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» Matrix? Exponential space, illegible

=N
ocooooo
coocoo
coooo

» Higher-level circuit? Still pretty illegible, no “meta-information” i.e. which
bits contain the result

S

S
3

-

.
s 32

» Matrix/circuit generating program? Probably circuit-like, just another
thing to verify

Bottom line: |x)|x)|0) — |x)|y)|x + y) concisely captures the intuition
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Optimizations are really hard to formally prove correct
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The Feynman path integral

Amplitude of a quantum state is a sum over all paths
leading to it
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Path-sums

phase polynomials on steroids

Definition (path-sum)
An n-qubit path-sum ¢ consists of
1. an of n variables or Boolean constants

2. a multilinear over input (x;) and path (y;)
variables with coefficients of the form 3

3. an of n Boolean polynomials over x; and y;

Note: well-formed = partial isometry
%[Dawson et. al., 2004]
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Composing path sums
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Functional composition

Ix1x5x3) = X100 @ x3)) © [x1xex3) = [x1(x1 @ x2)x3)
= |x1x2x3) > [x]x5 (x5 © Xé)>[X{ X1, X5 4 x1 D X2,Xé — x3]

= [x1x0x3) = |x1(x1 D x2)(x1 D x2 ® x3))
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Composing isometries

What about the following composition?

\/» Z emxy|y
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0) = [0)

An output signature is |f(x,y)) with an input signature
|x) if and only if whenever x; =0 or 1, fi(x,y) = X/
E.g. |1) is compatible with |x) while |x) is not compatible
with |1)
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Proposition

For any Boolean-valued polynomial P and all x € Z3, P(x) = P(x)
mod 2.



Composing path sums
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The path-sum model

Path-sum semantics for Clifford+ Ry circuits:

[[H]]_|X \f Ze >

yG{O 1}
[Re] = |x) = €773 |x)
[RI] = Ix) = €73 |x)
[CNOT] = |x1x0) = |x1(x1 & x2))
[G: ] =[G] o [G]-

Proposition

The path-sum of an n-qubit Clifford+Ry circuit C for fixed k has
size polynomial in the volume of C and can be computed in
polynomial time.
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Digression: only computational paths matter

The path-sum model normalizes! most equivalences, as

well as some equivalences.

Structural equivalences:
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!Caveat: up to variable renaming



Path-sums as an intermediary model

1
1
1

N

& (w.f.) Path Sums

7



A calculus for path-sums
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» Instead, find groups of paths which interfere in recognizable
ways



Reducing path-sums

» Path-sums are an un-evaluated representation of the branching
computational paths in a circuit

> Lose any computational advantage if we just expand all paths

» Instead, find groups of paths which interfere in recognizable
ways

reduction = path variable elimination
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'D(Xa y) = EyO(yl + Q(X,y)) + R(X, y)
for an path variable yo, y; ¢ Q and Q Boolean,

» the paths defined by y; = Q(x,y), o =0 and yo = 1 add, and
» the paths defined by y; = = Q(x,y), yo = 0 and yp = 1 cancel

Equationally,
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Completeness

Linear number of steps to reach an irreducible form
= incomplete in general, in the sense that normal forms are not unique

E.g. [Selinger and Bian, 2016]
2

—+{x] x] _—
— & THAHTHAHTT -

not provable with current set of rules

However, complete for with a little extra work



Output restriction

Observation:
If & is an isometry then & = |x) — |x') if and only if

Z e271'iP(x,y) -1

y s.t. f(xy)=x

1
/om
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Example
Toffoli redux

T {0

o

Bl

b—[ 11 & TH{H]

1 .
|x1x2x3) > 5 Z e2W’%(X3Y1+X1X2Y1+Y1Y2)|X1X2y2>
Y1,Y2€2Z2
~ % S0 erialontaenin(e®09) |y 0 (x @ xn))
Y1€Ly,

