U S
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§ qreop G=(5,7) is o 5ot S with
o émq/y O}OP’a+o/ (): 5 xS —>5 such T hot

,, (¢) /s 05'9('1‘071 /ve,, /0. Q'(b’():(a'b)'(‘ VQ,A-M'FS
Q. Thore exists an identity element C€S suchthet

p-a-a<a-€ Vo €S
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Ex.
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The set et nxn unitary matrices U(n) together

wih matrix MuH,‘)ol/('n‘f/on Corms ay/ou,of

|, A(BC) =(AB)C
.?. IA:/]-’AI 1 I /s /Jen‘h'#)/ matrix
3. A":A"’ Cor any A e U(n)

T/\P sef of f’\“egﬁfj‘ modulp N ﬁ’D}ﬁ/\PI w/JA
addHion Corms a 9P4p, denoted (ZN,‘-r)

[, a+(6+C)s (a416)+C med N

Q. O0+4d ~qg=a+omod N

3, g =N-9 = qfq";a,w»(,\/,,)?uz-omou\/
E.g. for V=5, W'z since (»{+(:§-/=Omadl\/



I~C NV /s P"/Me, then the infeyo/’ mod N\ +o;e1Ap/
wi A ,wfp,gr mul+iplicotion mod Y} Oofso Forms o
group , denoted (Zya*)

[, a-(6:C =(ab) C mod \

3. lra =a=d-l mod N

3. "=y where ax=| mod N which exist s

i€ o s Coprime 1o \
EQ’ ﬂ/N:l"q ‘4'(3"( S/,n(’e ‘(-q;l6ffmod‘\‘
What ;€ N=|07 What is the muldplicatve
‘nverse o€ QL mod [07 Ve would need 0. ksﬂ/’sf),,‘qy
Q0 =1+lok
which is impossible since 280 s oven and 110k godd
In 3pnom/., q hes amult;plicat (ve (hverse mod N
i € and on /)/ € a8 N ave co/orime.
For I\M-/on'me N., (Z:;,' ’) where ZN)( ConSisiy
oC +Ahe numbers EO.‘\FGJ which @r€ CDp/"mP‘b '\/ 5
a group.
(N otation)
we call (Zy.7) the g dd live group o€ Z mod N
ond (27, The multighcatie greur of Z md M.

we culf G 4n add (tive greap f"( t+he

More 9em'rqlly.\
‘s moSt Commonly thought of as add tion,

bnary operation
and in pasticdar (€ i+ is commuaf ve:

g+tb=b+a

A group (not neccessers: 'ly add ifive) w1ha commniative
operator (e.9. ooTA (ZM.‘T) and [l;_‘-) butl not (,{(n))

s called an Abe(«'qn 3/0up.



(Ordw}
Let+ G= (5,') be @ group, [he order of
a 651 dencted [a |, (s The Srallest [ntoger v
S“(A 1Aﬂ+’ V‘HM?J
r ————"""1\
O =d-a--*qg= €
IF no sach /‘/\+09'/ 9)(/5"/5'., ’d/ 'S f/\‘F/’Ai"'Q.

(Ochr of o.groa,o)
Lef G=(5,) bea groap. The griler of G is
IGl=(51

T heovem
l,€+ 63(51) b@ﬂ*plm""egroap A F’QIQI\y QFS,'
ol | 161 Clatdivides |G

(ofol/ar,x
FQV qay Q € (ZJ'\)) aw(N)il mod N
Vote That | Z]1= Q(N).

(5(159/0(4/09)
Let G=1(5,) be a group. Then H=(T.")
Vhere T €S and mu 40!l icontion in H is the
Same os in G /s a Subgroup 0€ G i€

e€el
°'g-b GT-GWQM/ abeTl

cq'eT €orany a €T



EXx.
Consider the group CZ,M +) T+s members
are > = 50,1, ...70(3: Z, o
Le+t T= {0121%-« ‘1 g3 = QZ,O
Then (2Z,g.1) is @ subgroup 0F (Z)0,1) 5inCe

) O FT
«2g +Ab =R(ath) € T vQa,20€T

Qa)' =10-R=A(5-W el ¥ el

Ex
LP-’- G: {U,.UQ, ‘uks be an jnvevse —closed Se+of
hx N (4’\/+QV>/ matriceS. We denoj'o b\ <G7 +he

