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Previous Lecture

@ Partial orders
@ Diagrams of partial orders

* Functions (intro)
® fi—» B is a relation R such that (E’Lb) € Rand (ac) € Rimpliesb=c

L
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Domain and Codomain

@ Let f:A— B beafunctionfrom A to B. Then A is called the
domain of f and B is called the codomain of f.
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@ If fla)=b, then b iscalled an Image of a, and a is called a
preimage or fiber of b.

@ How many images can a have via f? [
@ How many preimages can b have? Q1) >/ 1AM ber
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Range and images

@ Given a subset Cc A of the domain A, the image of C is the subset
of the codomain consisting of images of elements of C:

fC)={b e B|3c £ C fic)=b)

@ The range offis the image of A itself:
range(f) = f{A)={b e B|Ja e A fla)=b]

N

/ N1 Al B | c || F | domain={Adams, Chou, Goodfriend,

faams | | 1 [ \ Rodriguez, Stevens }
[chou | codomain={A, B, C, D, F}
|lGoodfn'end 1 f r range = {A, B, C, F}

Rodriguez 1 \ /

Stovens) ~ 71 ;| f({Adams,Chou})={A C}
a
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Restrictions of functions

@ Let f:A— B beafunctionand Cc A. Afunction f|, :C—B is
— " Il - —— h—._——-———.——-_-
called a restriction of f to C if f|.(a)=1f(a) forall a € C

@ Example: Let C={Chou, Goodfriend, Stevens}. Then
A

Chou B is a restriction
Goodend™>"—¢ of f

Stevens——— E

@ Example:
Let R — R be the function f(x) = x?
Thenf|,: Z — R is the function f(x) = x* on integers
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Extensions of functions

@® [et CcA and f: C— B. Anyfunction g: A— B such that
g(a) =f(a) forall a € C iscalled an extension of f.

———

@ Example: Cons?ér £7 > 7 Is defined as follows:
fla) = a

Let g be the floor function:
g(x) = x| = the greatest integer less than or equal to x

Clearly, g: R — 7, and g(a) = a = f(a) for any integer a.
Thus, g is an extension of f
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One-to-One Functions

@ A function f is said to be one-to-one, or injective, if and only
if f(a) = f(b) implies a= b forall a,b in the domain.

@ Contrapostitive isif a= b then f(a) = f(b) — i.e., no two distinct
elements have the same image.

@ /s this function injective?
Adams >

Chou
Goodfriend

Rodriguez
Stevens >

m O O o>
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One-to-One Functions (cntd)

® Let’s consider the function f(x)= x* on Z

Is it injective? .
35— 79 3—;
2 7 2 7
7 5 1\5 Yes!
0 4 Nol 0 4 onN
-1 3 3
-2 2 2
-3 1 1
: 0 0
-1 -1
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Onto Functions

@ Afunction f from A to B iscalled onto, orsurjective, if and
only if for every element b € B there is an element a € A with

f(a) = b.
@ Symbolically: ¥b da (f(a) = b)
@ A function is called a surjection if it is onto.
@® Examples:
- f(x)=x+1? N -
[ et b€Z . Then Flo1)=b
- f(x)=x* on Z? 9.
conser XEL . A X st X=
- fix)=x* on R* ?

| o+ &P Then QiB) =0
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Onto Functions (cntd)

@ More examples

Adams N A
Chou B

Goodfriend C_ No!

Rodriguez ) .
Stevens > F Ll S W
Rigby / ves! This mapping was onto!

@ f(a)=0b if b isthe fatherof a
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Bijections

® A function f isa one-to-one Correspondence, ora
bijection, if it is both one-to-one and onto.
Adams > A

Chou ><f B
Goodfriend C
Stevens D
Rigby>< F

@ [fthere is a bijection from a set A to a set B, then these sets in a
certain sense are equal or identical.
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Bijections (cntd)

& Numerical functions:

- f(x) = x+ 1 is a bijjectionon Z, Q, R, but noton N
- f(x) = X* is a bijection on R but is not on any other numerical set

@ Abijection from a set A to the same set A is called a

permutation of A
® a
® b
® C
® (

ae
be
cC®
de

>@® a
>@® b

>@® C
>® (

16-12

@ The identity function on a set A isthe function i,:A— A, where

in (X) = X




Discrete Mathematics - Functions 16-13

Functions and Properties

@ Examples of different types of correspondences

ae ae o 1
be ® be ®

ae
bhe

cCe® \ Ce® ®e3 <ceo e 3
de de ® 4
one-to-one, not onto onto, not one-to-one  one-to-one and onto

ae o 7 a\ ® 2

be e be ® b
cO® ® 3 cC® ® C
de ® 4 \od

neither one-to-one nor onto not a function
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Composition of Functions

@ Let g beafunctionfrom A to B and let f be a function from B

to C. The composition of the functions f and g, denoted by
fo g, is the function from A to C defined by

(fog)@)=f(g(a))
(fo 9@
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Composition of Functions (cntd)

@ Suppose that the students first get numerical grades from 0 to
100 that are later converted into letter grade.

100 100 f fog

g : Cof
Adams e W — A Adams > A

89| __—>B  Chou

Chou 932 i - |

GoodfriM 8 19 } / Goodfriend
: : D R '

Rodriguez i 28 \ / odriguez

40 : F Stevens —>—F
Stevens — 3 /
0 Lo

0.

@ [et f(a)=b mean b is the fatherof &’
Whatis fof?

S O W
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Composition of Numerical Functions

® Lot g(x)=x> and f(x)=x+ 1. Then
(fogx)=f(g(x))=g(x)+1= x*+1

@ Thus, to find the composition of numerical functions f and g
given by formulas we have to substitute g(x) instead of x in f(x).
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Inverse Functions

@ Let T be a bijection from the set A to the set B.

@ The inverse of f, denoted f', is the function that assigns to an
element b € B the unique preimage a € A such that f(a) = b.

@ Logically, f'(b) = a if and only if f(a) = b

Note! i
f' does not mean ——
f(x)
fof = i5

flof= I
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Inverse Functions (cntd)

If a function f is not a bijection, the inverse function does not exist.

Why?
If f is not a bijection, it is either not one-to-one, or not onto

ae o 1 onto, not one-to-one e ®a
be e 2@ ® )
ce ® 3 3@ o

f(1)=2 ?
de ® (
ae o 1 one-to-one, not onto e ®a
be o2 20— 7 ® b
C ""\\\\\\\\\\\\\\Ei'.. :3 f—{l(:g) _ ?> :3 o o C
® 4 4@
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Practice

Exercises from the Book:
7! edition: 2, 3, 5, 10, 11, 20a, 33a, 36 (page 152 — 154)
8" edition: 2, 3, 5, 10, 11, 20a, 33a, 38 (page 161 — 163)

- Show that the relation R on sets defined as
(A,B)eR if and only if there exists a bijection f:A—B
is an equivalence relation

16-19
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