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&UQI\WL«M (Il’o/-(orrerf/n’ (‘oda;
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(ast Cless W€ showed thet quentum b/t €1ip
errovS Can be corrvected by encoding The
Compatetional basis states ( NOT 4he
%aan‘fam state 1Sel€) in an ECC

Expectation Real ity

€7 142047 {0007 + Bl

Toclqy e delve mto the theoretica( and
99/\9/’4( constructien o QECCs and why
+his model suttices to corvect the enfre
continuum of guantfam errors.



( Quanfum ervor mod((s’)

Th 1he last lecture wr noted 1heT guentun
errors arve vemarhably Cree. That /S, we hove

- C‘on‘//huum ol ©rrors wheve Ol\y um"fo/\/ moy Mﬁa/o‘lr'm//(/
be Qp/O/f(e‘. Our frr 54 nro@r ol bysiness 'S Jo digceretze
the set of ,oossible errors o o firite Set whCh we
Con {hen €ocCus on COr7€ cling. ThiS /'S posssble

fov\gf\“/ becanse:

|, We Can write error operators oS
(Finite)

linear Comb/nations over a baS'/S,’ ond

Projective) '
2 we Cen M"?)m?ofaremnrfs ‘o Pm)”--(- a

lineay combination of errors down Yo
one pq/Ji(«/ar ervoy wilhout destmyirp

+he State,

Asin last Class, we nate one BIG
Q@S¢ um,o-h’nn'-

E rrorS OA ,‘/\(JI'Vc'ol‘lol g Wbots evre independent
T hat (5, the b+ €1lip channel €or insterce opp!er
ind vidauslly end 11 q/e,oenelen‘f(; +o each gubrt

ine 5 stem.

(QUMW”‘ ot £1.p channel)
L e in the class (cal Case, The guantim bit
£1,p Chen nel /s o )Ofobab/'!/ﬁ/r proCess that
Seqds a state "(7 +o &) wilA /Qrobq_b,'(,l/)/ I'p,
and Xy (/e witha 64 €liperrer) wilh p b6eb/1y p.
wWe CeA repfesmf’ +4Ae Stete al—+eryardS 05 @
mxed State o7 ensemble

£ C-p, w2, (p, (142)3



S,‘,\(( mg(—l,',ofp consecd/ jve b/‘f ‘(‘/,p cheon ﬂﬁb‘ M‘y 6 e
qp/ol{rd, the inpul [1Sel€ may b€ 0 m/ixen siete, SO

Qs 9 Fd'\f‘”ﬂﬂ O'F ® oens ‘/y mq‘/’/,')( we Coan dc¢’.ne

+he 6+ €lp chenn@( ()( as

€ (p)=(-pp 7 a%de
Recall in Pq/-l/'('«l/a/ Yhat given a JeasiTy matsix p,

e epply o untery U Yo o a5 Up U+, so & Can
be Viewed o5 Se/\c)/n9 /? —?I/JI w ith ,O/obob,[,'+>, I-p

and 2 X pX with probadility P

(Quontum Chanrels)
The bt €1.p charrel is an example of & q bantin

Ckanhe(.' wh/ Ch (S 0 proCeSS' + Ao svnd’ o en ,-/./),
MG‘H/‘C‘CS‘ Yo d?ﬂfﬁ/y MQ‘//:'(OS

E:p— ip)

Tl\e M0$+ 90'\0/4'( -fy,oes of Q(MM‘MM ervrors/s

Correspend Fo guantam chonnels. ITF the eror
'S ("\ C’C+ u’\l'+.l'y“ ’h(‘\ O’ q S‘IQV Po/’/",?ﬂ'f

rotation areand 1hAe L-@XIS

€)= R:(e)/) R, (®)

then it IS caolled coherent and Cohn often be
Corrected by PP Colibration. Stoche st C
orvors like the bt -€lp channel on the
her Aend are called incoheren™

Mathemadt ically, e €A model chennels ih manry
Way Sy batl 1 Ahe One with 1he Closest ratoition
+o Stoche s¥ic ervrors wses kraus opereators,

o1



(K/au)' of€/4+ar5)
Le“'(" { be o q/brah‘/am chennel on a
Hilbert space Y(. Thea tThere ex sts a
Linite set oF gperators §Ma3 on )( such That
[, &, 79" Ma = L
2. &= Ca quﬂq"'

Suach q set (hich i5 not unigue) fﬂq} 's colled
Q set of Kraus operetors €or €.