O roup 99Aem+od by G which consisis of
a” -F,'/\p/»‘e produC"f)‘ O‘P 9¢+e,5 W, G. Ti\ek\

LG) |5 a Saubgroup o€ U(n)

T €GB Since L is the Pn/o‘/y pro duct”

'UVeLs) YU,V eLer since UV (isel€ s
Q ~Fm,'~f‘p ,o/o'ld(‘/‘ over G

(U, Uy =u ' U'€LGY YU, U € LE7

IAPOKCM (Layfange)
Le+ H bea sabgroap of G. Then

(H[ 161 (1H[ divides (1)




(CQSH)‘)
Let+ H be a Subgroup of G and ae(G. The
| o€+ coset of @ and H (g
a-H=$ab|b EH]
Note 1Aat i €. right cose ¥
vacH, then a-H=H / (baleen3
‘H2 G ese abelian, then a-H=H a

A subgrup Hof G is called Normal, Jenoted
H<6
€ aH=Hq €or all d€G6,

The le€+ (resp- right) Cosels of ony sS4 bg roup H
partrtion the group G . Normal Subgroups however

admit the impertant p oporty thet +he Set of

Cosels (15¢ (€ is o group Jefinoe‘ S
G/H= $at|a €63
(a-H)(o-H) =@-b) -1

This group 15 Ca lled the q/ao-f ient or €actor

g™up, and S r‘nﬁrml/\/ the qroup of eguvalence (fasses

“Upod H =1 hat s
a N~ b é? q €b H

Ex.
The group (Zz‘\@) iS move a((‘ar-rh(y defined as

L/ Z
wWhere Z:(Z,\«r) and LZ. < §2q | d 625



(()/(‘//‘( 9rouf)S“)

/4’ 9roup G flf C)’(‘//C I"F i i;gmerflegf
b/ integer powers of @ S/ingle e [ement 9. T het /5
K ]

A :9k:m for some KE€EZ
\«/A?'\Pver l‘\ € 6,

Ex.
The group Zm"’) 'S C}/Co’(/( €or any N, Since

M
qgz=a-l=1+/+ 1]
for any @« €Z,

hnolher eyclic group (s The multiplicative group of
nfh reots of ‘“”ﬂ’, G fe"”""/ K—'O-.'.,...,"\-l}

(Group Ao/mmoqo/n'SmS)

A 9"oup ‘\OMOMMP’!ISM ‘F/WV\ (61 '6) — (H,‘ ‘H)
i5 a €anctfion h :G — H 1hat presersves {he group
S{ractare — in That

. heey) = €,

2 h(d") = A@eJ

3.~ (agb) = ko 'vh (b)
TWo yroap.? G & H are so/d Yo be /}‘oa«orpf\,'(
I'.F Jhere |5 @ Aomomo/ph/'S'm €rem G—>H and

Lrom H 6. e 50)’ 62{’/ r N J4/S Cose ond
View 1he n~ o5 tAe so M greowp “wp 1o Pepres‘m‘/or//‘pn.



Ex.
Lp+ G EP 1he ma(‘f/'ph'(‘ﬂ'fl'v-( group of n'h rools
of {MH')/.T/\P’\ G~ Zn with ISomorph/iSms
gq < 9""’2""’7 b € flr 13
2ri/ab
The representadion o€ a €Z., as ¢ = € C
(S en eXemple of o Chavacler, which we ase 'n TAe
FOUVI'Pf qhQ(y}‘iS‘ of prh /"09’oup5‘.

The next and final theorem, which s important /a
3m9rqh'2n4r‘an’ of Shor 5 elgorithm, €5Stabl shes

+A..+ Pvgry "prn("‘P 46"1"‘ 9/00P i5 - Prbd“(f—’ 99.
h
Z, = B 7 Zy X X Z,
\__/‘V —

~
of (ycl,‘(‘ g7ou pS, any 1has has q 9’#\,0'? Fourier 'f/vecy

({:Mnchnfwn‘h( theorem of Linite Abolan 9/oups)
LO‘/‘ G Le o Cinfte Abelian grouvp. T Aen

6=2Z,2," *2.,

V‘\P/c eaCh N,- ('S @ P/imo powﬂ/.



