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So {or ‘“\0.0(90//‘//!#\)" we've Seen have beren
pretty trivial, Qn the one hand, i+ Seems the
“pmblems” were reverSe —ensneored basSed on

the inter€erence patforns 30/\0rq+0d from the
’\qdomrd frans €orm. O n the ofher i\qnd,’ w e
dida™+ even real/y getf o non-+rivial aglvenTq9c
over Classical algorithms o1 +hoSe problems.
Today we'l [eof at fhe €irst non-fr/ v al
?/qal\‘flm\ quor,'-f/\ﬂ\ wfll'(‘/\ yfVPS an (Xfoﬂ 7 raf
j;oeed-qp in the bfack —box model over
ClassiCal compdtationS, olpe+ For anofher
Sym‘howr proolem.



(S/Mpn“f 0(70//*“%)
W le The Bernstein—Veziran alger/thm qives
q q/ucr\/ complexity 5)aeed—a,o Compare o
Probab/b's‘h’(‘ a(gori‘fkms, in The end 1% on/)/ l'near
Since we have an O(n) (/a;;)ra(q(,on'-//\m
£(100--0) = S,
-F(D(O-“O) = 59
£ (000~ 0) = Sy

€000 1) = 54
Moreover, BV /1sel€ +akes O(n) total werk So ,‘.,Uyr
hot a “real™ speed-up. In (77({7 Simon Set ouf

Yo Show that There Coqld b€ no & real™ fpeﬂe“'dﬁ
QI\d 'nSteqd ‘FOund 1he “Fiff"f'l“f'ruly” (XP.onfm/,"q(
r

Sf@@d‘up. not feq//),.“

Simon’S Preb/em

n
Tapul: A Fanetion ‘(:fo..ljn ~— §0,1)
Promise’ S € 50,3 Suck that s#0 and €00 =fepy €Xonly /€
X = \/ or X :yOS‘

GOQ' : F/"\d S.

Simon’s problfem 15 ardificial (1, e all proolens
welve seen 5o Lar), but 15 closely related to
and based 0n the hardness of finding Coll/srons

X,y Such 1At Cop=16)

nyp+°3’”FA'( haSA furctions like SHA qre Lq.ﬂ’(‘
on Fhe hardng S8 o€ Lmi g coll/Sipns too.

F,'/S'+ "how do we Solve 9/‘/'\0!\ ('/qrs/'ra//)/?



Ex

SqPPDSP we have ‘F'.fo»\
+-uih toble

3 3
3 = §0,03 wrTA tae

X € o)

o X- I 19 ‘F
{

(o ke yalnes 0‘7

O(L ol 0 Vp"" - .‘r ¥ T2

(I e

t ol o L do“. (\S

110 co\i9'°

bl Y

|
L ve sample € (000D = 0!l and 'F(uo):m/7
+hen weve found Xxzoof &y:uo SqCA tAaf
-P(x):{(y). Since Foo= ~F(y) I'efF x:yGS‘,
+hen
S :ngzomﬁuo =

T however € Z €4, weve learned ’\O'f/\/‘hy
about S. We know there are collisions Smee SZO
So.’ +he g hesdion /S how maay C}wne} do we need
Yo F£ind one with high probab, //7‘/

Fact
Any Probab l;s4;c algorithm Solving Fimon’s problem

(W P/pbqb/ {,-/'y '/Q Must use ﬂ(f::) W‘JP/I”
(9t leq:+)

ThiS humber comes €ron the bz’f‘“\,/qy parevoy:

The Pmbnbr ’//’/ one pair out o€ <23 Péop'P

Shere o bl‘fkdq) /s 7 50%

In general ., to Lind a Coll/510n out of N um-Fom!y
disiribated Po:r,b S ties with D50% preboblity, yoq need

= \}l\/ samples.



( A q/uam‘am afgorr'-'//m)

Simon’S algorithm (s oar (vs+ one which is meaaingfally
Vv, €Ferent- €rom Deutsch’s. T4 uses interference on collisions

X7, ly=x852 where foo = fey)
4o fp,,ey/-g./(): Sample vectors o/‘ﬂ)o’onol 1o 5.

We Cirs+ recall some Locts €rom |near algobra.

Note that fo..l}.\zz.; s @ vecTlor Space.

