈ A ⊆ Rm, the norm β ≥ 1, and
the constraint value u ≥ 0. The symbol “⊙” represents the
Hadamard product, which takes two matrices of the same
dimensions as input and produces a matrix containing the
multiplication of the corresponding elements in the inputs.

We assume the control function u(·) : [t, 0] 7→ U is drawn
from the set of measurable functions. We also assume that
f : Z 7→ Rn and g : Z 7→ Rn×m are such that the dynamics
(1) uniformly continuous, bounded, and Lipschitz continuous
in z.

B. Value Functions in Hamilton-Jacobi Reachability

Hamilton Jacobi (HJ) reachability analysis is an optimal
control problem used to analyze the liveness and safety
properties of dynamical systems. The cost function ℓ : Rn 7→
R of the optimal control problem is designed such that its 0
sub-level set is the goal (or failure) set, generally called the
target set: T = {z : ℓ(z) ≤ 0}. A common choice of the
cost function is the signed distance function to the set T .

The value function is the solution of the terminal value
HJB-PDE

DtV (z, t) +H(z, u,DzV (z, t)) = 0 (3)
with Hamiltonian for liveness and safety cases

HR(z, u, p) = min
u∈U
{p⊤f(z) + p⊤g(z)⊤u} (4a)

HA(z, u, p) = max
u∈U
{p⊤f(z) + p⊤g(z)⊤u} (4b)

where Dt and Dz represent the derivative with respect to
t and z respectively. The boundary condition is given by a
final value function V (z, 0) = ℓ(z), and the value function
V (z, t) can be computed via applying dynamic programming
backward in time until t < 0. Whenever necessary, we
will add the subscript of V , and use VR(z, t) and VA(z, t)
respectively to represent the value functions for liveness and
safety problems.

The optimal control u∗ is obtained as follows:

u∗
R = argmin

u∈U
HR(z, u,DzVR(z, t)), (5a)

u∗
A = argmax

u∈U
HA(z, u,DzVA(z, t)). (5b)

We will omit the subscript of u∗ when convenient and
use u∗ to denote the optimal control obtained from solving
Eq. (5).

C. Computational Dimensionality Reduction

Numerically, the HJB PDE (3) is solved on a discrete
grid; therefore, the computation scales exponentially with
state dimension. This motivates the use of dimensionality
reduction methods to reduce computational costs. Reducing
computational dimensionality while maintaining exact global
results is challenging. The low-dimensional subsystems of
coupled nonlinear systems are defined below.

In this paper, for simplicity and clarity of presentation,
we assume that there are two subsystems, but the results
presented in the paper generalize to an arbitrary number of
subsystems.

Definition 1: (Subsystem) Consider the special case in
which the state z can be expressed as z = (z1, z2, zc), with
z1 ∈ Rn1 , z2 ∈ Rn2 , zc ∈ Rnc , n1, n2 > 0, nc ≥ 0, and
n1 + n2 + nc = n. Following [26], we call z1, z2, zc “state
partitions” of the system.

Define x1 = (z1, zc) ∈ X1 ⊆ Rn1+nc as the state of
subsystem 1, and x2 = (z2, zc) ∈ X2 ⊆ Rn2+nc as the state
of subsystem 2.

We also express u as u = (u1, u2, uc), with u1 ∈ Rm1 ,
u2 ∈ Rm2 , uc ∈ Rmc , m1,m2 > 0, mc ≥ 0, and m1+m2+
mc = m. We call u1, u2, and uc “control partitions” of the
system.

Let w1 = (u1, uc) ∈ W1 ⊆ Rm1+mc be the control signal
of subsystem 1, and w2 = (u2, uc) ∈ W2 ⊆ Rm2+mc be the
control signal of subsystem 2.

