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What is a Set

@ A set isan unordered collection of objects

--> This is not a rigorous definition!!!
@ A definition reduces a concept to other previously defined concepts

-->"A COW is a big animal with horns and four legs in
the corners”

@ o create mathematical definitions, need some "initial concept”
which forms a foundation for other definitions. This is usually a "set"

@ Naive set theory describes, informally, how sets are built and used

@ Axiomatic set theory (ZFC) describes a formal, axiomatic system of
reasoning about sets
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Elements, Describing a Set

@ The objects in a set are called elements or members of the
set

@ec A - aisanelementof A, a belongsto A
ae¢A — a isnotanelementofA, a does notbelong to A

@ One way to describe a set is to list its elements

{0,1,2,3,4,5,6,7,8,9} — the set of digits
ia,b,c, ...,X,y,Z} — setof Latin letters, alphabet

Extensionality: a set is defined by its elements

@ Aset can be an element of another set
Set of alphabets: {{a,b,c,...}, {o,B,y,...},...}
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Paradoxes in set theory

@ We should be careful allowing sets to be contained in other sets

@ Let U be the set of all sets that do not contain itself as an element:

Strict barbers...?

@ Does U belong to itself?

If yes, then U e U, hence U does not satisfy the condition, and
therefore U ¢ U.

If not, then U ¢ U, hence U does satisfy the condition, and

therefore U e U.
[—



Discrete Mathematics - Sets 12-5

Universes and classes

@ To avoid paradoxes, separate sets and (proper) classes
@ Classes are essentially sets --- don't worry about it too much
@ A universe is the class which contains all objects we care about in a
given context
@ Examples:
Set = the (proper) class of all sets
Prop = the class of propositions
Num = the class of numerical sets

« Modern foundations treat sets as concrete objects, and "classes” as
"informal/naive sets"

But we won't really care about that...
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@ Sets can be described using set builder notation:
{x| P(x)}, the set ofall x such that P(x)

{x| there is y such that x =2y}, the setof even numbers
T

|3y =20

{x | x is a black cow}

§,= {0,1,2,3,...}, the set of natural numbers
Z.={. ..,-2.-1,0,7;?,3, J, the set of integers
Q= {g@| p,q are integers and q = 0}, the set of rationals

Z77,Q7, the sets of positive integers and positive rationals
R, the set of real numbers
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Ambiguities in set builder

{x| 1<x<10}<-- Whatis this set?

@ To avoid such ambiguities, can specify a set of objects from which x
IS drawn, I.e. a domain:

{xeZ| 1<x<10} the set of all integers from 1 to 10

={x|xeZ N 1<x<10}

{xe Q| 1<x<10}  the set of all rationals from 1 to 10

={x|xe QAN 1<x<10}
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Equality of Sets, Subsets

@ Two sets are equal if they have the same elements
Thatis, A=B ifandonlyif Yx (x cA Xe B)

(1,35} ={5,3,1}
{1,3,5)={5,5,5,5,3,3,1,1,3,1]
(1,35 = {1,3{5)}

@ Set B isa subset ofaset A if every element of B is also an
element of A.

Thatis B A ifandonlyif Vx(xe B—>x e A)

Exampfe:
xe /)| 1<x<10} describes a subset of Z
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More definitions
@ Set Bissuperset of A, denoted B2 A, ifAis a subset of B
@ Set B isnot asubset, denoted B £ Aofa set A if

there exists an element in B but not A

Insymbols: BL A < Ax(x e BAXx g A)

@ Aset B issaidtobea proper subset ofa set A, denoted by
W a subset of A and is not equal to A.
In symbols: BcA < (BcA)Adx(xeArxgB)

130 < {135 c Lo
{135} 2 {1,3} A Q < R

28 (14 o
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Transitivity of subsets

Theorem. I[f Ac B and B< C, then Ac C.
Proof.

We have to prove that, for every x, if x € A, then x € C.

Take any x suchthat x € A. Since Ac B, this implies that
X € B.

Next as B C and x € B, we have x € C.
Q.E.D.

Homework: give a formal proof, using rules of inference
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Equality and subsets

@ Theorem. A _=__§ ifandonly ifA < Band B < A.

Proof.

If direction:
Suppose A= B.
Then forevery x, if x € A, then x € B, soAc B
Likewise with B A
Only if direction:
SupposeA < BandB c A
Thenifx € A, thenx € BbyAc B
Andifx € B,thenx e AbyBc A, soA=B

Q.E.D.
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Empty Set

@ Empty set is a set that has no elements. @

How many elements does this set contain?  {} )

@ Theorem. Foranyset A, (i) O cA, and (i) ACA.

Proof.
(i) We have to prove thatVx (x e & — x € A)

——— e

Since the premise x € & is always false, we conclude that the
implication x € @ — x € A Is always true.

Then we use the rule of universal generalization.

(i)  Homework.
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Cardinality

@ Let Abe aset. Ifthere are exactly . distinct elements in_A where
n is a natural number, then we say that A is a finite set and that
n is the cardinality of A.

|Al=n

J Exam-;le-; p/{(@/)} /:""/

=0

{1,23,3}| =3
{0,1,2,3,4,5,6,7,8,9}| = 10
{a,b,c,...,x,yz}| = 26

@ Sets that are not finite are called infinite

% are infinite
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Practice

Exercises from the Book:
7" edition: 1, 5,7, 9, 23 (page 125 — 126)
8" edition: 1,7, 9, 11, 25 (page 131 - 132)
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