Ex
The bit flip channel & () = u-p)p + pXpX has
Kreus opem‘fors

§wp L, B3
Ex

MNeasuremenl (n the compuTatione| (o any bas:s)
's @ guantum chennel. Recell thet measaremont of

a 9/"6"" /) P’od'(?el Jho STate Po/)Po TP'PP,

where Ry = (0> o @and P, —(?&(( sotlisfied p"#e,.,p:*p':l
HP/\CC mea Sarse neat iS5 @ cranne( with kK raus opt'/o‘fbd’

{Po') p‘}

Ex.
A’ pquli C annel (s one with kKraus o,oPVa‘fo/:

(v T VB 18, s VP2

ek sends 2 Pid + PXPX TR IPY P
As we exp lore won' (1 Fans oca+ thal ;9 Sufec,ees to
conSider only Pauli Channels when correctng erross,

Z/_)Z.



(Erm/ correClion and Channrels)
l,e+ )’(" ond )"(P be 1Ae 1094'('4' end Iohym'(q/
H/lbert speace, res,oecfit/e(‘h and dfm()-(p)?dim(){(),
A guantum error correcting cede is def.ned by
an encodm’ oL the bas:s [¢? €)’/(/ of )—(‘/
into orthogonel States (7 _€EHp of Hp.

€ (¢) = Z(.uﬂi?.' +hen The éncod ng of V) is
“")L: é,“’(i “>L.

Le-/- iEQ; be o se+ of l(/ou‘ 0/09/073’3 for

2 q/manﬂvm erver chonnel [‘Q on HP’ Wi A

+he encoding "')L7 The errers (EQB ave

CO//P(fab’e or reCovereble (€ ond 0"‘)’ ,'.F
o4 « _ (O Ff %)
LC" Eq Eb'))"'- {Cob D"f/\P/Wu.Sf

In pon‘ifuht’., orvor? ere recoverehle (€ wnd only

(€ orthogeral s Joites reman o/fhago/w( e C+ter the
ap ph'('q‘HOA ol evror$s,

EX.
For 4he "/‘\/00‘10/‘[- code we ‘\Q ve ‘Me 5‘1"\9’0

C ',p 9/"0!9
{ T eror,xeroI, TOxeL, I9I8X3

bt



GMP“‘"? the states Eq 07 and E )L we have
| 19101 xerer I®x8l IOIOX
(0)_=(000> [ 000> (100> 10107 (D00 (D
(/AN Lc)  torid (o Iney

T4 Can be observed thet (CO[E E 17~ O

Ey €rom +he Jeble above, ard

Cor every Ean
4 €lp (5 Correctiole (o5 we

honce o Single br
Saw €XP'0TH' ’)f fast Clo ’3).

On the ofher ‘\Qnd,

_Lo|(xoxeT) (T orex) (1 rXe

sp two bit £lips are not correct ble w1 A

+his € I\(‘od?f\g .

rop05 10N ( [in0av Combinetions of errors)

L e+ (E,} Le o Set of Corvectible erors
Cor sSOMe Code. I‘p {EL}) ‘'S Q$P+0~C eryorS
Such +hat

‘E'b = %“q Eﬂ \7[5

‘s a linear combinaton of

that is each E,
errorS 14 {E.} \ +Ahen (5(63 (s also (‘or/pr‘f,‘é/f,

(DI‘SC‘/e‘f zafion of errors)
5//\(‘(’ the pqu” O/o eyators éI.\Y.‘Y,. Z} €orm a
bas's Cor Single -g b/t OPO/Q‘I‘or,?’ +he ebove

p/o,oosfv‘«‘or\ Yells us that we onl\/ need 1o
Correct Pouli errors 40 Correct any Sing (e

q/ub/‘r‘ er ror,



(C,O rrée C‘th Pauli er/oIS)
\ve al/aqd\/ finow how to Correct b+ €1.p or X

erress, 5o now le4 “S thinh absvt Aow we
Couyld Correct other Paul;, errors, S"/‘or‘h'h,

with 2. 2-tType errors defyre ThE
phese €1p Channel

Q: -p)2 + 2pr 2
e, o =P TPER

Vhle q phase €lp is U ~lassical, 117 really
no o 1€ Ferent €rom & bt €lp, jAs{ /an 1A e 1) oo o/l

basi§:
X loy €<— 17
Z 11 &~ (-

Tafatively, we Should be able 1o protect
ogainst 2. errors by using the b+ €hp Code
ovor the Hadamasrd 6aSiS, Ln pQ/T‘"N(Or., we del(he
a three-bt phese €lp code by