In the case of control-affine systems (1), we can write the
dynamics of the two subsystems as

ẋ1 = f1(x1) + g1(x1)
⊤w1, (6a)

ẋ2 = f2(x2) + g2(x2)
⊤w2. (6b)

The control constraints for each of the subsystems are as
follows:

c1(w1) = ∥a1 ⊙ w1∥β − u ≤ 0, (7a)
c2(w2) = ∥a2 ⊙ w2∥β − u ≤ 0. (7b)

where a1 = (α1, αc) and a2 = (α2, αc).
Remark 1: We have z1 = x, z2 = y, zc = θ, and uc =

(v, ω) for 3D Dubins Car: ẋ = v cos(θ), ẏ = v sin(θ), θ̇ = ω.
In terms of the low-dimensional controls, the constraint in

Eq. (2) can be rewritten as

cjoint(w1, w2) ≤ 0, (8)

where cjoint(w1, w2) = c(u) can be expanded as follows:

cjoint(w1, w2) = ∥[α1, α2, αc]⊙ [u1, u2, uc]∥β − u (9)

=
β

√√√√m1∑
j=1

|α1,ju1,j |β +

m2∑
j=1

|α2,ju2,j |β +

mc∑
j=1

|αc,juc,j |β − u

The projection operator shows how the full-dimensional
state z is related to the low-dimensional state xi.

Definition 2: (Projection operator) A projection operator
proj : Rn 7→ Rni+nc maps a state z in full-dimensional space
Rn to a state xi in low-dimensional subspace Rni+nc :

proji(z) := (zi, zc) = xi. (10)
The “leaking corner issue” also occurs without the dimen-

sional reduction approaches. In thoses cases, both equations
in Eq. (6) become the full-dimensional system in Eq. (1),
and our method will still work.

Running example: Consider decomposing the 2D Single
Integrator Model z = (px, py) using the method in [26]:

ṗx = ux ṗy = uy, (11)
The state partitions of the system are px and py . The control
input is u = (ux, uy) and constrained by ∥u∥2 ≤ u.

There are 2 low-dimensional subsystems, and the two
subsystems are

Subsystem 1: x1 = px, Subsystem 2: x2 = py. (12)
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Subsystem 1 has a control input given by w1 = ux, while
subsystem 2 has w2 = uy . The control constraints in low-
dimensional systems are as:

Subsystem 1: c1(w1) = ∥ux∥2 ≤ u,

Subsystem 2: c2(w2) = ∥uy∥2 ≤ u
(13)

to best preserve the information.

D. Value Function Reconstruction
When applying the computational acceleration method,

the low-dimensional value function is computed through the
subsystem dynamics as in Definition 1. Consequently, the
initial value function representing the target set also needs
to be modified for low-dimensional computation. The cost
function associated with the low-dimensional computation is
given by ℓi : Rni+nc 7→ R.

The low-dimensional value function is the solution of the
terminal value HJB-PDE

Dtϕi(xi, t) +Hϕi
(xi, wi, Dxi

ϕi(xi, t)) = 0 (14)
with the boundary condition being given by ϕi(xi, 0) =
ℓi(xi). The low-dimensional optimal control w∗

i is obtained
as follows:

w∗
R,i(t) = arg min

wi∈Wi

Hϕi
(xi, wi, Dxi

ϕi(xi, t)), (15a)

w∗
A,i(t) = arg max

wi∈Wi

Hϕi
(xi, wi, Dxi

ϕi(xi, t)). (15b)

Definition 3: (Full-dimensional sub-value function) The
full-dimensional sub-value function Vi(z, t) is defined as the
value function of the subsystem i with respect to the full-
dimensional space Rn.

Vi(z, t) = ϕi(xi, t), where xi = proji(z) (16)
Vi(z, t) could be different depending on the method.1

1) : The compuation is termed an intersection case when
the full-dimensional initial value function relates to the full-
dimensional initial sub-value functions as

V (z, 0) = max
i

(Vi(z, 0)). (17)
The point-wise maximum operation corresponds to the in-
tersection of sets, following the convention of representing
sets using sublevel sets of functions [29].

