Relations 11

Discrete Mathematics
Courtesy of Andrei Bulatov



Discrete Mathematics — Relations 11 17-2

Previous Lecture

@ Cartesian product
@ Properties of Cartesian products

@ Relations
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Describing Binary Relations

@ Can also describe binary relations by a table or matrix

Matrix of a relation R — A x B is a rectangular table, rows of
which are labeled with elements of A (in any but fixed order), and
columns are labeled with elements of B. We write 1 in the
intersection of row a and column b ifandonlyif (a,b) € R;
otherwise we write 0.
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Describing Binary Relations (cntd)

@ Binary relations can also be described by a graph

Graph of a relation R < A x B consists of two sets of vertices
labeled by elements of A and B. A vertex a is connected to a
vertex b with an edge (arc) ifand only if (a,b) € R.

If A= B then we may use only one set
of vertices

Jerry




Example

@ Describe the relation R(a,b) = { (a,b) | a,b € {1,2,3}anda< b}
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Properties of Binary Relations — Reflexivity

@ Abinaryrelation R c Ax A is said to be reflexive if
(a,a) € R forall a e A.

Example:
(ab) e RcZx2Z ifandonlyif a<bh

This relation is reflexive, because a<a forall a € Z

Matrix: Graph:
( 1 * *\
* 1 0 ok
k0 %k 1 x

1°s on the diagonal Loops at every vertex
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Properties of Binary Relations — Transitivity

@ Abinary relation R < A x A is said to be fransitive if, for any
a,b,ceA, if (ab) e R and (b,c) € R then (a,c) € R.

Example:
(ab) e RcZxZ ifandonlyifa<bh

This relation is again transitive, because ifa < b and b <c, then
a <cforall ab,c e ”/

Matrix: Graph:

9 R

‘ Edges compose
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Exercise

@ Make the following graph reflexive and transitive
G -7 G

=\ :
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Properties of Binary Relations — Symmetricity

@ Abinary relation R < A x A is said to be Symmetric if, for any
abeA, if (ab) eR then (ba) € R.

Example:
The relation a = b is symmetric because ifa = b, clearly also b = a

b ( L")
1
a Ll i
<1 y
(240)
Matrix is symmetric w.r.t. Every edge has an opposite

the diagonal
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Properties of Binary Relations — Anti-Symmetricity

@ Abinary relation R < A x A is said to be anti-symmetric if, for
any a,b €A, if (ab) e R and (b,a) € R then a=b.

Example:
The relation a < b is anti-symmetric because if a < b, b cannot also
be less than a

Matrix: Graph:

Matrix is anti-symmetric w.r.t.

the diagonal No edges have an opposite
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Examples
3 2 S 3
D S > =
D —
S ® S
o]
=,
(P
No (with half
Brotherhood doponds Yes fonmen) | e o
X is a brother of y No (on people) | ves (otherwise)
Neighborhood
. ' It depends Yes No No
X is a neighbor of y
/ X < y \ Yes No Yes Yes
( X = y Yes Yes Yes No
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Equivalence relations

@ A binary relation R on a set A is said to be an equivalence
relation if it is reflexive, symmetric, and transitive.

@ Example:
Let R ={(a,b) < People ’x/Peop/e | a & b are the same age. }

Reflexive?
Symmetric? '/
Transitive?

@ Example:
Let R={(a,b)|a<h.}

Reflexive? ./

Symmetric? )\//

Transitive?



Discrete Mathematics — Relations 11 17-13

Equivalence Classes

@ Jake a € Aand R an equivalence relation on A.

® Theset Ca)={b](ab) € R} isthe equivalence class of a.
@ Informally, C(a) is "all elements which are equal to a wrt R"

@ Example:
Let R ={(a,b) — People x People | a & b are the same age. }

C(lsaac)={b | bis 3 years old }
C(Elliot)={b | b is 1 yearold }
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Partitions

@ Thus the equivalence classes divide up the set A into disjoint

subsets.
A

C(a) = C(b)

equivalence classes
® Acollection of subsets M,,....M, ofaset A is called a partition
if the following conditions hold.
(1) Every M. =
(2) If MifMJ' then M; "M, =&

(3 A=\M
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Partitions and Equivalence Relations

@ Theorem. Let A be a set.

(1) If R is an equivalence relation on A, then its equivalence
classes form a partition of A.

(2) If M,,...,M  Is a partition of the set A, then the relation R
defined as follows: (a,b) € R ifand only if a,b € M; for some M,
IS an equivalence relation on A.

@ Proof
(1) Next slide
(2) Homework
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Equivalence classes partition a set

@ Let R be an equivalence relation on A. We need to show
(1) Forany a € A, the class C(a) # <
(2) If C(a)= C(b) then C(a) n C(b)=C
(3) A=JC(a)

acA

@ Proof
(1) R is reflexive, therefore, (a,a) € R. Hence a € C(a) # &
(3) Clearly U, -5 C(a) A because each C(a) c A

Now suppose a € A. Thena € C(a), soa € U, e C(a)
and hence also Ac U, C(a)

17-16
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Equivalence classes partition a set (cntd)

Proof of (2): If C(a) = C(b) then C(a) N C(b) =

Suppose ¢ € C(a) N C(b) to prove by contrapositive

We need to show that C(a) = C(b).

First we show that (a,b) € R:
Since ¢ € C(a) n C(b), we have (a,c), (b,c) € R.
Since R is symmetric, (¢,b) € R.
Since R is transitive, (a,b) € R.

Now we show C(a) < C(b)
Let x € C(a). Then (x,a) € R
But (a,b) € R, so by transitivity, (x,b) € R
Hence x € C(b)

17-17

Remaining case C(b) < C(a) is similar Q.E.D.
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Example: congruences (more in a few weeks)

@ Let k be aninteger. Integers a,b are congruent modulo Kk,
denoted a=b (mod k), If their remainders when they are divided
by k are equal, or, equivalently, if k divides a - b.

..=3,0, 3,6, ... arecongruent modulo 3,
andsoare ..,-4,-1,2,5 ... and ..,-5 -2, 1,4 ..
@ The relation = (mod k), to be congruent modulo k’ is
- reflexive, because k divides a—a=0
- Symmetric, because if k divides a— b then it also divides b - a

- transitive, because if k divides a—b and b-c, then italso
divides a-c=(a-b)+(b-c¢)
@ = (mod k), is an equivalence relation with equivalence classes
{a|thereis b with a= bk +c}

@ Arithmetic on these classes is called modular arithmetic
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   ⋃  a ∈ A  C ( a )


   ⋃  a ∈ A  C ( a )


  A   ⋃  a ∈ A  C ( a )