(Orﬁ\ojonq( sebspace)
GI'VP’\ | S‘bquf( S O'F ("} V?(+0/ space \/,‘ leno*’-p Ay

S-L +he OV‘“\°9"\°( C‘omplenem" of S in WV

si - fve\/, sv=0 YseS3
The or1hegonel compleme At o€ 5 (5 aShbspece of |/, and
dim (V) = olim (s)+dm(s)

(F/.’\(Jr‘hg Q CDMP’PMH\'/')
Let s €7, . Then S* —(span§s3)=. Suppese ve

Can rondomly Sewple €rom S+ — how could we €ind s>

Tdeq:
Ta ke meny SQM;OI’-’ X, Xk and solve
the linear system for 55 S

- T RS 0|

‘¢ - -
. — —-—

)(k' sn J ka. S LO J

- o -

low many X5 0o we need? Well i€ theyve linearly

f'\dppmcl At thea n=| Srhce
dim (s+)=dm (Z; ) —dim (sper f:})

-

-



(S/monﬂf 0(90//"/4»‘.‘ higk—lwp()
A"f Q ‘\ij""PVPIq Simon’s quon“/hm works | ke +‘\;5'

. sSet A=L]
Q. While reank (A& n-1 do:
3. Prepqrc a uni form saPPrpoS‘H'ior\

'/" +
uontum
1541 Zzes.t d q/pw*

"{. Meaqsure o 9o+ 2, €S+

5 Append row 2; 4o A
6. Solve As =0 €or s

(TA( Q/MQML(AM Pan‘)
The 904/«4: o€ S,mon’s
interference can be ased to prepare The Stale
|

S Z €3+

9[90/1"'4/" /S I obfelw’hj 'f/\m[’

T’W ‘Jea 15 To 90’\(/4‘/’-( o un/{—’aﬂv\ Supor,ow/-/iond‘F
xc—‘(o,lf.\ thea peais up collisions with o cnll 1o €.

0 —= o

o —®— u{: —@— 2+
© | — €00,

(o)

€069,

| =

ltere we use @ State oracle Up bO0> 30(”(00), So
t he SHate after Ue /5

r— (¢ €69)
* Zx €0,




f\/o.\,,, Suppose we measure the Second reg/ster togeT
one particqlar value w=Kc), The resyling State wilf
be a (normalized) sum over all YE€§0,(3" Surh that {gO=w.
Observe 1hat there are P)(O(‘-Hy two Strings )(, D)
sSuchthet €6)=fcy).

-
why?! Suppese Hy_\z €50,13" s.1. feo=€¢= €.

Then X =soOy =592 = y92-0 =P y-2

Likewise, Since SZO, *@SZX.
l \

So af-er meqS‘u/ir\g ‘C(X) The state 15

L (10 +(><es>) €00y, X €é0,}"

F)

Nov whet is ThAe elfect of 1he Hadamard gates’
n - 4L X-2

Since HQ (%7 = szefq,;” (&) (27’ we hove

( B w0+ (x057)) €697

. (<®5)-2
= JJZ;' (\fJQ;Zz > %z é,, Szl-o lz7> (€67

- | 2 (xeS) -2
== ZZ[(-«)X +(-) JIZ>H“¢>«>)
Q

Now which (275 have non-zere anplriiude? T €
X2 E(x®S)-Z2, then
X-2 (x®5)-2
-0+ =0
B“+ ()(95)'2 = X 'Zes'z’ SO x.z:(ygs).z I.MP",’S
$.2=0, or z&sL !

5-0.\ € we megsure the first registesy w(gp‘l—;o,.,‘a
z €S-+ as regured. Or, /n our 0719 ino( lqnguag e The
€inal q/uqn'fam state from which we Somple /s

X2
T G ) 1



(T/\e role of meqsuriag l*('(x)))

One Thing te nete 1> That the megsavement of [€cx)
velevant — /4 only serves To S‘/'mp/;-f’y the
¢ dont measyre fx), the 9”’7 J ~Efoven ce
Hion OUer

is actaelly

Q1q(ysis, T w
in The Einal state (s that i1 IS @ superpoS

all poss ble xX°s .

-2
/l/ zxﬁo,()“ Zzés.l. ) 1221 €00

T norme /e a¥ion €a Cfor

Measuring The {irst registers St gives 45 Som e

2 €5+ Since for My Xay where £¢2) :{(‘/)7
(221€0)> and 122(€40>

hoave 1he Same phase, since X2z (xes)2=y 2.

