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The sum-over-paths

In the path integral formulation of QM, state evolution is viewed
as a sum over the paths taken in superposition

Wiy = Y (m)|f(m)

mell

With certain representations of the sum-over-paths,
» supports efficient composition
» can be re-written symbolically to reduce interfering paths

» highly amenable to automated simplification, verification &
simulation of some circuits
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Symbolic representation of balanced sums

Recall: A balanced path sum is a symbolic expression of a linear
operator W : C2" — C?" as a sum of the form

VIR) = [W(x) =N Y ETPENIA(R, 7)),

Ze7k
Y€EZs

» N € C)\ {0} is a normalization factor,
> P73 X Zé — R is a real-valued multilinear polynomial, and

> {73 X Z’z‘ — Zz is system of n Boolean polynomials

Notation

|W(x,y,...)) refers to a path sum expression with distinguished free
variables x, y, ...
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Phase & reversible gates:
S =", Th) =)
Xx)=P1ex)  CNOT|x)ly) = |x)|x®y)
Branching gates:
Hlx) = Z (=1)¥1y)

Cups and caps:

-= Zy ‘y> |y>7 D) |X1 |X2 Z ( 1)y(X1+x2)
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If |W) is a path sum where y ¢ FV(W) and f is a Boolean
expression such that x,y ¢ FV/(f), then the following hold:

> W) =cig 2/W) (E)
Y€ZLy
3 (1Y OW(x)) =cir 21W(F)) (H)
X,y €L
S P (=1Y1W) =cur wv2(—i) W) (w)
Y€EZ

=cuif is complete for Stabilizer operations
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Completeness for Toffoli+-Hadamard

SN (—1ypete(x) =g > (1) EFD|W(1 4 f)) (Hgen)

YE€Zy xEZL YEZy
SN (1) =g 2 > (1 rEr ey (Hrel)
YE€Zy xEZLn YE€Zy
DD (1Y) =u 0fV) (2)
YEZy xEZLo

Theorem (Vilmart 2022)

=7+ cuf 15 complete for Toffoli-Hadamard and by extension
Clifford+Rz (27 /2)

Renaud Vilmart, Completeness of Sum-Over-Paths for Toffoli-Hadamard
and the Dyadic Fragments of Quantum Computation. CSL 2023.
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Goal: can we translate the full ZH-calculus to a complete
equational theory for arbitrary path sums?
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From ZH to SOP

Recall: The ZH-calculus® is generated by

[nxCm] = Z |xx - x) (xx -+ x|
[rTmCim] = ) e onmlg) (R
Xy

Miriam Backens and Aleks Kissinger, ZH: A Complete Graphical Calculus

for Quantum Computations Involving Classical Non-linearity. QPL 2018.
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From ZH to SOP

Recall: The ZH-calculus® is generated by

Hn}(mﬂ = Z |XX' . X><XX o 'X’
— Z QUYL Ym | 7Y (R
With a slight tweak we can write them in the style of path sums:
[n3Cm] I%) = 222‘"(—1) )y y)
[n e m] %) = Zaxl Xeyiym|7)

Miriam Backens and Aleks Kissinger, ZH: A Complete Graphical Calculus

for Quantum Computations Involving Classical Non-linearity. QPL 2018.
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From ZH to SOP

Recall: The ZH-calculus® is generated by

[nxCm] = Z |xx - x) (xx -+ x|
= a3
Xy

With a slight tweak we can write them in the style of path sums:

["3Cm] \x*>=222—"<—1) Ay y)
[ TaCm] 1%) = Zw o)

Problem: need a notion of unbalanced sums!

Miriam Backens and Aleks Kissinger, ZH: A Complete Graphical Calculus

for Quantum Computations Involving Classical Non-linearity. QPL 2018.
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Balanced vs Unbalanced

The controlled-H gate

V2 0 0 0
110 v2 0 0

H=_—
Cﬁ0011
0 0 1 -1

is unbalanced since non-zero entries differ in magnitude

Balanced representations of unbalanced operators like the
controlled—H gate are tricky to design and simplify!

CHbasa) = = 3= W=D 1y (L6 100 & 21y
yGZz
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An unbalanced sum-over-paths

An unbalanced sum-over-paths is an expression |W) of the
following language

fo=0|1|x,y,z,... |A-h|A®h|f=1dFf

at=a,fEF|a |aa

W) = "alfy-- - f).

y

where variables x, y, z,... range over Booleans and F is a field.
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Unbalanced sums subsume balanced sums and are trivially universal
as any linear operator 72" — F2" may be uniquely written as

00--0=57  00-1=%y 11-1=%
V[x) = Z Qoo T Qgon oy ¥y)

where X =y =[[,x @y @ 1.
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Universality

Unbalanced sums subsume balanced sums and are trivially universal
. n m . .
as any linear operator 72" — F2" may be uniquely written as

00--0=X7  00-1=57 11-1=%§
V[x) = E:aoo o0 Jaggly eeagyiy T YY)

where X =y =[x ®y, @ 1.

