CMPT 476/776: Introduction to Quantum Algorithms
Assignment 0 — Mathematical preliminaries

Not graded.

Question 1: Complex numbers

1. Compute the following in standard form :

o (2+43i)+ (1 —44)
o (1+2i)(3—1)
o |4 — 34

2+1

* 1-3:

2. Compute the following in polar form :
e 4— 31
° (26i7r/4)(56i7r/8)
° (361'71'/4)2
1

7ei37/5

3. Verify that z 4+ z* = 2Re(z)

4. Verify that z — z* = 2iIm(2)

5. Verify that zz* = |z|?

Solution.

1. o (2+3)+(1—4)=2+1)+(3—4)i=3—1i

(1420)(3—4)=3—i+6i—2i>=3+5i+2=5+5.
|4 —3i| = /42 + (-3)2 =16 + 9 = V25 = 5.

240 _ 24i o, 1430 _ (249 (14+36) _ 246i+i4+3¢2 _ —147i _ _ .
® 130 T 193 X 1930 (1-30)(1+30) =z~ — 10 — 01+0.7.

2. e 4—3i=re" =r(cos(d) +isin(9)) = 5(% — 3i) = peicos (08,
° (2ei7r/4)(56i7r/8) — 1Oei7r/4+i7r/8 — 106i37r/8_
° (361'71'/4)2 _ 32(€i7r/4)2 _ 9ei7r/2_

1 _ 1(,37/5\=1 _ 1 _—i3x/5 _ 1 iTn/5
W*?(e /) = 7€ /*76 /5.



3. We know that z = a + bi, where a,b € R and Re(z) = a.
Hence, z + z* = (a+ bi) + (a — bi) = (a+ a) + (b —b)i = 2a + 0 = 2a = 2Re(z).

4. We know that z = a + bi, where a,b € R and Im(z) = b.
Hence, z — z* = (a + bi) — (a — bi) = (a — a) + (b— (=b))i = 0+ 2b = 2b = 2Im(2).

5. We know that z = a + bi, where a,b € R and |z| = Va? + b2.
Hence, zz* = (a + bi)(a — bi) = a? — abi + bai — b%i® = a® + (—ab+ ab)i + b* = a®> + 0+ b* =

(VaZ £ 12)2 = |22

Question 2: Linear algebra

144
1. Let v=|2—1].
—1
(a) Compute the norm of v.
(b) Normalize v to obtain a unit vector.
2 1 1 1
2. Compute Av where A= [—i 3 —i| and v=|—i].
1 ¢ 4 2
2 ¢ 1
3. Write the matrix A= |—¢ 3 —i| in reduced Echelon form via Gaussian elimination.
1 i 4
0 —i 0
4. Consider the matrix B= |7¢ 0 1{.
0 1 0
(a) Find the eigenvalues of B.
(b) Find the eigenvectors corresponding to each eigenvalue and normalize them.
1 1 1
5. Let vi = |0|,vo=|1+1i|,and v3= [5].
0 1+ 5
(a) Write each vector as a linear combination over the standard basis of C3:
1 0 0
e1 = |0f ,eo=[1]|,e3= |0
0 0 1
(b) Does {v1,vs,v3} form a basis for C3?
(¢c) What is the dimension of the subspace spanned by {va,v3}? What about just {v3}?
Solution.



2.

3.

4.

i 1 i
R T
(b) szﬁ:% 2—»2 = ﬁ;%.
— =
2—i%+2 5
Av=|—i—3i—2i| = |—67].
1—4%+38 10
2 i 1
Starting with A = [—i 3 —i|, we first do forward elimination:
1 7 4

[1 i 4 1 ¢ 4 1 i 4
Ri+< R3:|—1 3 —i|,iRi+Ry—>Ro: |0 2 3i|, 2R+ R3— R3: |0 3i |,

12 7 1 2 4 1 0 —i -7

[1 i 4 1 i 4 1 ¢ 4
Ry R3: |0 —i¢ —7|,iRs > Ry: |0 1 —-Ti|,—2Ro+R3— R3: |0 1 -—-Ti|,

0 2 3 0 2 3i 0 0 17

1 7 4
%Rg — Rg 10 1 =71 )
0 0 1
Now that we obtained the Echelon form of the matrix, we do backward substitution:
1 7 4 1 4 0
TiR3+ Ry — Ry: |0 1 0|, 4R34+ R; — R;: |0 1 0],
0 01 0 0 1

