MACM 101 — Discrete Mathematics |

QOutline Solutions to Exercises on Functions and Induction

1. Is the function f: Z — Z defined as f(n) = n? + 2 one-to-one?
No, because f(2) =22 +2 =6and f(-2) = (-2)2 +2 =6.
2. Determine whether or not the function f: Z x (Z — {0}) — Z is onto, if f((m,n

It is onto. To show that we have to find, given an integer b, a pair (m,n) such that |
choose m =bandn = 1.

)= 2],
%J = b. Clearly, we can

3. Let f be a function from X to Y. For A C X, let also f(A) denote the set f(A) = {f(a) | a € A}. Prove
that f is one-to-one if and only if

f(ANB) = f(A)n f(B)
for any subsets A, B C X.

Suppose first that f is not one-to-one. Then there are a, b € X suchthat f(a) = f(b). Let f(a) = f(b) =c €Y.
Then for A = {a}, B = {b} we have f(A) = f(B) = {c}, and so f(A) N f(B) = {c}. On the other hand,
f(AnB) = f(0) = 0.

Then suppose that f(ANB) # f(A)Nf(B) forsome A, B C X.Ifa € ANBthen f(a) € f(A)N f(B). Thus,
f(ANB) C f(A) N f(B), always. Therefore, as f(AN B) # f(A) N f(B), it must be that f(A) N f(B) €
f(ANB).Letce f(ANB)butc & f(AN B). Then for some a € Aand b € B we have ¢ = f(a),c = f(b).
Ifa=>bthena € AN Bandc € f(AN B). Since this is not the case, a # b and f is not one-to-one.

4. Let f be a function from Z x 7Z to 7Z x Z (that is, f maps pairs of integers to pairs of integers) given by
flz,y) = (x + y,x — y). Is f one-to-one? onto? Prove or give a counterexample.

To check injectivity, suppose f(z1,y1) = f(z2,y2). Then 21 + y1 = 22 + y2 and 1 — y; = 22 — yo. Adding
up the two equalities we get 221 = 2z, and this also implies y; = y». Thus, f is one-to-one.

To check whether f is surjective, take (a, b) € Z x Z. We need to find (z, y) € Z x Z such that f(x,y) = (a,b),
or, in other words,z +y = a,x —y = b. It is not hard to see that this is not always true, because x +y and x — y
have to have the same parity, while a, b don’t have to. For instance, if a = 1landb = 0 then z must be equal to y
and so 2z = 1, which is impossible for an integer x.

5. Giveng = {(1,0),(2,¢), (3,a)},afunctionfrom X = {1,2,3}toY = {a,b,c,d},and f = {(a,7), (b, ), (¢, ), (d,7)},
a function from Y to Z = {a, 8,7, 6}, write f o g as a set of ordered pairs.

fog= {(170‘)7 (2’6)7 (377)}

6. Let f(z) = ax + b and g(z) = caz® + dx, where a, b, ¢, and d are constants. Compute f o g and g o f.
Determine for which constants a, b, ¢, and d it is true that fog=go f.

First, compute f ogand g o f:
fogx) = f(gx)=a- g(x)+b=a(cx®+dx)+b=acx®+adr+b
gof(x) = g(f(x)=c-(f(x)*+d- f(x) = clax + b)* + d(az + b) = a’cx® + (2abc + ad)x + b*c + bd.
Now, let us express the condition fog=go f:
(fog)(x) = (90f)(z)
acx’ +adr+b = da’ca® + (2abe + ad)z + b2c + bd.

Two polynomials are equal for all values of x if and only their coefficients are equal. Therefore, the equality
fog=go fholds if and only if the constants a, b, and c satisfy the equality

ac = a’c, 2abc = 0, b= b%c+ bd.



Then, the second condition implies one of a, b, c must be 0. If a = 0 then from the third condition we obtain
b(bc + d — 1) = 0. Therefore, either b = 0, ¢, d are any; or b, ¢ are any and d = —bc + 1. If b = 0 then either
¢,d are any and @ = 0 or ¢ = 1; . Finally if ¢ = 0 then a is any, and either b = 0 and d is any; or b # 0 is any,
and d = 1.

7. Let f, g be functions from positive integers to positive integers givem by formulas
fn)=n%  g(n)=2".

Find the compositions f o f,gog, fog,go f.

We have
(Fo f)n) = () = (f(n)* = (n*)* = n*
(g0 9)(n) = g(g(n)) = 290 = 22"
(fog)(n) = f(g(n)) = (g(n))? = (2™)* = 22"
(g0 f)(n) = g(f(n)) =2/ =2n

8. Given f = {(a,b), (b,a), (c,b)}, a function from X = {a,b, c} to X.

(a) Write f o fand f o f o f as sets of ordered pairs.
(b) Define
fr=foforof.
n times

Write £4°0 as a set of ordered pairs.

@ fof={(a,a),(b,0),(c,a)}and fo fo f={(ab) (ba) (cb)}
(b) It is not hard to see that for even n, f* = f o f, and for odd n, f* = f o f o f. Therefore f*°0 = fo f =
{(a,a), (b,b),(c,a)}.
9. If f o g is one-to-one, does it follow that f is one-to-one?
No, it does not. For example, let A = {a,b}, B = {a,b,c,d}, C = {a,b}, and let functions g : A — B and

f: B — C be such that g(a) = a,g(b) = b, and f(a) = f(c) = a, f(b) = f(d) = b. Note that f is not
one-to-one. However, fog: A — C acts as follows: (fog)(a) = aand (fog)(b) = b, that is, it is one-to-one.

10. Show that the function f: R — {3} — R — {2} defined by f(x) = 22=2 is a bijection, and find the inverse
function.

Note, first of all, that f is a function from R — {3}, meaning that for any a € R — {3} the number f(a) is
defined. Clearly, f(3) is not defined. Next we prove that f is one-to-one by showing that if f(a) = f(b) for
some a,b € R — {3} then a = b

fla) = [f(b)
2a—-3  2b-3
a—3  b-3
(2a—3)(b—3) = (a—3)(20—13)
2ab—6a—3b+9 = 2ab—6b—3a+9
a = b.

Thus, f is one-to-one.



To show that f is onto we take any b € R — {2}, and find a € R — {3} such that f(a) = b.

fla) = b
2a — 3
= b
a—3
2a—3 = ab—3b
0 = 3b—3
b—2

Thus, the required number « exists, and f is onto. Moreover, this computation gives us the inverse function:

_3r—3

F ) =2




