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The reversible circuit construction zoo

» ancilla-free multiply-controlled iX gates [Sel13, GS13]
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» T-count 4 measurement-assisted Toffoli [Jones13]
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» ancilla-free, T-count 8 relative-phase Toffoli-4 [Mas16]
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» T-count 4 temporary logical-AND [Gid18]
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Goal:
Generalize these constructions and unify them within a
framework of reusable, automatable design techniques.
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It's a process. It's a process. It's a process.

Not all the way there
yet...
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It's a process. It's a process. It's a process.

Not all the way there
yet...

...but we have applications!
» one dirty ancilla, T-count 8(k — 1) — 4 relative phase Toffoli
» ancilla-free, T-count 4(k — 1) temporary degree k functions
» ancilla-free, T-count 8(k — 2) temporary logical-k-AND
» measurement-assisted uncomputation for 3-, 4-, and 5-ANDs

Generally useful for low-space implementations
427
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Given a Boolean function f : Z’z‘ — 7, we want to implement the
reversible map

|X]_"'Xk> |y> — |X1'~'Xk> |y€Bf(X1,-~-7Xk)>

Typical solution is to compute temporary values into ancillas, then
later uncompute

X1 —] — X1
. g f'/ g .
Xy — — Xk
0 D N, 0
y é y e f(x,. .., xk)
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Suppose f(x1,...,X5) = x1x0x3x2%5 + x1x0x3x1%5. With one clean
ancilla we can factor as x;xax3xa(xs + X) and implement as below:

X1 X1
X2 X2
X3 X3
X4 X4
X5 X5
X6 DD X6
0 — &— 0
y S Y ® x1xex3xa(Xs5 + X6)
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First attempt [BBC+95]:

—
—
—
— =
VA VA
U U
VA VA VA VA
U U U U
( ) VA VA
U U

» T-count 24 (8(k — 1) for k controls) [Mas16]
» ancilla count [452] for k controls [Mas16]

Can we do better?
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For any diagonal gate D, we have the following equivalence

SP e
S
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Designing up to phase

Recall that conjugation by H gates swaps state and phase

X X, H(-
(—1)reba) |y (| £y @ g, ) (]

We can use this to turn state garbage which would otherwise
require uncomputation into irrelevant phase garbage

X1 X1

X2 X2

X3 X3

X4 X4

ai N7, a1 @ x1xo

a2 NN NN a2 O x1x2x3
y N N Y @ X1XoX3Xg
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Designing up to phase

Recall that conjugation by H gates swaps state and phase

H(-
(—1)r8lamma) |y (y | Julon ly @ g(x1,....xn)) (¥l

We can use this to turn state garbage which would otherwise
require uncomputation into irrelevant phase garbage

X1 X1
X2 X2
X3 X3
X4 X4
a — H SY Hi— a1
a2 H NN NN H a2
y N N Y © X1X2X3Xa
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Second attempt:
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» T-count 20 (8(k — 1) — 4 for k controls)
» matches the usual clean ancilla construction

Can we do even better?
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To implement the Toffoli-5 directly up to phase, we only need to
compute some phase

(—1)rexsxs el0(x1;xa)

and then swap the phase and state space
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Complete re-synthesis

To implement the Toffoli-5 directly up to phase, we only need to
compute some phase

(_1)yX1XzX3X4eie(xl,..,,x4)

and then swap the phase and state space

X1 X1
X2 X2
X3 X3
X4 P—xa O axz © yx3xs—eP—Xs—e—— Xa
a —@P-adyxa H-a— a
y y

Phase: (_ 1 )X1X2><4+8X1X2><3+y><1X2X3X4

12/27



| d
\

—{H] (-

N
N
N

D
N

» T-count 20 (8(k — 1) — 4 for k controls)
» only uses 1 ancilla
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Selinger's cciX gate [Sell3]:
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T.%
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1xlF  —o  JHHrfe{Tie{r e {re{H]
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Selinger's cciX gate [Sell3]:

——
T.%

.
.
1xlF  —o  JHHrfe{Tie{r e {re{H]

General form (balanced multiplication):

ifel|f-g = — —
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Maslov's relative phase Toffoli-4 [Mas16]:

fan)
>
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Maslov's relative phase Toffoli-4 [Mas16]:

fan)
>

General form (unbalanced multiplication):
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Iterating unbalanced multiplication with f(x) = x generates high
degree oracles up to phase

HHT et HAHT]

E.g., fe(x1,x2, X3, Xa) = X1X0X3X4 + X1X4 + X3X4

» T-count 4(k — 1) vs 16(k — 1) + O(1) [GS13+Masl16]

» can get distinct Clifford-equivalence classes of functions by
inserting Clifford gates intermittently

» applications to LUT-based synthesis [SRW+18]
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Ancilla-free multiply-controlled Toffolis

To compute a simple k-AND, need to eliminate extra terms by
interleaving balanced multiplication

—ad— Ax}- HH T HX*HTHXx*HriH*xHTH*xHH

—H 1 —Ix AHTtHX HTHXx*HTtH*xHTHH

Problem: scales non-linearly
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Solution: bootstrap with a dirty-ancilla X*®

FanY

> [ X HAT

» T-count: 8(k —2) vs 16(k — 2) + 4 [GS13+Masl16]
> further improves T-count for < [£52] clean ancillas
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The measurement-assisted Toffoli

Recall [Jon13]:

the Toffoli gate can be implemented with 4 T gates, one
measurement and a classically controlled Clifford

compute uncompute
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Computing & uncomputing a two-bit product

Rather than copy out the result to implement a full Toffoli, use
these subcircuits to compute and uncompute products [Gid18]
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Computing & uncomputing a two-bit product

Rather than copy out the result to implement a full Toffoli, use
these subcircuits to compute and uncompute products [Gid18]

X —e— X L, X —e— X

y y = y y =
TExy 0 —{ixHst] ><yjT

More generally,
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un-3-AND:

un-4-AND:

| H/Al{ﬁ}

T-count 7.5 on average (vs. 16)
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Conclusions & Future Work

In this talk...
» classes of degree k functions with T-count 4(k — 1)
» temporary logical-k-ANDs with T-count down to 8(k — 2)

» some measurement-assisted uncomputation circuits

Main takeaway: improvements can be made by designing
with both phase- and state-space in mind

Future work
» measurement-assisted un-k-AND for any k
» automated synthesis

» (user-friendly) computer-aided design tools
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Thank you!
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