1 00
—iRo+ Ry — Ry : |0 1 0f, which is in the reduced Echelon form.
0 0 1

(a) A classic way of finding the eigenvalues of a matrix is to find the roots of its characteristic

A - 0
polynomial, det(B — X)) =| i —XA 1 |=-XA\2—1)+i(—i\)=-A(\2—-2).
0 1 =X
So the eigenvalues are A € {0, +/2}.
—iUlg ) /)
(b) M =0:Bvi=0= |ivn+vis| =0=vi=|0| = |lvi]|=v2= Ny, = 5 |0],
V12 1 1
—\/2v91 — v -1
)\2:\/52 (B*\/iI)V2:0:> Z'Ugl—\/gvzg—}-vgg =0= vy = \/i = ||V2|| =2=
Va2 — V2093 1
—1
sz :% \/5 )
1



V2v31 — ivse —1
A3 = —\/i: (B+\/§I)V3 =0= iU31+\/§U32+?)33 =0=vy= V2| = [|vs]| =
v32 + V2v33 1
—1
2= Ny, =35 |—V2].
1
5. (a) V] =e€1,Vo =e] + (1 + z')e2 + (1 + ’i)eg, and vg = e1 + bes + Hes.
(b) No, since (—4 +1i)vi +5vy — (1 +i)vz = 0, i.e. {v1,Vva,v3} is not linearly independent.

(c) Since for all ag,a3 € C, agvy + agvy = 0 = ag = a3z = 0, the vectors vy and vs are
linearly independent. Therefore, they form a basis for the subspace they span, and
dim(span({va,v3})) = 2.

The subspace spanned by {v3} has dimension 1, with v3 as a basis.

Question 3: Probability theory

1. A box contains 3 red balls and 2 blue balls. Two balls are drawn at random without replace-
ment.

(a) What is the probability that the first ball drawn is red?

(b) Given that the first ball drawn is red, what is the probability that the second ball drawn
is also red?

(c) What is the probability that both balls drawn are red?

2. A discrete random variable X represents the number rolled on a fair six-sided die. Compute
the expected value of X.

3. A factory produces items from three machines: Machine A, Machine B, and Machine C.

e 50% of the items are from Machine A, 30% from Machine B, and 20% from Machine C.

e The probabilities of a defective item are 2%, 5%, and 10% for Machines A, B, and C,
respectively.

(a) What is the probability that a randomly selected item is defective?

(b) If an item is found to be defective, what is the probability it was produced by Machine
B?

4. A test for a disease has the following characteristics:

e 99% of people with the disease test positive.
e 95% of people without the disease test negative.
e 1% of the population has the disease.

If a person tests positive, what is the probability they actually have the disease? Use Baye’s
theorem,
P(B|A)P(A)

P(AIB) = =5



Solution.

2. B[X] = L243444540 — 35,

3. (a) 0.5%0.0240.3 x 0.05+ 0.2 x 0.1 = 0.045 = 4.5%.

. __ P(B and defective) _ 0.3x0.05 __ 1
(b) P(B|defective) = P(defective)  — 0.045 — 3°

4. Let T be the event that someone tests positive for the disease. Let D be the event that
someone has the disease. We want to calculate

P(T|D)P(D)
P(D|T) =

(DIT) P(T)
We are given P(T|D) = 0.99, P(T|D) = 0.95, P(D) = 0.01. Thus

P(T) = P(T|D) - P(D) + P(T|D) - P(D)
— P(T|D) - P(D) + (1 — P(T|D)) - P(D)
=0.99 x 0.01 + (1 —0.95)(1 — 0.01)
= 0.0594

Hence

099 x0.01 1

Question 4: Discrete math

1. Compute the following:

e 27 mod 5,
e 123 mod 17,
e —11 mod 7.

2. Solve 3z =1 (mod 5) for x.
3. Factorize 84 into its prime components.
4. Compute the greatest common divisor (GCD) of 24 and 36

5. Compute the least common multiple (LCM) of 24 and 36

Solution.

1. e 27 mod 5=2 mod b
e 123 mod 17=4 mod 17



e —11 mod 7= (—-11+14) mod 7=3 mod 7
2.3:2=06 (mod 5) =1 (mod 5) = = =2 (mod 5).
3.84=22.3.7.

4. 24 =23.3,36 = 22 - 32. Hence gcd(24,36) =22 -3 = 12.

5. lem(24,36) = 23 - 3% = 72.



