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\a/L\q'f" /"F we have IK  nested measuremedt3? We waould Aove
QK coses!

mixed Stgtes have
ontered +he Chat+

(Pl’oje clive m quarfmfm)

Refore wo tal k about mixed States, let’s Ta lf more
9 enemlly ab oul meaSurements,

RP(’Q“ ‘/'/\q‘f'q Pfoje(+o/ oN a Hl./b"d’ 5’,00('(’ S 44
aperator P such that P Q—‘—P) ond cen be Vipwed a5 p"aj""'f""/”
q state onte a [inear subspace (0.9. q [/ne)

9.9. (t+><—rl)3: [+) &<+ } projects onfo The lmp

=+ 4 R

{ !
) J /
/ -

G(von qa Set of projectors fP;} 3.%,‘56,,-,‘}
.G P = I (i.e. Sums 1o 1he ideal /+>,)

. P p} =0 forall ,;‘/ (e ije(’hrs‘qro o/—//\0304.{)

Then o projective meaSarement o€ state WD Wwith
ref'oe(f' +o <Pl} PIOQ/MC'P)' rp;qH— " wrlA P"Obbb//ﬁy

J)(") = LU Plw

ond leaves The state as

(Mo‘fa‘//oﬂ) .
A, P/oJ'P("'H/-P meaSdremen 'S CDMP(('FP ’_"eg(.“ p"

has rank | — that (5, dim (im(RD =1, or P47 /5 a
besis Stute, Otherwise H (S [ncomplete or p il



E)( Cohf“h‘fl‘ohdl basiS meaSurem eat”
=(dl —/ e. P; Prbje(“/s onfo the

L e+ po:(0>(0(,’ P =
i) Ssfate. Then

[ PO+P’:E:]+B;OJ:@’?
<. PoP':E}:J[oJ E

/”ea;um.g t+he stete (W72 = —-—lo> + Q 51> wrt {Po.,
IO ALY

JORE 2 :
Sy loocol-[¢y | = <UL
-:<\('IO><ON> I = ‘—a‘——_%
= Af = '/i{'

| = 1o |

\,“'} Rlg>= v3 [07<0| &) J___ Piu>= Q I7¢1%>

pe b ‘iﬁ‘” | i =2 LI

=

= 10y ‘

Ex. qu-HG( meaSarem ent
Now lot Po=T @194, P, =Tol.

|, Py tP= T2 (> -r_l:®(l><ll
-_Z:@((o)(ohr('?(l()

;:JE({% qx { ideatity mateX
:(IQ(ONOI) (J:Em(d)
= I@((O)(ol\(D((l)

-0

9. Py P



Measuring 142 = = (106> + 3110 + (12103) wrt £/, P}
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rojective MmeaSurement (s a Pq//f-y
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i7" (Q’ the pasity O Fubspsce
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[Obf@/Vab(PS)

Pojoctive measurements qre of+en descrihed by phy;/,@t—r
aS mea S‘urfy ‘b an observable™’, Abstractly, an observab/e

' 5 . Concretety, it q Hernition
operator on the Sate Space.

( I—yép/m (taa of 0/a‘/'0r)
An operator T H—>H s Hemitian ' e

T'l' = 7—-’:‘7‘ (.o Sol€ -acj0int)

Ex.
The following are hermitian :
_ _r 1l
X——Eoolj'\ Z/E"o]1 =5 C-(’J

The Following dre not!
N - N —f[ucn
s=(c) T om], P=[5e]

( Hermitian opora‘/fors aj meaS‘aremenﬁ )

Lesmiijan Op erators, by something Knowh as the
Spectra| theovem™ can be dp(oﬂ./oo)‘ec/ @s a Sym o-f
P/o)0r+or$ onto their et'gen 5}00(‘0_5".