‘07‘__: l+_f-/7 "71.— = |“"\7

Not e That the encode” inta/s caSe (s ,us1 +he
bed €lip encCoder Lolloved by Hademerd yates on

ea(/\ 7”b¢+-

L))
(0) D )

As in Yhe bt £1,p Code, @ single phase €lop (S
Corre € ble

| JeT1@I 20rel IBZOT 191®Z
(O) S 14442 [ (447 =4+ 4> (+=4p I+~ -y
Uz Sl=-20 =772 +==7 =t 1=




(Synd/aMQ decoding )
For 1he bei €p Code, we corrected by
measurihg the syndrone — the partiesal
bts 12ed and 2%3.0ne optionto pesCorm
Correction inthe phese €1.p Code (5 To simpPly
Swif{Ch back toThe bt €lp code nsing H
ates and Then use the it €l Yecoder. This

worhs because U mqps £ €rrsS Yo X erfors.

h2 142 = Hi-y = 117 = X192 - XU 7

So v e can wirte The Correciien precedare U Sing
Yho b+ € lip decoder as

-
— —

,,,,, - ,‘ | )
/ [ 5075, \
oo e
v — & MO A T
H o) — ) —t 7
D N S, e

N ot LY that

I: & - _pbo—

we Can write the above instead &S

_ - -
|
|

wo — o [T -
Hle2 = £Z -WT —T(2
H = L 255,

* ™ T2

T




Now wsing the fact 1 hat

T -TIr-3

wve Cen re-wrte egain @5

, -7

Hib) Q -2 =
i — &z [ TE T
H o) — el . (a5, “ ‘

I+7 ) So Cor

[+7 — E"D 5

VA:’(‘I\ s 1he In-basic )}m drome mcasar0m04+ and
CorreCtion For TAe phase Llip code. T particaler,

it uses plhase kicHbaCk 1o measu’e the phese
parities o€ qubis (& and 2%3.

(COrre ct 4)\9 one b+ ond one p‘w}‘e —f(;p)

While we've Shown how o Corvect e bt or

phase Flpy The use o L Lorent Codes, So
P rotect ege A5+ one Hind o€ ©7r0r

a+ a1 /me. AS Peter Shor Showed /A The 90°s
however, i€ we conCaternate 1tne Tw0O codes we

Can in Fact Correct edther (or both) errar.
This is 1he q-qubiT code.

The Coastruction of the Code uses 2-layers

o€ enCoding, Colled Concateration. The
ooter lqy!/ con St iHates the phase € 1.p
Code, while 1he innes uses The b L1pCode

Outeor lqyer | Lnners (q)(e/

ve can only

10) T I+++) 1+ = J& (1o0> 7 1112)
“7(, = |- ‘°7I (-7]::\}% ((ooo)—(ul))



Writing The Code out €xph'(r"Hy.,
-1 (|0oo>-tlm7)®(looo> + l”l?)Q (¢0°°>*/"'7)

o3 = 2
" 7":3'7,2 (|0oo>'¢m7)®(looo> -lm7)@ (toc0>-11117)

Tatudively, @ach set of 3 0/ 06 1S encodes o Stute
in tAe bt €lp code, S0 we Can Corvect g bit

Flip onany bloct:

TIXIITIIITI07
= 3 (1900+|uo7)0 (1000> + (1>)® (1900> + (1017)

wiicalar, Yo correct X errorS, we do

In |
fynflrom? d(C‘DJ/:\’ on CaCh bloch:
_
Rer =
10) >)So —
107 S,
—— i —
)] )52 —
10} $3 |
1T Rasf—
10) ]Sy
107 Ss
. o +
5 re @ (tle "'/a(’ﬁqe/ ‘o (‘0/,((-1-' '\/D'('P“)’ho '
PAO PN of the three bloCHS o€ 3 qrbiis

a Z errer oh @Ay
swap s 14e encoded 4) € (=), F9.

