Primes and divisors
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Previous Lecture

Integers
Division, properties of divisibility
The division algorthm

Base b representation of numbers
o Repeatedly divide by b and collect remainders

n =bgytr n=>0bqy+r
= b(bq, + ;) +r1,

G =bgytry
q, =bg,+r, N = b2, + brot 1y

Q =bq,tr, =bkr + ...+ by + br, + brot
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Primes

@ Everyinteger n (exceptfor 1 and -1) has at least 2 positive
divisors, 1and n itself (or -n).

@ A positive number that does not have any other positive divisor is
called prime.

@ Examples:
Small primes: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, ...
Large primes: 277432917 — 1

@ Mersenne numbers are numbers of the form M,, = 2" — 1
Greatest known Mersenne prime is M;7535917 = 277232917 — 1
@ The next candidate is M, = 2%30°843009213693951 _ 1

@ A positive number that is not prime is called composite
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Composite Numbers

@ Every composite number has a prime divisor.
@ Proof. (by contradiction)

Let S be the set of all composite numbers that do not have a prime
divisor

Since S < N, by the Well-Ordering Principle, it has a least element r.

As r is not prime, it has a divisor, i.e. r=uv for some positive integers u
and vwithu<r and v<r.

But u ¢ S, so u has a prime divisor p.

Since p|u and u|r, we conclude that p|r, a contradiction.
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How many prime numbers are there?

@ Theorem (Euclid)
There are infinitely many prime numbers.

@ Proof. (By contradiction)

Suppose that {p,P,,....P,} is the set of all prime numbers, and let
a=pPy...px+1

Since a Is greater than any member of the list, a_is composite.

Hence a has a non-trivial prime divisor p;

Since P;la and, p;|pp,...px we have pila—ppy...p=1

Sop;= 1, contradiction

@ If n isapositive integer, then there are approximately _*_ prime
numbers not exceeding n Inn
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Open Problems about Primes

@ Goldbach’s Conjecture

Every positive even number can be represented as the sum of two
prime numbers.

Forexample: 4=2+2, 8=5+3, 42=37+5
Goldbach’s conjecture is known to be true for even numbers
upto 4-10'
@ The Twin Prime Conjecture

Twin primes are primes that differ by 2, such as 3and 5, 5and 7,
11 and 13, efc.

The Twin Prime Conjecture asserts that there are infinitely many
twin primes.

The record twin primes: ;,996,863,034,895 21,290,000 41
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The Greatest Common Divisor

@ Forintegers a and b, a positive integer ¢ is said to be a
common divisor of @ and b if c|a and c|b

@ Let a, b beintegers suchthat a0 or b= 0. Then a positive
integer ¢ is called the greatest common divisor of a, b if

(@ cla and c|b (thatis ¢ is a common divisor of a, b)
(b) forany common divisor d of a and b, we have d|c

@ What are the common dIVISOI‘S and the greatest common divisor of
42 and 707 UQ=D] =¢- 3 -7

@ The greatest common divisor of a _end b is denoted by gcd(a,b)
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The Greatest Common Divisor (cntd)
@ Theorem

For any positive integers a and b, there is a unique positive integer
¢ such that c is the greatest common divisor of a and b

gcd(b,c)

gcd(a,b)
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The Greatest Common Divisor (cntd)

@ Proof.

Given a, b, let S={as+bt|siteZ, as+bt>0}.

Since S=# O, it has aleastelement ¢ = ax+ by.
We show that ¢ = ged(a,b) X

Bezout's identity
Step 1:¢c| a

If cta, by Euclidean division a=qc +r, where 0<r<c.

Then r=a-qc=a-q(ax+by)=a(T-qgx)+b(-qy) € S
Hence we have a contradiction, so ¢ | a. Similar forc | b

Step 2: Is it the greatest common divisor?

If d|a and d|b, then d|ax+by=c.

21-9
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Euclidean Algorithm: Small Example

@ To warm up, let us find the greatest common divisor of 287 and 91

@ Firstlet’s divide 287 by 91:
287=91-3+ 14

@ Note that any common divisor of 91 and 14 also divides 267

@ Also, 14=287-91- 3, so any divisor of 287 and 91 also divides 14
@ Thus, gcd(287,91) = gcd(91,14)!

@ Now91=14.6+7, so gcd(9114)=gcd(14, 7)!

@ Since 7 divides 14,
gcd(14, 7) = 7 = ged(287, 91)
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Euclidean Algorithm: Key Property

® Lemma.