T= ¢ X\ [T2<T

Since ther "’:9""5700(35 qre d/S‘jof'd’unc‘ pal‘//"Hon the
Hilbesr+ space (o, S TOCR(I=T, MA@ 1=0)
g observable Nefines a projective measuvemest 00 it ¢

P{j"" Spa(‘es.
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Obseve that 2 :B:]: [0>¢of —1 <],

Then (0) IS an eigenvector of Z with PQM\M/«( 1'[

and 117 (S an Pgenvector with eigen value —|:
2 lo> = (oD
207 =—1p

“Measuring Z M means maasure {19200, (7<113, Wh'eh
prjects a state 1) onfo 25 +| eigenspece (s,oan(to)))

oF — | Plpmffq('p (S',oan (U>)).
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We ve only seratched The Surface on MmeqSurement —
Yhere are other, even more ceneral meaSnrement §,

Projective measuremenis will Syttice To capltwe all
Th € CaseSs we care qbout N This courSe,
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(Pure & mixed S\Fafps)
A unit ve chor (Y é)—( is culled a pure S fate
of H, end represents q physioal system in Som e
d e £inte (.’,p, not pmbob/ listac) superpoSition.

A€ter @ measuroment, we're (o€t with q prbebility
d,’gff/'b ation over pure S‘h‘/‘ps’ Written aS an €nsemble

§ U4, P, (1422,Pe); - (1421P03

Where (14>4P;) denotes +hat the system (s [n pure State
[¥;> with probability pi. The state o€ 1he system s

Sa/d To be mixed.
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Suppose and Bob share an EPR pair
(47 fé(:(lvo) +Hr1))
and meaSares her g ubit (in He omp. bns‘/f)'

The poss bilties ave:

° IQO7 VI'WLt\ p/obaervlltfy ’/.?
o« | 117 Wrth pVobobc‘h'-f'y '/Q
Ve can JeScribe thear mixed Stoate oS the ersomble

£ (100>, %4), (12, fa)3

T € [ob measares hi's gabt with 50% ,orobqbr'lh‘y
the joint STate (s 1007, S0 his measw/ement retarns )

with |007 P x>) Gbr'//‘f\/



"/?TP Thet applying @ unl/tarvy transformation fo o
mixed S tate € O¥V eSponds +o 9}0)0/&/!"‘9 i+ +0 eaCA State /1
1he OnSsemble :

U (1403005 (143,03 = { (W12, ) (U4, p)3

( D ensty Oporaférs)

/4 MOore ConVvenient repfefm*ﬁl‘o') of a mxed stete /s
Qs 9 d"'\fl'%y Of”dfo". Given an enSemble

£ (14,01 (140 P3
on Hilbert space )'(, the Corresponding deas/ty o)op,gﬂlo,
(5 an Operator [° (rho) on H defned by
/2= Z’. Pi 142 <Y

Note Thet i€ we evolve the ensemble b)/ U +,

¢ (Uw2p), - (Ul 7, P)3
Fhen tae new density matrX (S
p =&, pi(Ul¢D) (<¥1U*)
ZU(e, pilypcwl)U* (5y linearity)

= Up VE
So unitary @ volution Serds p—rUpU+
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Colcu l.+e Q[p;\sf‘fy QIDPV¢7L0/S‘ “or These Pﬂfehb/PS:

| fam) — p=wer=gl]e 7=%0"]
2 §Un%), (0%} — P~ Liotor + L1i2¢H

“als)rsle ]

opP erators qbove, ob sorve

Ih g//o*F the Q/Pn9/'+y
Q"'qaoﬁm( Sum Fo |, This

+hat the entries along 1he
e/l p/ofe/*/‘y of «/(AFH’V matrices, and Comes

5 a4 3P
onel ave the

€rom +he fact that The entries on tThe dag
p/obab:'f/“(iPS 0€ the oytremes o€ = m easurement in 1 4e
Comp“‘bn‘ional basis, To see "’Ai)‘, we heed another

_{.oo( -Fyom /,'qe'/ 0(9’6’4 C\ﬂ”(d —”Ae +/O(-eo
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Ih o/oorq4ov -l*?/mj" Y4o trace of A— on g H"/b“ﬂtrﬁﬁﬂ)’(,‘s
Trlh =8, LeIAL€;D
€or CMy ov Tho novmal basis ((?:)3 of (.
Ex
T (X=F)=0, Tr(t=&D=0
(e [ie])= 1, Te(cur=[32]) =2

N—

(()/(/,-(,'1—}, of 1he "L/fa(‘e)
Let A and B be mxn and nxm matrices, respectfy.