TITIT2IIITIO,

::75 (looo)'hll?)@ (qooo) + ( HO)Q 0 0007—///47)



S/'r\c‘e the blochs are i an encoded (1) stete
we Cantsinply apply @ hadamard ond mea Sure !
the bt €1/ p Synclrome. Recall 1hat TAP ;n—bess
Syndrome measurem oni For the prese Lip codle
used phase hic fkbocCt

D

—

PAY N

N
) l07*(~l)s°¢ 7

\+7 J_L (02 +(-J 117

This wor ks because
X
1074 (-0 11 (0> + (<) 117
|0? +(~4)"u7 |0) +(’Dx+y“7

Likevise, observe TAat
‘0007"("))(“”7 ;:;_"T—ﬁ(%o)-t('l)xuu)
lo? +(«\)y|l7 |o>+('!)xwu7

Wh'ch we Can how UsSP Jo compute the S)/no//ome
Lo, +he outer (phase £1p) code

>
~— +

Rss,

D
(+7 - =) 5o

H—? MSC

Now, £ we Combire both corrections we Can
obServe Thet eiresrone X, one 24 ©° one X
A’MD one Z error Con be Corrpﬁpd‘\ S/nce

1 he Crro/ (“Ofre(‘“h'onf Cor ONO are ,‘,‘w,"‘n./, +o
OrrorS o€ H1ne oTAer. MW@OV?’.\ SInce Y: "’XZ’ +h.5

mears The Shor code can corvect a single
Peu(i error!

T




(5Aor Code adeguacy €or Single -qub it errors)
Tus+ fes'fo‘flhg whot we ve Shown. The
SAO/ ﬂ—’/Vb/"' C"OJC can C‘O/n’("f‘ a 9/1\9'0
orror €rom the set L X Y,Z3 of Paul’

operetors (+eten as a Sing (e Paulion &

51‘1\9/? gubit). Comb.ned with the fact that
any ervor thot is expressible o 5 @ Som of Pev s

is also C‘orrer'fiblo.’ Shors Coedle can hence
correct any €77o7 oL +1ne Form

S/’\o/ﬁ; C‘gde 15 v\/l\q‘f' S’\Owcd That q/ﬂan‘fam
orvor Correcton ~as e vrn po’S‘o'b'(’ in ’o/;nr,‘,ole’
bai there are Some SesiousS (SS4ES:

l. It*s /eqf/y a bad code...

2 We cant Jecode our State to compaTe

on (F wilhout €xposng (+ +o errosS

we'l| cover L. next class, but €or . 1+
surfces fo know 1hat meny ‘nteresting and
nseful codes Aave been developed throngh
QA e(e;.m‘ €ormalism due to Daniel Gottesnan
Ca“?d '7'/\9 $+¢b( /I'Z er ‘po//mlism, A’MO’!?
other 1hingS. 1HP slab.li2ev Cormal ism allons
cle 55}(‘0( erroer C‘o//pr*/r,,y codes o bP direetly
used a5 Paul error corvecling Cgdes,



( S\\Fa bl‘ lePr ‘Forma ‘a'Sm)

Stab: lizeyr Codes and 1hae Stob. Iz ev CormalisMm iS5
tho Standard meT4 od of ConslrucTing o N o] s 1ahig

Codes €or quantam Compdiers, and oll the codes
we have seen So far are examples of Stob: /27 Codes

( S%ab/ ((2er (‘ades)

