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Reversible Computation
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Wow Fhat we hque a wel[—def/n ed model of whet-q
g/lfﬂlfam (‘om/om‘m‘/on Shou lof bf., Ve Can a;‘ﬁ u//\ ether
we Can tlo Someée 7"/\/'1\75’ Loster oNn a guaniom (‘onpf(ﬁ)’.
But 7/ rST we need 4o narrow down +he relatiorShp

o€ guantum an d classical co m,oq‘(’,'r\y.

First guestion -

Can a classical (prevabilis+jc) compitor
do PVP/\/“*’\/A; 2 Q,uan*ﬁam one con’

\/PS‘./ Givm 9 7,uon-/0m ciwegd with n 7/”5/7&—'
ghrd M 947‘05' e can Simnlate 't clasyicelly 11
time O@Q@'») by explicit wairix —VPCTlos mult it )
ond probebylisiic Choires Cor meoasurements (or Jensty
Ma+//res),
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Can e ?/aanfam compites do overiThng
Q Class/al (“Dm,mr%e/ r'm\?

Ves! Bat o5 o bt complicated...

(IAV(/\//'b/.//;fy)
R((a// the class/cal /M/ﬁ gete
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The AND 9‘+( hoS Np inverse Since
00,0(s 10 —> O

Since %Uonf«ﬂ\ 947“95 U are invertible (Mv':u-‘)

and heace guentum Civca/ts (w,1hoat measerement)

are (nvertible, ve Can hot implement AN D d}/er‘f/y.’
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R?Sen/("\"fS‘ looked et This guestion (4 dﬁppndpﬂf& of
gruastum computing, motivated by reducing energy use of

computers, In the 6075, Landauer 5 howed That
emj‘h\g one bt of /n-Cormetion Jissipates

KB T/h 2 TOu/PS (Laadwf/’s P/,'m’ple)
of energy. This led Ho @ mode( oF reversible
COIhpMW'\? where (nformation, ahd hence energy,
iSs Conserved /n a computation.

T he obvious arswer is whe never you ComptTer q 941‘/(9’
Save 1he /'nP“"'LS'-'
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This is invertible in +he serse that™ we Con
pefriove 1he values of X Sy from the od1pt,
byt i+ ISA™H Conservative — ve add energy
to the system by adling a bit! Conversdy, i
ve ‘Gnyert™ The Compatartion, we ¢race the bif

of nfamation XA y.

For energy to be truly corsevved (ard Complitation
truly invertible /9/(.«’!#/3\) we need Yo ecrount For the
initial stote o€ fhe b/t wh/CA will $tore

the result XAY.
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The TD'F‘CO(,‘} afe s o 3»6,‘?" C‘/QS‘}',"(‘Q /9‘17‘:@

proposed by Tetéli in 1980 as a reversible AN,
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I‘F 2,:0,\ then 2 $x>/:xy :)(Ay) So weé Ca
reversibly AND +wo bits nto an ancilla which we
P"PV:'JMS’I}/ im"”(‘.ll'z.(a/ n the O $‘+o#e
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As @ function of 3 brfs, The Total; gate /s
also invertible (aad /S /n Cact sel€-inverse)

X
% }V I y
—20xy)8Xy =2

Asa matrix,

l 000 0000

D1 0000OD

v o 0 10

Tofli = [58492538

0 9P0 ( 9o0

0000 00

© 000 p 00|

© 0000010
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( uf\iver’fﬂll"/'/ of Toffol; (ard rerersible (‘04,)547‘,';,3))
Ahy fanction - an.l’n""’"? $01‘3M can be
implemeted a5 a civeyct over § Toffol/3 with
Su fﬁ(fﬁnﬂy many v inifialized ancillas ond SHme

left over 5"6'3 €. \\0 suffiCes /—Pyov od VOT
,Drp o Sketen which is reversible... NOT (0) :(

Roca(l that §AND,XOR, NoT, FAMOGTS ore urv'V
We Can siamu lote eqach gate with ancillas & garbag e’
/

X X\\\ ,)o'bage X i)\(t\’;o rbag
T I

o xy=ANDGGy) Y y & Xx= XOR (xay)
X (X, 797092 ¢ X
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I 1@x= NOT(X) 0 00X= X

Hence, write € a5 q civcat over &£ AND, XOR, NOKF%M
qnd redace each gate with The circut o bove.

Hoa/mw(‘\ Space Joes t4is us‘e?

Since every Circait above uses |- ercilles and
leaves Spme 9orbaye Wwhich Can™t be re -M‘P-l,
we Simulate q Circurt heving T 9a+e5 and S
space vith T getes bat O(T+S) space!
Noreover, all o f 145 garbage Can™+ bo useod agern
until the computer is reset? somehow,

(IA o gaantam context, 14 e,-rboye s ealSo
94“‘nl\3(?d with the Sthite, So leqving s
laying wroand <aa Aave unintended Consegpenres)
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We use a Toffoli +o compute each intormediate
or Temporary Velue (a,59, G4 9, e)
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We Can revorsibly re~clarm Space by un@mphting

gerbage. E.9. to Compute XAYAZ
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RW\M’I\9 the Civedit in reverse would yoturn tée
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it would also uncompate xAyrz.
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To W\(‘om,au‘/’e Yemporary velues G e. 94/_/”,0) We
Can Copy anry values we wish +o Save anrd thea rvA
in reverse, Recall that fhe CVOT gate is revesible
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(Be'smﬂ s Trick) .
To rev(/;‘/bfy (op,pu'f’e a tunction €- {o,l} — fO,I}
With no garbage, Compute €, Copyy then uncompute:
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We could reclaim all Space at the end of Comptiation,
in JhiCh caSe we wou W use § b+S Yofa( and /7

9mtes, we Could inSt+ead add en intermed/afe
Cleansp Stote To reclarm S$paCe once q15 js no
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s
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Int1hiS CasSe we Con e use the Lirst ?n (‘/'//q WLp
(Omf’“*f the result. However, 1o uacompute a4 b1cC

we qCﬁully need Yo reCompate 4 15!
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The resalt (s only 7 bits bat 9 gates,



(Bennett 1987)
,4,, (rreversible CirCact with T 99*@5 thS;on('e S

Caga He simu[atod by o roversible one it
*Time O(T ”6) 2 Space O (5(09T)
vor Time O(T) & spoce O(ST‘)

or any £>0.

These result from d ifferent Choices of when ¥o

utCompite Yomporery valaes and are called
pobb(? 9(&\05' or pt’bb(,r\y S"f‘rq*/pj,‘p;.

(Rovori"/é)«'/,"fy g( ?/Man‘/’am ('ompa'//‘ng)
Sq'r\C‘e reversible Compw“/‘t'f!‘oﬂ} ae 9 Subset of
guantum Computations, this Yells us 1 hat
q/uam‘am Com,Da*'\"J‘ Can Simuylate Classicol ones
1A ,oo’yr\om/ql time and }'pa(‘g'

In y"\e’fq(.‘ Fhe po~e” ot q/wu‘f«m compr//',j /5
bel,eved o [ie Somewhere between P R NP
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