2) : The compuation is termed union case when the
full-dimensional initial value function is related to the full-
dimensional initial sub-value functions as

V (z, 0) = min
i
(Vi(z, 0)). (18)

Definition 4: (Approximated value function) Given the
full-dimensional sub-value functions Vi(z, t), the approxi-
mated (full-dimensional) value function V̂ (z, t) are given,
based on the intersection or union cases, as follows:

Intersection : V̂ (z, t) = max
i
{Vi(z, t)}; (19a)

Union : V̂ (z, t) = min
i
{Vi(z, t)}. (19b)

The approximated value functions sometimes provide
safety and liveness guarantees with better computational
efficiency. However, they also sometimes vary from the
directly computed true value function. We refer to the latter
phenomenon as the “leaking corner issue” [25]–[27].

1For Mixed Implicit Explicit (MIE) formulation [23], the full-dimensional
sub-value functions are Vi(z, t) = γi(ϕi(x1, t), x2), where x1 = proj1(z)
and x2 = proj2(z). γi : R× Rn2+nc 7→ R is continuous.

III. LEAKING CORNERS

Definition 5: (Leaking Corners) Suppose we obtain
V (z, t) by solving the HJ PDE (3), V̂ (z, t) via Eq. (19).
The set of “leaking corners” L(t) is defined as

L(t) = {z : V (z, t) ̸= V̂ (z, t)}. (20)
Based on Theorem 1 and 2 in [26], there are 2 cases that

will have the “leaking corners” :
(1) The intersection case for the liveness problem, where we
obtain V̂R as follows:

V̂R(z, t) = max{VR,i(z, t)}; (21)
(2) The union case for the safety problem:

V̂A(z, t) = min{VA,i(z, t)}. (22)
Intuitively, the “leaking corner issue” arises due to the

mismatch between the control inputs in different low-
dimensional subsystems. The following subsections formal-
ize this intuition.

A. Allowable Control and the “Leaking Corner”
The low-dimensional value functions could evolve inde-

pendently. However, due to the coupled constraints on the
low-dimensional controls, the optimal controls (15) may not
always satisfy the original constraints (8). To address this,
we introduce the concept of allowable control.

Definition 6: (Allowable Control) We define a pair of
low-dimensional control signals (w̃1, w̃2) that satisfies the
coupled constraint in Eq. (8) as allowable controls. We also
define allowable control functions (w̃1(·), w̃2(·)) as control
functions that satisfy Eq. (8) for all time.

The corresponding full-dimensional sub-value function
corresponding to allowable control functions (w̃1(·), w̃2(·))
is denoted Ṽi(z, t).

For convenience, assume w̃1 is the optimal control w∗
1

given in Eq.(15), we will denote the other component of the
pair of allowable controls as w̃∗

2 with cjoint(w
∗
1 , w̃

∗
2) ≤ 0.

The corresponding value functions are denoted as V1(z, t)
and Ṽ ∗

2 (z, t).
Lemma 1: Suppose w̃1(t) = w∗

1(t) := (u1(t), uc(t))
for all t and (w̃1(·), w̃2(·)) is a pair of allowable control
functions. Then, w̃2(t) = w̃∗

2(t) = (u2(t), uc(t)), where
u2(t) = 0 for all t.

Proof: First, note that ∥·∥β is convex and the objectives
in Eq. (15) are linear in wi. This means constraint in Eq. (7a)
at the optimal control w∗

1 of subsystem 1 must be tight:

c1(w
∗
1) = ∥a1 ⊙ w∗

1∥β − u = 0 (23)

Next, since the joint control constraints in Eq. (8) are given
by 0 ≥ cjoint(w

∗
1 , w̃

∗
2), we have the following:

0 ≥ cjoint(w
∗
1 , w̃

∗
2) (24a)

=
β

√√√√m1∑
j=1

|α1,ju1,j |β +

m2∑
j=1

|α2,ju2,j |β +

mc∑
j=1

|αc,juc,j |β − u

(24b)

≥ β

√√√√m1∑
j=1

|α1,ju1,j |β +

mc∑
j=1

|αc,juc,j |β − u (24c)

= ∥a1 ⊙ w∗
1∥β − u = 0 (24d)
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Thus, cjoint(w
∗
1 , w̃

