CMPT 476/776: Introduction to Quantum Algorithms
Assignment 5

Due April 9th, 2026 at 11:59pm on crowdmark
Complete individually and submit in PDF format.

Question 1 [10 points]: Hamiltonian simulation

In this question we will devise a circuit to simulate the Hamiltonian
H=60(Z2X)+60,(X ®2)

1. Show that Z ® X and X ® Z commute. (Hint: recall from a previous assignment that every
pair of distinct, non-identity Pauli matrices anti-commute, in the sense that AB = —BA).

2. Recalling that eAtB = ¢4¢B when A and B commute, giveAa two-qubit circuit over the gate
set {CNOTv Xv Zv Hv RZ(G) | 0 c R} simulating U(t) = e_th‘

3. In practice, to implement U(t) we would need to implement it over a physically implementable
gate set. Recalling that the Solovay-Kitaev theorem states any single-qubit rotation can be
approximated to accuracy € in depth (i.e. number of time steps, or operations performed in
sequence) = log§(1/e) where ¢ ~ 1.5 over the Clifford+T gate set {CNOT, X, Z, H,T,T'},
calculate the expected depth of your circuit after approximating over the Clifford+7" gate set
to error 10717,

4. Two matrices A, B are simultaneously diagonalizable if there exists some unitary U such
that A = UA,UT, B = UAgUT. Tt can be shown that two Hermitian operators A, B are
simultaneously diagonalizable if and only if they commute.

Find an orthonormal basis for the 4-dimensional joint eigenspace of Z® X and X ® Z. That
is, find some set {|v;)} of 4 unit vectors such that

(Z ® X)”UZ> = /\aﬂ-]vi)
(X X Z)”UZ'> = Abji‘vﬁ
V’L#Ja <vi‘vj>:0

5. Use these eigenvectors to design a unitary U simultaneously diagonalizing Z ® X and X ® Z
as Z ® I and I ® Z, respectively. Give a circuit over {CNOT, X, Z, H} implementing U.

6. Now using the circuit from the previous question (or just U if you could not complete it), give
an efficient circuit over CNOT, X, Z, H, and parallel Rz(f) gates simulating U (t) = e~
Calculate the estimated depth of this circuit after approximation to error 10717,



Solution. 1. By direct calculation,

(X®2)(Z®X)=(XZ®ZX)

(—ZX © —XZ)
— (ZX® XZ)
= (

ZRX)(X®Z)

2. First notice that the above implies —i6,(Z ® X )t and —i62(X ® Z)t commute, thus

exp(—iHt) = exp (—if1 (Z @ X)t — ib2(X @ Z)t)
= exp (—ih1(Z @ X)t) exp (—ib2(X @ Z)t)

And diagonalizing each operand of the exponentials,
—i(Z@X)t=—-ih(IH)(Z®Z)(I®H)t
( JCNOT(I ® Z)CNOT(I ® H)t
—i0(X @ Z)t = —i03(HRI)(Z® Z)(H®I)t
( JCNOT(I ® Z)YCNOT(H ® I)t
So that taking exponentials yields

exp(—ib1(Z @ X)t) = (I ® HYCNOT(I @ e " ZYCNOT(I  H)

= (I ® H)CNOT(I ® R.(2t6;)CNOT(I ® H)
(H® CNOT(I @ e 2?YYCNOT(H @ I)

( ) (

H & I)CNOT(I ® R.(2t6;)CNOT(H & I)

exp(—iba(X ® 2)t) =

Putting them in sequence and expressing as a circuit, we have

=]

4]

®
&l
§

[ H —®—— R.(2t0))

> H] O R.(2t0) | —

3. All but R,(-) are in our gate set so that by subadditivity of errors, the error of the whole
circuit is bounded above by E(R,(2t61), V1) + E(R.(2t03), V2) for any approximations Vi, Va.
It follows that bounding both E(R(2t6;) and Vi), E(R,(2t62), Va2) by g gives our desired

error on the entire circuit.

)~ (57.5)1° = 435.7

2
log (W

so that counting the depth of the rest with two of the above, we have expected depth of
approximately

[7 +2(435.7)] = 879



4. We can do this by just observing the eigensp

carefully choosing vectors that are in intersect

aces of Z ® X and X ® Z independently and
ions of eigenspaces.

