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Discrete Mathematics - Cardinality

Properties of Functions

@ A function f is said to be one-to-one, or injective, if and only
if f(a)=1f(b) implies a=b.

@ Afunction f from A to B iscalled onto, or surfective, if and
only if for every element b € B there is an element a € A with
f(a) = b. A function is called a surjection if it is onto.

@ A function f isa one-to-one COI’I’GSPOI’)dGI’)CG, ora
bijection, if it is both one-to-one and onto.
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Composition of Functions

7 Lez:__g_be a function from __f\_ to B and let f be a function from B

to_C. The composition of the functions f and g, denoted by
f og is the function from A to C defined by

(fo g)a)=f(g(a))

(fo 9@
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Composition of Functions (cntd)

@ Suppose that the students first get numerical grades from 0 to
100 that are later converted into letter grade.
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@ [et f(a)=b mean b is the fatherof &’
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Composition of Numerical Functions

® Lot g(x)=x> and f(x)=x+ 1. Then
(fogx)=1(g(x))=g(x) + 1= X+ 1

_—

@ Thus, to find the composition of numerical functions f and g
given by formulas we have to substitute x with g(x) in f(x).
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Inverse Functions

@ Let T be a bijection from the set A to the set B.

@ The inverse of f, denoted f', is the function that assigns to an
element b e B the unique preimage a € A such that f(a) = b.

@ Logically, £'(b) = a ifand only if f(a) = b

f Note! i
(@) f' does not mean ——
ly i
f
fol™ =i
= Flof= i,
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Inverse Functions (cntd)

If a function f is not a bijection, the inverse function does not exist.

Why?
If f is not a bijection, it is either not one-to-one, or not onto

ae o 1 onto, not one-to-one e ®a
be e 2@ ® )
ce ® 3 3@ o

) F(1)="2 /4 :
® ®
Not o %
ae one-to-one, not onto e ® a
be 20— ’) ® b
C® 30 ® C

F1(2) =2

4@
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How to Count Elements in a Set

@ How many elements are in a set?
@ Easy for finite sets, just count the elements.

@ What about infinite sets? Does it make sense at all to ask about
the number of elements in an infinite set?

@ Can we say that this infinite set is larger than that infinite set?

@ Which set is larger:
- the set of all integers or the set of even integers? < gme 5/")0
- the set of all integers or the set of all of all rationals?< 4,5~ 9/:9(0

- the set of all integers or the set of all reals? (’f / > [Z (
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Cardinality and Bijections

@ Sets A and B (finite or infinite) have the same cardinality if and
only if there is a bijection from A to B

@ [N[=]2N]
0 12345 .. |
The function f: N — 2IN, where
LT e
0 2 4 6 8 10 IS a bijection

b=xa = £@)=b - M
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Comparing Cardinalities

@ Let A and B besets. Wesaythat |A|<|B| ifthereis an
injective function from A to B.

0 2 4 6 8 10 . The function f(x) = x is an
injective function from 21N
l \\‘\A\\A) to N. Therefore |2IN| <|IN|
6 7 8 9 10 11 ..

@ Ifthereis an /n/ect/ve function from A to B, butnotfrom B to A,
we say that |A|<|B|

@ Ifthere is an injective function from A to B and an injective
function from B to A, then we say that A and B have the same
cardinality

@ Exercise: Prove that a bijection from A to B exists if and only if
there are injective functions from A to B and from B to A.
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Countable and Uncountable

@ Aset A issaidtobe countable if |A|<|N]|

@ Thisis because an injective function from A to NN can be viewed
as assigning numbers to the elements of A, thus counting them

@ Sets that are not countable are called uncountable

@ Countable sets:
finite sets

any subset of N
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More Countable Sets

@ The setof all integers is countable

0o 1 2 3 4 5 6 7 8
@ |n other words we can make a list of all integers
0,1-12-23-3,4,-4,5, -5, ...

@ The cardinality of the set of all natural numbers is denoted by ¥,

"aleph-zero”



Discrete Mathematics - Cardinality

More Countable Sets (cntd)

@ The set of positive rational numbers is countable
p

@ Every rational number can be represented as a fraction q
We do not insist that p and q do not have a common divisor

H—d o
</// ///
5k / 4
</ / / /

@ This gives an injection from Q™ to IN. The converse injection is

f(x)=x+1
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The Smallest Infinite Set

@ Theorem.
If A is an infinite set, then |A|> N,

@ Proof requires mathematical induction. Wait for a few days.
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Uncountable Sets

@ Can we make a list of all real numbers?

@ Every real number can be represented as an infinite decimal
fraction, like 3.14159265635697932364626433632795028641971...

@ Suppose we have constructed a list of all real numbers

1. dy0-d11912013d149 5916917 - - -
Here the a; are
2 (- 022 073024095860)7 - - - digits 0,1,2,...,9
PR Rl B
3 A3-A31A3033034035036037 - - -  ef
4. Ah0-Ag1Ayp0430440450 46047 - - - 4 if a.#4
’ I >
5 Us0-Us1spUs3Us4Us55U56057 .. i {5 otherwise

@ [t is not hard to see that the number 0.5,b,b;b,b5D.b ... IS notin
this list
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Cantor’s Theorem

@ Theorem (Cantor). Foranyset |P(A)|>|A].
Proof.
It is easy to see that | P(A)|>|A|. (Find an injection A — P(A))
Prove | P(A)| #| A |. Suppose there is a bijection f. A— P(A).

We find a set that does not belong to the range of 1. A
contradiction with the assumption that f Is bijective.

Considerthe set T={ac Ala ¢ f(a)}

If T isinthe range of f, then thereis t € A such that f(f)=T.
Either te T or tg T.

If te T then te f(t), andwe get t ¢ T.

If te T then teT.
Q.E.D.
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Cantor’s Theorem (cntd)

@ This method is called Cantor’s diagonalization method

@ The cardinality of P(A) is denoted by 2lAl
@ Thus, we obtain an infinite series of infinite cardinals

|N|:No
2N =R, (=|R))
2% =N,
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Continuum Hypothesis

@ Wejustprovedthat X,<| R |. Does there exist a set A such
that N,<|A|<|R|?

@ The negative answer to this question is known as the
continuum hypothesis.

@ Continuum hypothesis is the first problem
in the list of Hilbert’s problems

@ Paul Cohen resolved the question in 1963.
..It can't be proven or disproven in ZFC.
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Practice

- Determine whether each of the following statements is true:
- If A, B are countable sets then A U B is countable
- If A, B are uncountable sets then A N B is uncountable
- If A, B are countable sets then A — B is countable

- Find a one-to-one correspondence between Z* and {2,6,10,14, ...}

- Let] = {r € R| risirrational} = R — Q. Is I countable or
uncountable?

- Construct a bifective mapping between the closed interval [0;1] and
the square [0;1] x [0,1]
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