∗
2) = 0; in particular, this means that

the expressions in (24b) and (24c) are equal, which implies∑m2

j=1 |α2,ju2,j |β = 0. This is equiavlent to u2 = 0.
In addition, this must be true at every time t. Therefore,

we have that w̃∗
2(t) = (u2(t), uc(t)), where u2(t) = 0 for

all t.
Lemma 2: A state z is not in the leaking corner, z /∈ L(t),

if and only if there exists a pair of allowable control functions
w̃1(·) and w̃2(·) such that they satisfy the following:

Case in Eq. (21): max{ṼR,1, ṼR,2} = V̂R, (25a)

Case in Eq. (22): min{ṼA,1, ṼA,2} = V̂A. (25b)
Proof: We will begin with proving the intersection case

for liveness problem (Eq. (21)):
Theorem 2 in [28] implies, in terms of value functions,

that
max{ṼR,1(z, t), ṼR,2(z, t)} ≥ VR(z, t). (26)

Additionally, from Lemma 2 in [28], we know that
VR(z, t) ≥ V̂R(z, t). (27)

Combining Eqs. (26) and (27), we obtain
max{ṼR,1, ṼR,2} ≥ VR ≥ V̂R. (28)

Thus, if max{ṼR,1(z, t), ṼR,2(z, t)} = V̂R(z, t), we have
VR(z, t) = V̂R(z, t), which is equivalent to z /∈ L(t).

Conversely, if z /∈ L(t), then VR(z, t) = V̂R(z, t). By
Theorem 1 in [28], there exists a pair of allowable control
functions ensuring max{ṼR,1(z, t), ṼR,2(z, t)} = VR(z, t).

The proof for the case described in Eq. (22) follows the
same reasoning and is omitted for brevity.

IV. CORRECTING OF LEAKING CORNERS

In this section, we present a method for detecting and
correcting the “leaking corners” using full-dimensional sub-
value functions.

A. Detecting the Leaking Corners

Based on the allowable controls and their corresponding
value functions in Definition 6, we can detect the leaking
corners L(t) by value comparison.

Theorem 1: We can find the set of leaking corners L(t)
by comparing the (full-dimensional) sub-value functions.

L(t) = {z : |V1(z, t)− V2(z, t)| < ∆}. (29)

The value of ∆ is

∆ =

{
|Ṽ ∗

1 − V1|, if VR,2 ≥ VR,1 or VA,1 ≥ VA,2. (30a)

|Ṽ ∗
2 − V2|, if VR,1 ≥ VR,2 or VA,2 ≥ VA,1. (30b)

Proof: Without loss of generality, we will consider
the liveness problem, in the case where VR,1(z, t) ≥
VR,2(z, t). The case in which VR,2(z, t) ≥ VR,1(z, t) can
be proven by repeating the exact same argument. The cases
involvign the safety problem can be proven by starting with
min{VA,1(z, t), VA,2(z, t)} = V̂A(z, t) and ṼA,1(z, t) ≤
VA,1(z, t), and then following the exact same arguments.

In the liveness problem, as stated in (21), we have
max{VR,1(z, t), VR,2(z, t)} = V̂R(z, t). In the case that
VR,1(z, t) ≥ VR,2(z, t), we have VR,1(z, t) = V̂R(z, t).

Note that VR,1(z, t) ≤ ṼR,1(z, t) as it is solved by
minimizing the Hamiltonian (4a). From Eq. (25a) in

Lemma 2, there exists a pair of allowable controls to let
max{ṼR,1(z, t), ṼR,2(z, t)} = V̂R(z, t) if z /∈ L(t). Thus,
ṼR,1(z, t) = VR,1(z, t) = V̂R(z, t).

When VR,1 ≥ VR,2,

z /∈ L(t)⇔ ṼR,1 = VR,1 = V̂R ∧max{ṼR,1, ṼR,2} = V̂R

(31)
(w̃1 = w∗

1 , and w̃∗
2 can be found with Lemma 1)

⇔ Ṽ ∗
R,2 = ṼR,2 ≤ ṼR,1 = VR,1 = V̂R (32)

Note that VR,2 ≤ ṼR,2 as it is solved by minimizing the
Hamiltonian (4a), we define

∆ = |Ṽ ∗
R,2 − VR,2| = Ṽ ∗

R,2 − VR,2, (33)

and let

|VR,1 − VR,2| = VR,1 − VR,2 < ∆ (34)

VR,1 − VR,2 < Ṽ ∗
R,2 − VR,2 (35)

VR,1 < Ṽ ∗
R,2 (36)

which contradicts Eq. (32), thus we prove that when
VR,1(z, t)− VR,2(z, t) < ∆, state z ∈ L(t).