Let a=bq+r, wherea, b, q, and r are integers.
Then gcd(a,b) = gcd(b,r)

@ Proof

Let d be a common divisor of a and b. Then d also divides
r=a-bq. Thus, d isacommon divisorof b and r.

Now, let d be a common divisorof b and r. Then d also
divides a=bq +r.

Therefore the pairs a,b and b,r have the same common divisors.
Hence, gcd(a,b) = gcd(b,r).
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Euclidean Algorithm: The Algorithm

@ Let a and b be positive integers with a=b. Set ry=a and r,=b
Successively apply the division algorithm until the remainder is 0

r0:r1(,71+r2 O<I‘2<I‘1

Iy ="ryqs+rI O<nr<n

o =l Qg+l 0<n <nh4

lk—1 = TQk
@ Eventually, the remainder is zero, because the sequence of
remainders a=r,>r,>r,>...20 cannot contain infinitely many

elements.
@ Furthermore, gcd(a,b) = ged(ry,r,) =---=gcd(t,_,,5,_4)

= gcd(f_y.1) = ged(5,0) =1,
@ Hence gcd(a,b) is the last nonzero remainder in the sequence
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Greatest Common Divisor

@® Theorem.

If a, b are integers and d is their greatest common divisor, then
there are integers u, v suchthat d=au+bv.

& Proof.
. . fo =Hqy+1;
We use the Euclidean algorithm and the :
notation a=r,, b=n, d=r, =3 = l—2Qk-2 + li1
We have rk—2 = N 191+ rk_
N1 = Ik

0=l =lico ~ N Q1
=l—p = (=3 = k- 2%k=2) Qs
= (N4 —139k-3) = (3 — (N—g = —3%k_3)Q—2) Q1

=rUu+rVv=au+bv
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Example

@ Find d =gcd(821,123).and u and v such that d = 821u + 123v

g&1:6-[@3&+ 53 | =UO-[5 3
123=1-%3 (40 =l0-13(83-2-40)
$3=2U0 +3 =J2U0 (383
{O=(33 +| :‘37(@3—(«83) ~(3-83
5= +0O IR YO. 53

| TQ?QB-—-—({O@QI%-@)

ZA62193 - U0 &
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More Primes

@ Prime numbers have some very special properties with respect to
division
@ Properties of primes.

(1) If a,b are integers and p is prime such that p | ab then p|a
orp|b.

(2) Let a; be an integerfor 1<i<n, and p isprime and p|aa,...a,
then p|a; for some 1<i<n
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The Fundamental Theorem of Arithmetic

@® Theorem.

Every integer n> 1 can be represented uniquely as a product of
primes, up to the order of the primes.

@ Proof.
@ Existence

By contradiction. Suppose that there is an n> 1 that cannot be
represented as a product of primes, and let m be the smallest
such number.

m is not prime, therefore m = st for some s and t

But then s and t can be written as products of primes, because
s<m and t<m.

Therefore m is a product of primes
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Example

@ Find the prime factorization of 4270
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Least Common Multiple

@ A positive integer ¢ is called a common multiple of integers a and b
if alc and b|c

@ The number c is called the least common multiple of a and b,
denoted Icm(a,b) if itis a common multiple and for any common

multiple d we have c|d

@ Theorem.
For any integers a and b, the least common multiple exists.
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Least Common Multiple (cntd)

@ Find Iem(15,21).

@ Theorem
For any integers a and b we have ab =Icm(a,b) - gcd(a,b)
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Relatively Prime

@ Numbers a and b such that gcd(a,b) = 1 are called relatively prime
@ How many relatively prime numbers are there?

@ Lulers totient function @(n) is the number of numbers k such that
0<k<n and n and Kk are relatively prime.

@ If p isprime then every k< p is relatively prime with p. Hence,
e(p)=p-1.
@® Lemma.
If a and b are relatively prime then @(ab) = ¢(a) - ¢(b)
@ Corollary.
If n=py'py2...p," isthe prime factorization of n, then

wnlig) (-3
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Practice

Exercises from the Book:
7! edition: 2ef, 3ef, 5, 22, 24b, 26, 31, 33cd (page 272 — 273)
8" edition: 2ef, 3ef, 5, 22, 24b, 26, 31, 33cd (page 288 — 289)
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   2  77232917 − 1


   M n =  2 n − 1


   M  77232917 =  2  77232917 − 1


   M   M  61 =  2  2305843009213693951 − 1