Then AB and BA arc mxm and nxn metrces, respectively
qnd

T, (AB) =T~ (BA)
Ex,

The Cyclicity property ‘ells us thet, for inStonce,

4l =T (ce149) = Tr (1<)
e Can \/P/';Fy Cor [+ :

- -1
CHr7 =1, e =g "], Tr ()= g+ 3=
/”.0/0 9énef0//>/., oloser e 1hat

Ylple? =Tr (cuipl4?) = Tr (4¢7<w,o)



TA« P revions observation Connects measSurement Stel istics
4o the trace of p. Recall that given @ pure stote (42,
Fhe probabilif, of a meswement refurnng (07 /5

P = [Lol4>1? = Lol¥L¢(0?
As o density oporeter; The stete 4D iS represeqted ds
0 =142yl
So The probavility of measyring 107 'S

ol plo>= Tv (107l p)

As ilplid :Tr(li>(;lp) are The enfries along the Jiggondl,
+hey U Sum to (. Mose 9memlly’ £ /):Z/. P;l\\’,’)(\\','l.' +hen
e p/oba b:’/ﬁ"y of meqs‘d/r'l\y o> /§
S, p: (COL>C102) T Col (P 14><¥1) 10
' T olplod
ZTr (10>l p)

(P/OJ'P('M/O megSarements dnd) denssty 0P &/aoss)
L€+ qpls be e g 5'0‘/’ of orf‘iogm( proje("/"m Sarh +hot
& P, =L

Then The ’va)o(‘fiw meaSurement o€ g dm/"ymo'/'/,'x p
over §Pi3 produces resub i with propabilty

piy=Tr (P.p)
and proecls thesystom into The stete

PpP:
Tr ( p,' /J)



(Dp/\ sty o]op/a‘forS‘)
Donsity operators are usoful: They

"(O/l‘fal"\ QH /n-ﬂor/r\g‘fhh Qbou'f” what /s }0‘\\/9/'(4/6/
observable. That (s two pure 5tates 1UD, 1€

heve The San-e meoSarement probabclities over
evey basis 7 and only jF they have 1he Sawe

Jeasity metrix.

2, Simpl £y, reasening and calcalations involving
mpasurement — they Can deseribe @ mixture
of ngmen‘//'Ol_leahy States m/f“f/\jurf*a
matr X ol Jimension v Xd " where d-:o/"/'! /)’()

P‘df, i you rea//y dis|ike them yoa Can Turn +he bras
around 0 99* o vectr

p =g fpi 14214

Vow this Seems like asilly thing to deo, but is q
Simple eXample of vhet (s colloguially fknown @5 going
Yo the chareh ot the lavger tiloert spoece, In
particalav, we cen +hink of mixed States es pure
States 'n a higher ~dimnensional Hilbert spece, and

operations I/ke measu rement a5 Surtable oporetiens
(/n pq/?‘/‘ralar versions, Wnitary) on the lavger Hilbert spmce.

We [ikely won F get fo such techniyues i TS Course,

but fheyire 70/"/’? useful in ,o/-(“//’(e So it°s gooN o b e
aware of. The map- stol< dua(H—y re€ers 4o a collection

of Similar ideas, Yoo instance
T=5,;T;(?O =8 T;1i71)7

T the end, it all just  iPFerent reoesetlations
of fAesame [/near algrbrgl




(Reduced deasity operetors )

Apother usefal opplication of density, operators is
to describe the local stete o€ past-of an entenyled
5‘\/5"/'01“. Considler 1TAe EAR p=/v

142, =z (1219 12113)