B. Local Updating Procedure

Definition 7: (Island) The “leaking corner” set L(t) con-
sists of a finite union of k connected sets, referred to as
islands, denoted by Iκ(t) for κ ∈ {1, 2, 3, ..., k}. Each Iκ(t)
is a connected component of L(t).

Assume that for all κ ∈ {1, 2, 3, ..., k}, there exists at least
one state z∗ ∈ Iκ(t) such that

V1(z
∗, t) = V2(z

∗, t) (37)

for both cases suffering from the “leaking corner issue,” as
described in Eq. (21) and Eq. (22).

Since V̂ (z∗, t) is obtained through Eq. (19). If Eq. (25)
and Eq. (37) hold, the following condition must hold:

Ṽ1(z
∗, t) = V1(z

∗, t), and Ṽ2(z
∗, t) = V2(z

∗, t). (38)

However, to satisfy the above equation, optimal control in
both subsystems must be applied, which violates the control
constraint given by Eq. (8). The coupled control constraint
attains its worst-case violation:

c(w∗
1 , w

∗
2) = max

w1∈W1,w2∈W2

c(w1, w2) > 0. (39)

Such a state z∗ is a “leaking corner” as indicated in
Lemma 2.

Let Vd(z, t) represent the absolute difference between the
low-dimensional value functions:

Vd(z, t) = |V1(z, t)− V2(z, t)| ≥ 0. (40)

Vi(z, t) as Eq. (16) is from the viscosity solution of a
continuous initial value function [30], then Vi(z, t) and
Vd(z, t) are also continuous.

For neighboring states where Vd(z, t) ≥ 0, there exist
control options (w1, w2) that are different from the optimal
control pair (w∗

1 , w
∗
2) if try to satisfy the condition given by

Eq. (25). The constraint violation is reduced, though it may
not be eliminated. Mathematically, this is expressed as:
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Algorithm 1: Local updating procedure

Data: V̂ (·, ·), L̂(·), Z, tlist = [t, t+ δ..., 0]
Result: V̌ (·, ·)
s← 0; ▷ Backward Computation
V̌ (·, 0)← V̂ (·, 0);
Frontier← nextFrontier← visited← {};
while s > t do

for z ∈ Z do
if z ∈ L̂(s) then

updateValue(z, s, δ, Frontier)
else

V̌ (z, s− δ)← V̂ (z, s− δ);
end

end
visited← L̂(s)
Frontier← Frontier \ visited
while Frontier ̸= Ø do

for z in Frontier do
updateValue(z, s, δ, nextFrontier)

end
visited← visited ∪ Frontier
Frontier← nextFrontier \ visited
nextFrontier← {}

end
s← s− δ;

end
def updateValue(z, s, δ,Frontier):

V̌ (z, s− δ)← HJ Update(V̌ (z, s)) ▷ Equation 3
if V̌ (z, s− δ) ̸= V̂ (z, s− δ) then

Frontier← Frontier ∪ neighbor(z)
end

0 ≤ c(w1, w2) < c(w∗
1 , w

∗
2). (41)

As we move slightly away from the worst-case mismatch
points, we eventually reach states where allowable control
pairs (w̃1, w̃2) exist such that the constraint is satisfied:

c(w̃1, w̃2) ≤ 0. (42)

These states are not “leaking corners” according to Lemma 2.
Since each connected island Iκ contains at least one worst-

case scenario state zκ, for each Iκ(t), there exists a state z ∈
L(t) from Theorem 1. The transition from extreme constraint
violation to a region free from the “leaking corner issue”
occurs continuously within each island.