Definition (Normal form)

A normal form is a closed, unbalanced sum of the following form:

00---0=x_00---1=xX 111X
E:%oo ago 1 rrroqria %)
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Unbalanced sums:

Za o_xagg == a11 _X|>?>

ZH-calculus:

\o 0||0 01|
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(ZS1)

(ZS2)

(BA1)

M)

N

(A) = atb
o
?
O
©) =
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(252) é = Jf = ‘ (HS2) $ = 0 @ = m’m
? O
P —R =2 —R
(BA1) = " (BA2) ¥ = AV 0 [ =
L8 = 1-

o) N = ) =4

Only need analogues of (A) (1) and (O)
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ZH-calculus:
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ZH-calculus:

Unbalanced sums:

Starsyy =2(“2) )
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ZH-calculus:

Unbalanced sums:

Sty =2 (42) W)

y

In SOP-land, we can generalize x to arbitrary expressions:

> @sy w=2(252)
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ZH-calculus:
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ZH-calculus:

Unbalanced sums:

Yoy =) ava™My)
y y
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ZH-calculus:

Unbalanced sums:

Yoy =) ava™My)
y y

Generalized rule:
a=aa"”
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ZH-calculus:

(0) =
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ZH-calculus:

(0) =

Unbalanced sums:

23 ()M = 3 ()OI (1))

w,y,z w1,W2,y,Z
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ZH-calculus:

(0) =

Unbalanced sums:

23 ()M = 3 ()OI (1))

w,y,z w1,W2,y,Z

Thus a rule is born:
> ai(y) az(z) ¥ W(x)) =2 Z a1(y)*a2(y) ™V (x))
¥,z
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/H vs. unbalanced sums

Normal forms

(A) rule

(1) rule

(O) rule

The rest

ZH-calculus

unbalanced sums
DIPTSRt ettt gl 9
5, (0 87Y vy =2 (252)" )
= ale”

Yy aly)a(2) V(X)) =23, aiy) a(y) V(X))

Yoy (FDYCEN W (x)) = 2[W(F))
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Rules of the unbalanced sum-over-paths

fOO=xf (Aoh)Oh=r i (LOHh)
fof=x0 hoh=rh®h
f-l=rf (h-h) - B=rf (- h)
fof=rf fi-h=rf h

fi-(hoR)=rh-Hh®hH -
(a1-a) a3 =5 a1 - (a2 - 33) O o a1®h =5 a2k
a=rl=rl

— fi-fho fi\F
dl-adx =F a2 ai 1 P at 2:}‘ (31)2
a =Fra=rFaa

a-1=ra alal =5 (a1a)"
(-1 () =5 21w () (H)
S a2 W) =5 23 Al () Ve (0)
sy =r2(*52) 1w (A)
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An F-expression a can be brought into the form

00---0=%X_00---1=% 11.--1=%
apo...0 ¢o---1 R TP

over the variables {x;} O FV/(a) using the equations of =r.
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=z is complete for unbalanced sums over any field F.

Proof sketch:

1.
2.

Apply (H) to the sum 3 alfif - - f,) to get 3°. 3 a'|X)
Normalize a’ to get

00--00=%7 | 00--01=xy 11..11=5y
Qgp...00  ~ X00---01 agrian X

= —

X4

. Sum amplitudes in pairs with (O) and (A) to remove each y;:

= 00---0=% = 111=%
Z Z(aoo}fuooagomm) o (eafl10 1) *1%)
X oy
_ 1 - 00---0=x - 11-1=%
=7 Z Z 2271 (%5000 .01 T (eaig00qd. 1) *1%)
Xy

2n 0=% 1=%
:]__Z 2 (Oéoo--~oo+oéoo~-~o1)°° g o (a11---10-|-0t11-~11)11 L Xl)_(.>
T £ 2271 2 2
X
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Completeness over rings

The @®-exponent equation a1®% = afla®(a=2)1% is not generally
admissible over rings, e.g. Z[%, il.

We can instead use a®% = aft 4+ a® — (2a2)1% if we allow
amplitude expressions to be summed...

fo=0]1|xy,z,... |A-b|A&h

re=a,BeR|rM | nn|n+n

W) 2= rlf - f).

—

y

where R is a commutative ring
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Normalization of amplitude expressions

(n+n)+n=n+(n+rn) P=1=1f
n+r=mn+n rlzrzrfrﬂf
n+t0=n PA®R = i | _ (2p)fich
r—r=0

rﬁ-fz = (rfl)’[2

(n-n)-n=n-(n-n)
rlfr2f = (rlrg)f

n-nrn r-n

fo~f — f ~f
rol=r nr =+ -1
Foof_ fiof
n-(n+tn)=n-n+n-r n+r=(+r)+
Proposition

An amplitude expression r can be brought into the form

00--0=x  00--1=% 11.-1=%
®p0--0  ®00--1 T 0111
over the variables {x;} 2 FV/(r) using the above equations

(+ axioms of Boolean rings).
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D (1Y EEN(x)) =g 21W(f)) (H)

Xy

Y r)IW) =r (r(0) + r(1))|W) (S)

y

=pr is complete for unbalanced sums over any field R.

Proof sketch:
Use (H) to write the sum as ;5 -r(V,Z)|Z), then ex-
plicitly expand the sum over y with (S) and normalize the
amplitude expression
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More restrictive path sums

A more direct ZH analogue removes sums from both the
Amplitude and Boolean sub-languages:

fo=0]1|x,y,z,... | A-H|Af
ro=a,BEeR| | nn|rtwrn
W) == rlf - f).

y

In this case, we need rules explicitly handling distribution of
Boolean sums, e.g. the following which corresponds to the BA2
rule of the ZH-calculus

D (L1 (1R (1)) = 2(-1)58 - (1) W),

X7.y
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So what did we actually do?
» Defined a notion of unbalanced path sums

» Gave complete equational theories over Rings & Fields
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Conclusion

So what did we actually do?
» Defined a notion of unbalanced path sums

» Gave complete equational theories over Rings & Fields

Takeaway...
Symbolic algebra gives a lot of flexibility in the design and
operation of formal methods for QC
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Thank you!
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	Motivation