((Omp((y,'—/y qnq()/SrS')

Since Simon's olgerithm nvolves a lDpp where

we re,pen‘ed(y sample €rom ¢l unat/l we have a basis

ve need +o fknov AOw many {/mes we heed 4o fo,o(o‘l’,
This part mahes (t a probab (s-ic runtime bece use We
Could 4((Iw'a//7 get YA Segq yenCe OF samples
Z.' Z, Z, z, Z., (/'.P. Seqme S“///'h’ each "/'MP)
each 1ime /e Sqmple, we set semetiing
not /n 1he span o€ The previous Sqmples with high
prebablity. To See why, fhirk about 1he exiremal
Cases: Whea ne've seen | sa mple, O n-2 Senmples.
| semple 2: [spang2d =1,
(Z, -~ spenf2)l = -1

vh-2 Samples Z,, 9 21-]" [ span§23l SQA'Q

T n reality,



So even when ve already heve h- [/A. ind. Semples,
we get the |qs+ one with 3 probnbch’*/y.'

Fact the expef“fe d humbers of Sumples needed 15 N
~—

Tl,(-;,ives Simon’s q(gon"f‘v\ an expee‘fe-l q,mm“m guery
(omp(exﬁ‘y o€ Ocn) wiHh O(R) additional classiral
vork 1o Solve the [hear system.

A'/“','P/M"HVP’ ) we (‘oh/d )'US'-/— Sq/n,o!( /M eO(n) dimef
and € owe Zay(n"-/— €ound @ basiS yo‘f Jusi gve wp.
T practice, MmAnt| (s €nough to give a high
’oanbrln‘/ o€ SycceSs. ThiS /s @ common (dJea /n
P/obqb{lisffc aljo/c’#m.y" where a deterministc
algorithm with @ probabi(istic runtime can
be furned i nto q ,o/obabilisw‘ir algorithm with
q determinisiic /Wh‘/me,

(R?(ap of a(go/f"/ﬁmr so "Far)

SO €Car weve S e en o seories o€ 4’7°/c"/hms w1 h
[rCreqsing separation betwreen their classical and

q/uairf«m g uery complexifies. To 5!4;.,1».1,‘2(1

Problem | qu il Probate L3710 | Q uantum
Comp f ox Hy Co mplpxn‘y (OMFIPX'Y—)/
Deyisch 2 2 I
Deytsch - Jozsa 0 (R") d (
Bernstein-Vaziran o) O(n) |
S imon 0(") 0(2") O(»)

(However, 1A/S (s Jus A @ query 59m,ofex44/y — wWe need
lo ash whether SuCh @ speed-up is meaningLal

I'n pmd ice.



(I—S‘ CI/M ?ry c'omp/PXnLy MPOh/hg'pa(?)

T+ dJepends — n pardica (qr 0n whether e can
learn The 'o/o/oen‘y mos € Pff‘,‘c,'pq‘/ ’y b), looking a1
the IFMP/P'*M\/"\//"\ of €. 1In po(ynom'q! /'r\+o/}oo/¢7’/on,
SQ/ we have 9 sub-Fouline /n )oyv“\on vhicA /'m)o/pmoa"/s'{
L€ tAis sqb-roatine 1S Someth/ng ke

€9 power optralo v

a, ‘fq,*‘X + - +qd=k(x;;d)

then Wt can get the answes in OC1) by opening up TAe
blact-box., Oan +he ofhesr herdy € may b+ /m,olpmmfod
by some ofher means — €.9. Some Linancial algorifhm ~—

and we wantte learn o prepesty wh/Ch (S not
apparant- €rom The [ mplemeatatjon,

Since we dJon™t have trune black boxes in gmentym

Compatation, the trne Complexdy is velaiNe 0 1he
1MPIOMM4A‘H0A of fhe oracle, gnd “o 9[«/f o Speed-up
over classical compatling it must gVe & speed-up orer
any classical algorithm 9,'(/?/\ the Sqame o7 @ Compn/cbfe

fmp lomenTation 0€ €. That ryles out @ g/hentam Spe @c-up
Lor 1he alger tAns we v Seen oves any "m,olnmnh-//on

4 hat p)(,plimﬂy us-es the Aidden String. O+ther options
Cor 1he €unction (A Simon’s a(g.o/‘l"f‘\m fLor exemple are

~(:(X):/4>(, vank (A) = n -

I 1hs Cese, Jhe bes? l(assical q(yo//‘fhm rhrs
infime 0(x3) by goussian elimination, $o There
Con be no (/\or\-‘fm‘v"al) q/ldon‘ftm- jpell\/"u,o,

,\/OY+ weq” S‘,a/‘f o ,00(‘( O"" c((yorc"flmj‘ whiCh o€ Lo
true speed-ups, Starting wilh en o (9gerithm inSpired

by Simon’s...
SHOR!