To correct these “leaking corners”, we apply Algorithm 1,
which locally updates the affected regions. We first detect
an approximated “leaking corners” L̂(·) ⊆ L(·) through
Theorem 1. Using the approximated value function V̂ (·, ·)
from Definition 4, we locally refine the value of the “leak-
ing corners” through Algorithm 1 and denote the updated
result as V̌ (·, ·). Fig. 1 provides a visual representation of
this update procedure, illustrating how the detected leaking
corners are iteratively corrected.

In Algorithm 1, neighbor(z) returns a set of states that are
adjacent to the state z. Every island of the “leaking corners”

will be included, and every “leaking corner” is covered using
our formula.

Fig. 1: The results from the low-dimensional computation
are in the first row. The third row shows the local updated
results in the full-dimensional space. The combined results,
which equal the true results, are in the second row.

V. NUMERICAL EXAMPLES

In this section, the 2D and 6D examples demonstrate that:
(1) Theorem 1 accurately locates the “leaking corners.”
(2) The local updating process in Algorithm 1 produces
results equivalent to the ground truth while maintaining
computational efficiency.

The experiment was conducted on a system with 96.0 GB
of memory, an AMD Ryzen 9 5950X 16-core processor
(32 threads), and Ubuntu 22.04.3 LTS as the operating
system. We use the highly parallelized Optimized dp [22]
for computation, while our correction step, implemented in
Python, is not parallelized. We choose the self-contained
subsystem decomposition (SCSD) as the dimensionality re-
duction method for our experiments.

We consider the two values the same if their difference is
within a threshold of 1× 10−3.

A. Running Example: 2D Single Integrator

Consider the 2D single integrator example, which is used
as a demonstration throughout the paper. Let the control
constraint value be u = 1m/s.

The initial value function for subsystem 1 is ϕ1(x1, 0) =
ℓ1(x1) = |x| − 1, and for subsystem 2, it is ϕ2(x2, 0) =
ℓ2(x2) = |y| − 1. The initial value function for
the full-dimensional system is given by V (z, 0) =
max{ℓ1(x1), ℓ2(x2)}.

The grid consists of 101×101 points with each dimension
ranging from −4 to 4.

1) Single time step case: In this case, we set t = −0.02s
and δ = 0.02s. The value function updated with our method
is denoted as V̌ (z, t). For comparison, the ground truth value
function V (z, t) is obtained through direct computation from
the full-dimensional system.

First, we identify the “leaking corners” using Theorem 1.
The ground truth number of “leaking corners” is 200, and
the detection using Theorem 1 with ∆ = 0.02 identified
201 “leaking corners”. After locating the “leaking corners”,
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we perform the local updating process as outlined in Algo-
rithm 1.

TABLE I: 2D Accuracy Comparison for One Step

Metric Before After
Number of grid points
with different values from
the ground truth

200 0

Average absolute differ-
ence from ground truth

1.2× 10−4 9.51× 10−18

Maximum absolute differ-
ence from ground truth

2× 10−2 2.22× 10−16

TABLE II: 2D Time Comparison for One Step

Process Time (seconds)
Direct computation 3.3× 10−2

SCSD computation + HJ
local update computation

7× 10−4 + 1.3× 10−3 =
2.0× 10−3

Table I presents the accuracy comparison, while Ta-
ble II shows the computational time comparison. The results
demonstrate that our method accurately locates and corrects
the “leaking corners.” Additionally, compared to direct com-
putation, our method offers better time efficiency.

2) 10 time steps case: In this case, t = −0.2s and δ =
0.02s. The computation needs to run backward for 10 time
steps to complete.

For the final time step of computation, the ground truth
number of the “leaking corners” is 1344. Using Theorem 1
with ∆ = 0.2, we identified 1001 “leaking corners”. After
detecting these “leaking corners”, we apply the local updat-
ing process described in Algorithm 1.