Y2=x3Dx1x2

— 1 Z e27”%(X3)/1+X1X2y1+X3y1+X1X2y1)|X1X2(X3 @ x1x2))
Y1€ZL>
1
— 5 Z |X1X2(X3 EBX1X2)>
V1€Z»
— ‘X1X2(X3 D X1X2)> [EIim]



Non-equivalence

Observation:
In the LHS of [HH],

1 2mi(3%Q R
% Qe ¥)|£(x, y))
v 2m+l YoEZp YELT
if Q contains , then there exists an input

basis state x such that Q(x,y) =1 mod 2 for all y, so

1 2 '(ly Q( R
e Y 3 R ef(x,y)) = 0
2m+l YoE€Zy yELT



(Semi)-Completeness for Clifford group circuits

Theorem
Equivalence of Clifford group circuits can be checked in polynomial
time.
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Proof sketch

1. Reduce to checking identity of Clifford path sum with form

‘X> N Z e27riP(x,y) |X>

P |.e. output restriction observation
» Output polynomial is linear, can solve f(x,y) = x for y if such a
solution exists in poly-time w/ Gaussian elimination

2. Progress and preservation

» Clifford path-sum has phase polynomial of degree < 2
» Reductions don't increase degree of P when deg(P) <2
> Either reduction is possible, or P(x,y) = 3y0Q(x) + R(x,y)



Implementation
https://github.com/meamy/feynman

» Written in Haskell
» ~ 500 lines of code

» No real language for specifying path-sums currently



Translation validation
Original (Tof3):

Optimized:

Suite of 38 benchmarks averaging 24 qubits
> , 4 failing,
» Largest completed: 96 qubits, 252 path variables, 25k gates in 530s

» Runs out of memory ~1000 variables



Functional verification

1
Toffn: |x1x0 -+ = xp) — |x1x2 -+ - (xn B H::l x;))

-1
MToffp: [x1x2 -+« Xp) > |x1x0 -+« (xn D H7:1 X;i))

la0)

Adderp: [x)[y)|0) = [x)|y)|x +y) o)

i xovl
. 1 n
QFTp: |x) — Van E yEZg e 27 |y)

10) i Tof,—1 i

T

p——————%
-« [Maslov 2016]
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oy — ddy Add] |
o) - Copy |
‘ Carry-Add,_4
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Hidden shift

Quantum algorithm to find a hidden shift vector s for a pair of
shifted Maiorana-McFarland bent functions [Roetteler 2010]
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Hidden shift

Quantum algorithm to find a hidden shift vector s for a pair of
shifted Maiorana-McFarland bent functions [Roetteler 2010]

O -

H X3 X3 H H

s A e

» Implements transformation |0) — |s)

» O, randomly generated with A CCZ gates and 200 - A
{Z,CZ} gates




Results

Algorithm n m  Clifford T Result Time (s)
Toffolisg 97 190 855 665 PASS 1.078
Toffoliipo 197 390 1755 1365 PASS 5.346
Maslovsg 74 192 481 384 PASS 0.759
Maslovigo 149 392 981 784  PASS 3.937
Adderg 40 56 334 196 PASS 0.142
Adderig 80 120 710 420 PASS 26.151
QFT16 16 16 256 - PASS 1.250
QFT3 31 31 961 - PASS 16.929
Hidden Shiftoo 4 20 60 5254 56 PASS 1.064
Hidden Shiftao 5 40 120 6466 70 PASS 3.573
Hidden Shiftso, 10 60 180 12784 140 PASS 12.811
Symbolic Shiftyg 4 40 60 5206 56 PASS 1.877
Symbolic Shiftso s 80 120 6638 70 PASS 6.633
Symbolic Shiftep, 0 120 180 12804 140 PASS 34.840
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Conclusion

» Development of path-sums as a framework for formal methods
in quantum circuits

» A calculus for reducing path-sums

» A verification method which is complete for Clifford group
circuits
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Future work

» Implement as a formal specification language and begin
collecting optimized, verified benchmark circuits

> Extend to measurements

» Investigate use as a proof technique in inductive & higher order
proofs



Thank you!
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