Le+ S be aset of h—q,«bl*'- Paufiop(’/a‘/orf.
The set S defines a Code;pa(‘(

C(5) =51 | Pip=(« vP €53

which is 1he Simu (taneous +|-egenspece of alf
P;FS. Tl‘e term 5‘/’464.('.2@/ comesS €rom
9 roup 1 heory, where S (s Sa/d +o Steb.li2¢€

the Codespace C(5),

(N”’"b’/ of logical 946 s €rom a Stabilizer)
We se) that a set S of Pau/iS 185 [ndlependenT r €
R P.'l e‘ #I 6—'up7‘o9/obq/ phase
Cor any dighinct PP €5 L€ 5 is asetof

h-t 1n ole,ooz\d(m‘) ard Commu ihg Poul.’s, 1Then
_ K
dim (C(S)) =

Irolher werds, C(S) encodes 1he stote of
k ,Ogc'(‘a(Q/hbkfs,



chort Aend For T&Z®>72

E X

/

et SZ §2zT,2Tz,L 223 Qbserve that

=
P 000> 0205 JPeS
Py =¢ot=ltn)
‘VO*P 'ﬁ\q"f' 5 X3 ’\0"/" /I'/\PQV/)/ /tf\elw\dont S/incCe

(2zT)(212)G22) - (221 (z21)
-L
If we Take S'= (ZZI,‘ 2123 now we have a
linear Md(,bfnc/('\"/” set of 2-3-| Pau(/s',‘ wh CA
gives a Co despace of dimension Q' =2, Hence

((5') - {0({000) *BUH7( ol + (B (3
This is exacIh T1AC 3-bt bt flp coole!

MOw observe V‘\0+ @n )( error coes — I.*F IW) 1§ 1A
the +(-cigamspace of Z (e Z(y>=14?Y, Then

X sends (u7 To 2% - [-eigenspace:

> (X&) = ZX14? = -X20¢D = - X1

In 1he Case of S' we see

XTI y{-221,—212}%

ITXT — »§{-zz1, 27123

ILTX 7 §22T 4 —21Z}

: (o £ 22T (42 =47 gpnd [FHe wise
Denoting So = ¢ 7 ¢ 22T (4p == 2

€0, S, and 2I2, we see That f4e b/ Strirg So 5
- Synel/ome o€ (u).
‘Mm ‘ | Mg.pd +ne 99/\0/4"-01'9 ZZI,‘I 22 For 1he

Syndrome — o /fher ChoCe A3 Pq/aol/y velivas we Cen
nNOw 5€6, and Jl/\$'+ resqlls /A o d;(’c,,,,,-f' Cosrecy, o,



drome of o Sfqbclizer Cod e)

< adrome o€ (W) is +he
Let SEP . The 5y 5 '
resa H- o€ measusing € a cA P €S, Taet s 1'F | S]=n-A

Fheq The 571\0‘/0/!'\( oF Yy 1Ss $€Z;’h Suc b1het

[0 € P; 1 =(&)
5i = {\ £ P (w2="1%7

(Syn

Ex

“

[ o4 §={HTXFF, Then
C($) = fexlt+2+ B(--| i+ 8%} _

¢, Wt need o measue

To mea Shre 1A e ;/nd/om
‘S Consder XX,

Jhe obServab(CS XX T, XTI, Let
Tt%s +|—er9enspecet /'S

5pq/\f!++>., (-=723 = P

while itS "‘91‘9”‘9)0'(0 I's
gpq/\f (+-7 4 (—+)} = P‘

observoble., we heace Jdo

To measure 1A€ XX .
+ writh pro)* TorS

qQ Proj? ctive meas'uremﬁr\

TS

No‘t'c ‘H\u"' +hiS IS )uS“Yq qu.‘+y meaSdrement
(n1The Aadamerd ba;is, s0 we cen o @
basis Change and measnie The porty as before

T )
M?{ z &J — - S —
o ~ (+? —L“I_J@




Ex.

The 52\0/ Code hes SYyab.lizers

22F 123 TIL
2312 TF=+ Iz x
17T 22t 11
TIT 232 rzzT

Tt T TIr Z2 X
+1 2 LTI Ira

Xy XxxXx LTI
XXX T TITE XXX

Not-e that TAe sHtobili2e.s are in €Cact all indepeacent
ond Commute, shce €or txample

(ZZ I) (Xx>¥)= ('l)a ( >r>>?) (221)
= (x>0 (227T)

I4 CaA 0‘30 be rceullly V(/l(‘l‘ccl Jha 1

Pror = 07
Pioc=11c
Lor eaCA Stabilizer P e bove. Shce we Aave &

Sfobi lizers on 9 Mb,'-};‘ the Nimension ofF 45 e
Cadequc-e ‘'S Q., Corres'omding +0 ( !oy}('a/
C]/‘lbr'wL o5 expected.