E(Z® X) = span(|0) @ |+), |1) @ [-))
E_(Z® X) = span(|0) @ | =), |1) @ [+))
EL (X ® Z) = span(|+) ®[0), =) @ [1))
E_(X®Z) = span(|+) @ [1),]=) ®0))
Observe that
o) = 0) @)+ @[=) _ [00)+]01) +[10) = [11) _ [+) ®]0) +[-) ® 1)
V2 2 V2
) = 0)@|+) =) ®[=) _ [00) +]01) —[10) +[11) [=)®[0) +[+)®[1)
7 2 V2
) = 0)@|=)+ 1) ®[+) _ [00) —[01) +[10) + [11) _ [+)®[0) —[-) ®[1)
V2 2 V2
fog) = 0)@ =) =) ®@[+) _ [00) =]01) = [10) = [11) _ [-)®]0) = [4+) ® 1)
V2 2 V2
where the vectors chosen are +/— eigenvectors for Z ® X and X ® Z in the follow ways.
v1) E EL(Z@ X)NEL(X ® Z)
lve) e EL(Z@ X)NE_ (X ® Z)
lvg) e E_(Z@X)NEL(X ®Z)
) EE (Z@X)NE_ (X ® Z)

. By the spectral theorem, if U is the unitary composed of columns |¢;) where A|;) = \;|[¢;),
then

AL O 0
0 A 0

A=v| Ut
0 0 A,

Hence a unitary U diagonalizing Z ® X and X ® Z as Z ® I and I ® Z, respectively, can be
formed by taking the vectors in the previous question as the columns of U

1 1 1 1
111 1 -1 -1
Ufi 1 -1 1 -1
-1 1 1 -1

A circuit for U (up to an irrelevant phase in the last eigenvector) can be obtained by noting
that CNOT copies Z gates on the target, and copies X gates on the control, so in particular

U can be written as

N
U




6. We can compute the two sequential exponentials of our circuit from before

eap(—i61(Z © X)t) = U(I ® R.(2t6:))U"
exp(—ibfy(X ® Z)t) = U(R,(2t0;) @ NUT

So we have the circuit

R. (2t61)

b R (2t6;) D

Since the R,(-) are now parallel, their depths only count once collectively to the overall depth
of the circuit, so that our expected depth is approximately

[6 + (435.7)] = 442

Question 2 |4 points|: Collision finding with Grover’s algorithm
g g

Suppose you're given a 32-bit hash H of a message M with a two-to-one cryptographic hash func-
tion — that is H = h(M) where h : {0,1}*? — {0,1}32 and h has the property that for every
H = h(M) there exists exactly one collision M’ # M such that h(M') = H.

Explain how you would apply Grover’s algorithm to find the unique collision M’ # M € {0,1}32
such that h(M') = H. Specifically,

1. What would the search function f be? How would you implement this as a quantum circuit?
You do not need to give an explicit circuit.

2. How many iterations would you need to maximize the probability of success?
3. What is the resulting approximate probability of success?

Solution. You can approach this problem either by giving a search function that has only one
solution (M'), or a search function with two solutions (M, M'). Either is acceptable.

1. The search function is just f : {0,1}*? — {0,1} defined by

: !
) = {1 if h(M.) = H
0 otherwise
Given a classical implementation of h, f can be implemented by translating the implemen-
tation of h into a reversible circuit, then performing a bitwise comparison by XORing with
the string 11---1 @& H and taking the product of all the bits. In particular, the string
11---1® H @ h(M') will be the all 1 string if and only if h(M') = H.



A single-solution function is given by

£ = 1 ifh(M)Y=HAM #M
0 otherwise

which can again be implemented

2. We saw in class that for a small number of solutions M, the optimal number of iterations of

T /2"

4 VM
For f we have M = 2 and n = 32, giving 7 % ~ 36396, while for f’ we get §- ‘/\/% ~ 51471.

3. Recall that the initial state of Grover’s algorithm is

1) = sin(8)[¢go0d) + c08(0)|vbad)
where sin?(6) = 2Mn and each iteration rotates this state by an angle of 26. After k iterations

we have the state
sin((2k + 1)6)[vgooa) + cos((2k + 1)0)[¢paa)

For f we have 6 ~ /43 which gives us sin®((2 x 36396 + 1)y/53) ~ 0.9999999997 to find

either M or M’, or probability  -0.9999999997 of getting exactly M’. For f’ we have
probability sin?((2 x 51471 + 1)1/ 55z) ~ 0.9999999999 of finding the unique string M.

Question 3 [2 points]: Decoherence-free subspaces

In class we saw that we can protect against errors via active error correction. If we have very
specific types of noise, such as bit flips that only occur in pairs, e.g.

Exex(p) =1 —-p)p+p(X ® X)p(X ® X),

we can sometimes use passive encoding with a decoherence-free subspace — that is, a subspace of
the Hilbert space which is invariant to the type of noise in the system.

Give a 2-qubit decoherence free subspace for the double bit flip channel £xgx. That is, find
orthogonal two-qubit states [0),|1), € C* such that (X ® X)|¢) = |¢) for any |v) = a|0) +8|1) L.
Why doesn’t this work if bit flips are independent, i.e. can apply to only one qubit of a pair?