TABLE III: 2D Accuracy Comparison for 10 Steps

Metric Before After
Number of states with
different values from the
ground truth

1344 0

Average absolute differ-
ence from ground truth

2.5× 10−3 1× 10−9

Maximum absolute differ-
ence from ground truth

7.39× 10−2 2.44× 10−8

TABLE IV: 2D Time Comparison for 10 Steps

Process Time (seconds)
Direct computation 3.36× 10−1

SCSD computation + HJ
local update computation

4.72× 10−3 + 1.61× 10−1 =
1.65× 10−1

Table III presents the accuracy comparison, while Table IV
provides the computational time comparison. The results
show that our method successfully identifies every island
of “leaking corners.” Moreover, our approach improves time
efficiency compared to direct computation, even without
implementing parallel computing for making the corrections.

The value comparison for the final time step is shown in
Fig. 2

Fig. 2: The 2 figures illustrate the value functions. The left
figure displays the approximated value function, with the
leaking corners” L(t)—where the values deviate from the
ground truth—highlighted in gray. The right figure shows the
value function after applying our correction method, where
no “leaking corners” remain, demonstrating the effectiveness
of our method in aligning with the ground truth.

B. Running Example: 6D Planar Quadrotor

Consider the 6D Planar Quadrotor:

ż =


ẋ
ẏ
v̇x
v̇y
θ̇
ω̇

 =


vx
vy

−uT sin θ
uT cos θ − g

ω
uτ

 (43)

The control signal is u = (uT , uτ ), with the control
constraint c1(uT ) = |uT | ≤ uT = 1 m/s, and c2(uτ ) =
|uτ | ≤ uτ = 1 rad/s2. The state partitions of the system are
x, y, vx, vy, θ, ω.

Using the SCSD method, the dynamics could be decom-
posed into 2 subsystems. Subsystem 1 has the dynamics:

ẋ1 = (ẋ, v̇x, θ̇, ω̇), (44)

and subsystem 2 has the dynamics:

ẋ2 = (ẏ, v̇y, θ̇, ω̇). (45)

The initial value function for subsystem 1 is ϕ1(x1, 0) =
ℓ1(x1) = x, and for subsystem 2, it is ϕ2(x2, 0) = ℓ2(x2) =
y. The initial value function for the full-dimensional system
is given by V (z, 0) = min{ℓ1(x1), ℓ2(x2)}.

The grid consists of 216 points. The x and y dimensions
range from −1.0 to 4.0, while the remaining dimensions
range from −2.0 to 2.0.

TABLE V: 6D Accuracy Comparison for One Step

Metric Before After
Number of grid points
with different values from
the ground truth

3.89× 106 0

Average absolute differ-
ence from ground truth

6.97× 10−4 0.0

Maximum absolute differ-
ence from ground truth

4× 10−2 0.0

Table V presents the accuracy comparison for 1 time step.
The computational time results are summarized in Table VI.
This case was previously intractable due to the “curse of
dimensionality.”
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TABLE VI: Computation Time and Delta Value for ts

t (s) ∆ Decomposition Time + Local Up-
dating Time (seconds)

-0.02 0.04 2.447 + 47.1078 = 49.5548
-0.06 0.1212 6.769 + 157.3528 = 164.1218
-0.1 0.204 11.8038 + 250.7859 = 262.5897

The value function slices for different ∆ values at corre-
sponding time steps are shown in Fig. 3.

Fig. 3: The figure demonstrates the local updating results for
the backward computation of 0.02 seconds with ∆ = 0.04,
0.06 seconds with ∆ = 0.1212 and 0.1 seconds with ∆ =
0.204. The dimensions shown are x and y. We take a slice
of vx = −1, vy = −1, θ = 0, and ω = 0.4.

VI. CONCLUSION AND FUTURE WORK

In this paper, we propose a threshold-based method to
detect the leaking corners when low-dimensional control
inputs are subject to certain control constraints. We also
introduce a local updating method that ensures accuracy
while maintaining computational efficiency. The proposed
method is validated using a 2D Single Integrator system and
a 6D Planar Quadrotor system with the SCSD method.

Future work includes: (1) Testing the method with other
computational acceleration techniques; (2) Parallelizing the
local updating process for faster computation; (3) Exploring
machine learning or other techniques for new value updating
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