Shaced b, ard Bob, Whle we caa™ describe
30515 q,"b/"/ @S o pure STete J‘p)oora‘f\’/y From A
ve con Jescribe PBob’s density o)oom‘for Seperately b)

HpreTomling'' we measurod q/qe,-f.'
Mmeasuse . n n
4% / 5(% ), (3, "%)5
]
2 lo>Col + 510

WAhet /€ q(*fm//y M egsured N the f”—>1 ""75
basiS INSteoed ’

1

— 2 (100> + 116> + (o) <111))
((—/@I)M‘)B— Q(

= ‘i/o)lwt) 4—,—%]«71—7
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Mmeasuring now gives Bab’ oleasity operator

-L ' ___L (I i _
2o s ez [l ] r ! ']
:EG‘OJ

- -c“)'k» el +5Lu><u

TA s /5 f‘q//m\/ Boé“j rezvacew dpnf/L/\/ O/OP"OTO/ and
is_independent o f the basis hypetheticelly meqsise
In



Forma /(t/., we calcalate TAP redured ~ensity opPraior b)'
+ah,'n5 q pe-tal +race ((‘a//oo/ “fra,r-,‘;,; out = S'qbyyy-{-qh)'

(Partial +,,(-p)
Let pi2g,, piuleddelelepce ] br o rs/Fy
pperator on o r‘0m,o.o:/+p Hilbert spare H@H wiTh
bases {Ie,-)}, §1€,23 respeciively. They +/\p

Par‘h'o/ Yrace over system A s

/) Tr‘ (/-J ) J_Q" Pk Tf(’f’})«’)/)@f'(@?(-ﬁ((

= S0 Pisax CE1€5 [€OCE |
E x
The 0""'5'/‘"/'y matrix of ond Bob’s EPR po/r /s

p%“*: 5’((00)(/»/ + 100> <1tl + (11> oof + 11D il )

we can wrrte 14/ a5
P 49 ~ QL (to)<o(elo>(o/+l°><ﬂ®lo><¢l A ISCIDICRI I,

Trac fkj out S)/y‘l-pm we 9 et )

TQ(/’AB) = ;?L/(o!o) 0><o + Lol1) 10> + 110D 2<Kof +&if D11
fy L((O)(O( + (> <il)
as éxp ected,



T+ harcler o work with pertial +reCes of matt CeS
but i+ Co1 be Aelpfal to grok hat's gomg oh-

10y<0| 102.(1!
‘qop‘b"of qoe‘ba;)q r--T', [ oo Poy Tr F” %5
7; (qoo A %2 ) = 10 9y, FQ %3
B Qe s(-u q~22 23
934 /r";, “12 ,:»J T, Qe % /] Tr Ese "aﬂ
(24€0, 112<11 L S0 D 20 %

( Loyl ur/faries don™ Change g redaced ders/ty m#/,'y)

Let o be e density operator oh q Hilber? spa e
H @)—(B ond U be aq untary tra nsformeation on HA_, Bpf\

A,
T, (uer) o (u+e T): Tr(P)

Proof
Folloyvs from +he fact thet { Uted} ;s @1 orthonaim|

basis of X, i€ 16D} |5 an orthomormsl besis.

LA pQ/‘,/‘Cl(qf,
Tr, (40T p(u*e1)) - 5/ o Pt Te(Uie>ceilrt) 1€, ><k,
Sl (p)




(No conmyniCation +Aeo/em)
The foct Thet V(/'UJ"'/' p/oc/od 5 par+ ot vhet /5

Sometimes refered 1o s The
Vemely, i€ Alice and Bob Shere @1 ertangled Stéte,
I\o‘//ty/"qy 'Pl“/"\P/ does To their individua/ 9‘!,5"” con affect

the ofher's * ey rod d@ar/‘/y Mc‘f'/')(,
Which /S @ good thing & eceyse it not, Alice and

pr could Commun{Cete ﬁj"l‘er +ha A //'9h‘f' ond EV(ok
relativity Vet class we'll start Fo fook ot

things entanglement does jn fa f bre gt !