Solution. Let

0}z = (|00> +11))

%\

= (|01> +110))

%\



It can be checked that they are orthonormal. And indeed for |¢) = «|0)r + S|1) 1,

(X @ X)[P) = (X @ X)[0)L + /(X @ X)|1)L

=al0)r + 81

=)
It fails for independent bit flips since each such bit flip is a linear map from the even parity subspace
to the odd parity subspace and vice versa. ]

Question 4 [3 points]: The completely depolarizing channel

A quantum channel is like a unitary transformation, but for density matrices. That is, a quantum
channel is a linear transformation that maps density matrices to density matrices. One way to
represent a channel is by its Kraus operators — a set {K;} of operators on a hilbert space H
such that >, KQLKZ = I. The channel then maps p — >, KZpK;r

The completely depolarizing channel has Kraus operators {%I , %X ) %Y, %Z } where I, X, Y, Z
are the Pauli matrices. Show that the completely depolarizing channel sends every 2 x 2 density
matrix to the matrix %I , also known as a maximally mized state.

Hint: remember that a density matrix p is Hermitian, i.e. pf = p.

Solution. Recall that {I, X,Y, Z} is a basis for My(C), thus every density matrix can be expressed
as a linear sum p = al +bX 4 cY +dZ where a, b, c,d € C. Computing the action of the completely
depolarizing channel,

1 1

1
——1pl -
PPty 4

1
:Z(al—i- bX +cY +dZ)

1
XpX +-YpY + ZZPZ

1
+ (el +bX — ¢Y — dZ)

1
+Z(aI—bX+cY—dZ)

1
+ Z(a[—bX—cY%—dZ)
=al

Since a density matrix has trace 1, it follows that ¢tr(al) = 2a =1, and a = 3. O

Question 5 [4 points]: Logical gates

In fault tolerant quantum computing, we encode the state of a logical qubit in many physical qubits
through the use of an error correcting code. One such code is the Steane code, which encodes one



logical qubit using 7 physical qubits. The encoding is as follows:
-1
VB
1)L, = % (J1111111) + [0101010) + [1001100) + |0011001) 4 |1110000) + [0100101) + [1000011) + [0010110))

0) (10000000) + [1010101) + [0110011) + [1100110) -+ [0001111) + [1011010) + |0111100) + |1101001))

Since we need continuous error correction to protect the state from coherence, we can’t decode the
state to apply physical gates. Instead, we apply encoded gates U — circuits which act like U on
|0);, and |1)1. The best-case scenario is for an encoded U gate — denoted Uy, — to be equal to
the U @ U ® - -- ® U on the physical qubits. This is called a transversal gate.

1. Verify that X, Z, and S = [(1)

0 . .
J are all transversal in the Steane code — that is,

X =X0X0X0X0X0X®X
21 =72Q07ZQ0ZQ0Z0Z9ZQZ

Sl=S0wsesesSesewsSes

You do not need to show the entire calculation, just explain why. As a hint, think about the
number of 1’s in each |-) above.

2. Isthe T = [1

0 . .
0 i /4] gate transversal in the Steane code? Explain why or why not.

3. Another method used to implement encoded gates uses a technique called gate teleportation,
where a special state |A) called a magic state is prepared “offline” and then consumed in such
a way as to produce the effect of a particular gate. You saw a similar effect in a previous
assignment, as well as the midterm.

Verify the circuit equality below, which shows that the state |A) = TH|0) = 12 (]0) +em/4(1))

) states (this is

=

can be used to teleport a T' gate into a circuit, given the ability to prepare |
usually achieved by using something called magic state distillation).

[¥) %) ——
14) —d A a

Solution. 1. The X gate maps each basis vector of |0)7, to the basis vector of |1)7, right below.
The Z gate does nothing to |0), since each basis vector has even parity, and adds a —1 overall
phase to |1)7, since each basis vector has odd parity. The ST gate does nothing to |0), since
each basis vector has 0 mod 4 |1) bits, and applies a (—i) overall phase phase since each
basis vector of |1)7, has 3 mod 4 |1) bits.

2. No, it can be seen directly that a transversal T' acting on |0)7, will yield

1

VB
+ €3/410001111) + €*™/4]1011010) + 37/4|0111100) + ¢*™/41101001))

0)z, (10000000) + €*™/411010101) + *™/4|0110011) + €*™/4]1100110)

which is not equivalent to |0)y..



3. Consider arbitrary qubit [¢)) = a|0) 4+ 5|1). Clearly the LHS yields
Tl) = a|0) + Bwl1)

Consider the state on the RHS after applying the CNOT, we have

B aw Bw
% ﬁ’10>+\ﬁ\01>+ﬁ|11>)

— Y00y 4+ Bany - oy 4 2@
= 5100+ ZI11) + 201 + =5 10)

W) := CNOT(|[¢) ® |A)) = CNOT(~=|00) +

Then the probability of measuring 0, 1 respectively on the second qubit are

9(0) = | S5100) + 22
_ laf? + [P
B 2
_lal +18P

o

The resulting states for each outcome are

measurement outcome 0: «|00) + Bw|10)
= (@|0) + Bw[1)) @ |0)
measurement outcome 1: (S ® I)(aw|01) + §|11))
= awl|01) + Bi|11)
= w(al0) + fw(1)) @ |1)

Both of which have the desired qubit state (up to global phase) in the first register.



